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§1. Fibered category of morphisms
Let  be a functor. For an object  of , we denote by℘ :ℱ→𝒞 X 𝒞

 a subcategory of  given as follows.ℱX ℱX

ObℱX ={E∈Ob ℱ | ℘(E)=X}
Mor ℱX ={φ∈Mor ℱ | ℘(φ)= idX}

For a morphism  in  and objects ,  of , ,f :X→Y 𝒞 E F ℱX ℱY
respectively, we denote by  a subset of  defined byℱf(E, F) ℱ(E, F)

.ℱf(E, F)={φ∈ℱ(E, F) |℘(φ)= f}

Let  be a morphism in  and set , .α :E→F ℱ ℘(E)=X ℘(α)= f

 defined by  is bijective.ℱX(G, E)→ℱf(G, F) φ↦αφ

Definition 1.1 ([1])

We call  a cartesian morphism if, for any , the mapα G∈ObℱX



Definition 1.2 ([1])
A functor  is called a fibered category if  satisfies℘ :ℱ→𝒞 ℘
the following conditions.
(i) For any morphism  in  and any object  of ,f :X→Y 𝒞 F ℱY

there exist an object  of  and a cartesian morphismE ℱX
 which maps to  by .α :E→F f :X→Y ℘

(ii) The composition of cartesian morphisms is cartesian.



         E1 F1

         E2 F2

.℘(F1)=℘(F2)=Y

Let  be a morphism in  and  ( ) morphismsf :X→Y 𝒞 αi :Ei →Fi i=1,2
Proposition 1.3 ([1])

in  such that , hence  and ℱ ℘(α1)=℘(α2)= f ℘(E1)=℘(E2)=X

For a morphism  in , there exists unique morphismφ :F1 →F2 ℱY
 in  that makes the following diagram commute.ψ :E1 →E2 ℱX

α2

φ

α1

ψ

Assume that  is a cartesian morphism.α2



If  ( ) are cartesian morphisms in  such thatαi :Ei →Fi i=1,2 ℱ

commute. Moreover,  is an isomorphism.ψ

 and , there exists unique℘(E1)=℘(E2)=X ℘(α1)=℘(α2)

Corollary 1.4 ([1])

morphism  in  that makes the following diagramψ :E1 →E2 ℱX

α2

α1

ψ F
E1

E2

≅



Let  be a fibered category and  a morphism in .℘ :ℱ→𝒞 f :X→Y 𝒞
For an object  of , there exist an object  of  and aF ℱY E ℱX

cartesian morphism  which maps to  by .α :E→F f :X→Y ℘
It follows from (1.4) that  is unique up to isomorphism.E
We choose such  and  for each object  of  andE α :E→F F ℱY
denote  by  and  by .E f*(F) α :E→F αf(F) : f*(F)→F
For a morphism  in , there exist unique morphismφ :F→G ℱY

         f*(F) F

         f*(G) G

φ

αf(F)

φf
αf(G)

 in  that makesφf : f*(F)→ f*(G) ℱX
the right diagram commute by (1.3).
We denote  byφf : f*(F)→ f*(G)

 below.f*(φ) : f*(F)→ f*(G)



                               F G H

                            f*(F) f*(H)

It follows from (1.3) that  holds.f*(ψφ)= f*(ψ) f*(φ)
For a morphism  in , we have the following diagram.ψ :G→H ℱY

φ

αf(F) f*(φ)
αf(G)

f*(G)

f*(ψφ)

f*(ψ) αf(H)

ψ

It also follows from (1.3) that  is thef*(idF) : f*(F)→ f*(F)
identity morphism of .f*(F)
Thus we have a functor  which is called the inversef*:ℱY →ℱX

image functor associated with .f :X→Y



For an object  of  and an object  of , since the identityX 𝒞 E ℱX
morphism  of  is a cartesian morphism which is mappedidE :E→E E
to the identity morphism  of  by , it followsidX :X→X X ℘ :ℱ→𝒞
from (1.4) that  is an isomorphism in .αidX

(E) : id*X (E)→E ℱX

We usually choose  as an inverse image  of  byE id*X (E) E
 unless otherwise stated.idX :X→X

In this case,  is the identity morphism of .αidX
(E) : id*X (E)→E E

Remark 1.5



                 ( fg)*(F) F

               g* f*(F) f*(F)

that makes the following diagram commute by (1.3).
αg( f*(F))

cf,g(F) αf(F)
αfg(F)

We remark that, since composition g* f*(F)
αg( f*(F))

f*(F)
αf(F)

F
is cartesian, it follows from (1.4) that cf,g(F) :g* f*(F)→ ( fg)*(F)
is an isomorphism.

For morphisms ,  in  and  an object of ,f :X→Y g :Z→X 𝒞 F ℱY
there exists unique morphism  in cf,g(F) :g* f*(F)→ ( fg)*(F) ℱZ



For a morphism  in , the following diagram commutes.φ :F→G ℱY

Proposition 1.6 ([1])

            g* f*(G) ( fg)*(G)

            g* f*(F) ( fg)*(F)cf,g(F)

( fg)*(φ)
cf,g(G)

g* f*(φ)

Thus we have  a natural equivalence .cf,g cf,g :g* f*→ ( fg)*



For morphisms ,  in , , respectively,φ :E→G ψ :H→F ℱY ℱZ

For morphisms ,  in , we define a functorf :X→Y g :X→Z 𝒞

Put  for  and . Ff,g(E, F)=ℱX( f*(E), g*(F)) E∈ObℱY F∈ObℱZ

 mapsFf,g(φ, ψ) :ℱX( f*(G), g*(H))→ℱX( f*(E), g*(F))
 to .ζ : f*(G)→g*(H) g*(ψ)ζ f*(φ) : f*(E)→g*(F)

 as follows.Ff,g :ℱop
Y ×ℱZ →𝒮et

Let , ,  be morphisms in  and , f :X→Y g :X→Z k :V→X 𝒞 E F
objects of , , respectively. ℱY ℱZ
For a morphism  in , we define a morphismξ : f*(E)→g*(F) ℱX

 in  to be the following composition.ξk : ( fk)*(E)→ (gk)*(F) ℱV

                           ( fk)*(E) k*f*(E) k*g*(F) (gk)*(F)k*(ξ)cf,k(E)−1 cg,k(F)



                    .( fk)*(E) (gk)*(F) (hk)*(G)

Hence a correspondence  defines a mapξ↦ξk
.k♯

E,F :Ff,g(E, F)→Ffk,gk(E, F)
It follows from (1.6) that the above map is natural in  and .E F
Thus we have a natural transformation .k♯ :Ff,g →Ffk,gk

,  in , ξ : f*(E)→g*(F) ζ :g*(F)→h*(G) ℱX

Proposition 1.7 ([10] Proposition 1.1.15)
Let , , ,  be morphisms in .f :X→Y g :X→Z h :X→W k :V→X 𝒞
For objects , ,  of , , , respectively and morphismsE F G ℱY ℱZ ℱW

k♯
E,G(ζξ)=(ζξ)k : ( fk)*(E)→ (hk)*(F)

coincides with a composition
k♯

F,G(ζ)k♯
E,F(ξ)



Let , , ,  be morphisms in .f :X→Y g :X→Z k :V→X j :U→V 𝒞
Proposition 1.8 ([10] Proposition 1.1.16)

For objects ,  of , , respectively, the following diagram isE F ℱY ℱZ
commutative. Hence  holds.(kj)♯ = j♯k♯

                    ℱX( f*(E), g*(F)) ℱU(( fkj)*(E), (gkj)*(F))

ℱV(( fk)*(E), (gk)*(F))
k♯

E,F
j♯
E,F

(kj)♯
E,F



Definition 1.9 ([1])
A functor  is called a cofibered category if the functor℘ :ℱ→𝒞

 defined from  is a fibered category.℘op :ℱop →𝒞op ℘ :ℱ→𝒞
If  is a fibered category and a cofibered category, ℘ :ℱ→𝒞

 is called a bifibered category.℘ :ℱ→𝒞

Proposition 1.10 ([1])
A fibered category  is a bifibered category if and only℘ :ℱ→𝒞
if the inverse image functor  has a left adjoint forf*:ℱY →ℱX
any morphism  in .f :X→Y 𝒞



                                     X Y X Y Z

                                    E F E F G

For a category , let  be the category of morphisms in 𝒞 𝒞(2) 𝒞
defined as follows. 

 is a pair  of morphisms in F=(F ρ Y) ⟨ξ :E→F, f :X→Y⟩ 𝒞
which satisfies .ρξ= fπ
The composition of morphisms  and  is⟨ξ, f⟩ :E→F ⟨ζ, g⟩ :F→G
defined to be .⟨ζξ, gf⟩ :E→G

ξ

f
π ρ

ζ

χ
g

ξ

ρπ
f

Put  and a morphism from  toOb𝒞(2) =Mor 𝒞 E=(E π X)

Define a functor  by  and .℘ :𝒞(2) →𝒞 ℘(E π X)=X ℘(⟨ξ, f⟩)= f



If  has finite limits,  is a fibered category as we𝒞 ℘ :𝒞(2) →𝒞
explain below.
For a morphism  in  and an object  of ,f :X→Y 𝒞 F=(F ρ Y) 𝒞(2)

Y
consider the following cartesian square in .𝒞

        F×Y X F

           X Yf
ρ

fρ
ρf

We put  and .f*(F)=(F×Y X
ρf X) αf(F)=⟨ fρ, f⟩ : f*(F)→F

Proposition 1.11
 is a cartesian morphism, that is, for any object  of αf(F) E 𝒞(2)

X
the map  defined byαf(F)* :𝒞(2)

X (E, f*(F))→𝒞(2)
f (E, F)

 is bijective.αf(F)*(ξ)=αf(F)ξ



                             Z X Y

For morphisms ,  in  and an object f :X→Y g :Z→X 𝒞 F=(F ρ Y)

Proposition 1.12 ([1])
 is a fibered category.℘ :𝒞(2) →𝒞

of , suppose that the left and right rectangles of the following𝒞(2)
Y

diagram are cartesian. Equivalently,  and⟨ fρ, f⟩ : f*(F)→F

                (F×Y X)×X Z F×Y X F

f
ρ

fρ

ρf
g

gρf

(ρf)g

 are cartesian morphisms in .⟨gρf
, g⟩ :g* f*(F)→ f*(F) 𝒞(2)

Then, the outer rectangle of the above diagram is also cartesian.

This shows that the composition                  isg* f*(F) f*(F) F
⟨gρf

, g⟩ ⟨ fρ, f⟩

cartesian. Thus we have the following result.



For a morphism  in , define a functor  byf :X→Y 𝒞 f* :𝒞(2)
X →𝒞(2)

Y
 and  for anf*(E)=(E fρ Y) f*(⟨ξ, idX⟩)=⟨ξ, idY⟩ : f*(E)→ f*(F)

object  of  and a morphism  in .E=(E ρ X) 𝒞(2)
X ⟨ξ, idX⟩:E→F 𝒞(2)

X

Proposition 1.13 ([1])
 is a left adjoint of .f* :𝒞(2)

X →𝒞(2)
Y f*:𝒞(2)

Y →𝒞(2)
X

Hence  is a bifibered category.℘ :𝒞(2) →𝒞

For an object  of  and an object  of , we define a mapE 𝒞(2)
X F 𝒞(2)

Y
 by , whichΦE,F :𝒞(2)

f (E, F)→𝒞(2)
Y ( f*(E), F) ΦE,F(⟨ξ, f⟩)=⟨ξ, idY⟩

is a natural bijection. It follows from (1.11) that we have a natural

bijection .ΦE,F αf(F)* :𝒞(2)
X (E, f*(F))→𝒞(2)

Y ( f*(E), F)



§2. Representations of groupoids
Let  be a category with finite limits.𝒞
Consider the right cartesian square in .𝒞

     X×ZY Y

        X Z
gf

fg

g
fIf morphisms  and  in h :V→X i :V→Y 𝒞

satisfy , we denote by  unique morphismfh=gi (h, i) :V→X×ZY

     X×ZY Y

        X Z
gf

fg g
f

V

h

i
(h, i)

that make the following diagram commute. 



     U×WV V

                         U W X Z

                 U×WV V X×ZY Y
gf

fg

g
f

ih

hi

i
h

Suppose that the following diagrams are cartesian.

If morphisms ,  and  in  satisfies j :U→X k :V→Y l :W→Z 𝒞 f j= lh
and , we denote  by .gk= li ( jih, khi) j×l k :U×WV→X ×ZY

        X Z

                   U W X×ZY Y
gf

fg g

f

ih

hi

i
h

j l

kj×lk

If  and , we denote  by .W=Z l= idZ j×idZ
k j×Zk



Suppose that a pair  of objects of  and four morphisms(G0, G1) 𝒞
,  and  in  are given.σ, τ :G1 →G0 ε :G0 →G1 μ :G1×G0

G1 →G1 𝒞
Here the following diagram is cartesian.

        G1×G0
G1 G1

            G1 G0

pr1

pr2

σ
τ



                                               G0 G0 G1 G0

                                               G0 G1 G0 G1 G1×G0
G1 G1

We say that  is an internal category in  if the(G0, G1; σ, τ, ε, μ) 𝒞
Definition 2.1

Here  is a limit of the following diagram.G1×G0
G1×G0

G1

following diagrams are commutative.
pr2pr1

idGo
idGo

μ τ
τσ

σε

τ

                                  G1×G0
G1×G0

G1 G1×G0
G1 G1 G1×G0

G1 G1

                                          G1×G0
G1 G1 G1

(εσ, idG1
)μ×G0

idG1

idG1
×G0

μ

(idG1
, ετ)

idG1
idG1

μμ

σ

μ

G1
τ G0

σ G1
τ G0

σ G1



                                               G1 G0 G1 G0

                                              G0 G1 G0 G1 G1×G0
G1 G1

Let  be an internal category in .(G0, G1; σ, τ, ε, μ) 𝒞
Definition 2.2

If a morphism  in  makes the following diagramsι :G1 →G1 𝒞

(ι, idG1
)(idG1

, ι)σ
μ τσι

τ

commute, we call  an internal groupoid in  or(G0, G1; σ, τ, ε, μ, ι) 𝒞

ε ετ σ

a groupoid in  for short.𝒞



Let  and  be internalG=(G0, G1; σ, τ, ε, μ) H=(H0, H1; σ′ , τ′ , ε′ , μ′ )

We also have a notion of internal functors between internal

following diagrams commute.
of morphisms  and  in  which make thef0 :G0 →G0 f1 :G1 →G1 𝒞

categories.

Definition 2.3

categories in . An internal functor from  to  is a pair 𝒞 G H ( f0, f1)

                                              G0 G1 G0 G1×G0
G1 G1 G0

τ εμ

                                              H0 H1 H0 H1×H0
H1 H1 H0

τ′ ε′ μ′ 

σ

σ′ 

f0 f0f1 f0f1f1×f0 f1



                          H1 H1×H0
H1 H1

                                     H0 G0 H0 G1 H1×H0
H1

commute. 

An internal natural transformation  from  to  is aχ : f→g f g
Let  be internal functors.f=( f0, f1), g=(g0, g1) :G→H

morphism  in  which makes the following diagramsχ :G0 →H1 𝒞

Definition 2.4

( f1, χτ)

(χσ, g1)

μ′ χ

g0

τ′ σ′ 

f0

μ′ 

Let  be a fibered category and assume that  is a℘ :ℱ→𝒞 𝒞
category with finite limits below.



       (idG0
)*(E)=(σε)*(E) (τε)*(E)=(idG0

)*(E)

Definition 2.5 ([9], [10] Definition 3.1.2)
Let  be an internal category in .G=(G0, G1; σ, τ, ε, μ) 𝒞
A pair  of an object  of  and a morphism(E, ξ) E ℱG0

in  is called a representation of  on  if the followingℱG1
G E

       (σpr1)*(E)=(σμ)*(E) (τμ)*(E)=(τpr2)*(E)

(τpr1)*(E)=(σpr2)*(E)ξpr1 ξpr2

ξμ

ξε

diagrams are commutative.

ξ :σ*(E)→ τ*(E)

EαidG0
(E) αidG0

(E)



          σ*(F) τ*(F)

Let  and  be representations of  on  and .(E, ξ) (F, ζ) G E F

representations of  if  makes the following diagramG φ :E→F

denote by .Rep(G)

          σ*(E) τ*(E)

Thus we have the category of representations of , which weG

A morphism   in  is called a morphism ofφ :E→F ℱG0

ξ

ζ
σ*(φ) τ*(φ)

Definition 2.6 ([9], [10] Definition 3.1.2)

commute.



categories in  and  be an internal functor.𝒞 f=( f0, f1) :H→G
For a representation  of  on , we define(E, ξ) G E

to be the following composition.

Let  and  be internalG=(G0, G1; σ, τ, ε, μ) H=(H0, H1; σ′ , τ′ , ε′ , μ′ )

ξf : σ′ *f*0 (E) → τ′ *f*0 (E)

                σ′ *f*0 (E) ( f0σ′ )*(E)=(σf1)*(E) (τf1)*(E)=( f0τ′ )*(E)

( f0τ′ )*(E)=τ′ *f*0 (E)

ξf1cf0,σ′ 
(E)

cf0,τ′ 
(E)−1



of representations of .H

 is a representation of  on .( f*0 (E), ξf) H f*0 (E)
Proposition 2.7 ([9], [10] Proposition 3.2.1)

If  is a morphism of representations of , thenφ : (E, ξ)→ (F, ζ) G
 gives a morphismf*0 (φ) : f*0 (E)→ f*0 (F)

f*0 (φ) : ( f*0 (E), ξf)→ ( f*0 (F), ζf)

Define a functor  by f ∙ :Rep(G)→Rep(H) f ∙(E, ξ)=( f*0 (E), ξf)
for an object  of  and  for a(E, ξ) Rep(G) f ∙(φ)= f*0 (φ)

Definition 2.8 ([9], [10] Definition 3.2.3)

We call this functor the restriction functor along  .f :H→G
morphism  in .φ : (E, ξ)→ (F, ζ) Rep(G)



.χ♯
E,E(E)=ξχ : f*0 (E)=(σχ)*(E)→ (τχ)*(E)=g*0 (E)

 in  to beχ∙
(E,ξ) : f*0 (E)→g*0 (E) ℱH0

categories in ,  be internal functors𝒞 f=( f0, f1), g=(g0, g1) :H→G

For a representation  of  on , we define a morphism(E, ξ) G E

Let  and  be internalG=(G0, G1; σ, τ, ε, μ) H=(H0, H1; σ′ , τ′ , ε′ , μ′ )

and  an internal natural transformation.χ : f→g



 is a morphism of representations from χ∙
(E,ξ) f ∙(E, ξ)=( f*0 (E), ξf)

Proposition 2.9 ([10] Proposition 3.2.5)

        ( f*0 (E), ξf) ( f*0 (F), ζf)

        (g*0 (E), ξg) (g*0 (F), ζg)
Thus we have a natural transformation .χ∙ : f ∙ →g∙

to  and the following diagram in  isg∙(E, ξ)=(g*0 (E), ξg) Rep(H)
commutative for a morphism  of representationsφ : (E, ξ)→ (F, ζ)
of .G

χ∙
(E,ξ) χ∙

(F,ζ)

f ∙(φ)

g∙(φ)



§3. Recollections on Grothendieck site
We denote by  the category of sets and maps.𝒮et
For a category , we call a functor  presheaf on .𝒞 𝒞op →𝒮et 𝒞

We call  the presheaf on  represented by .hX :𝒞op →𝒮et 𝒞 X

For an object  of , let  be a functor defined byX 𝒞 hX :𝒞op →𝒮et

for a morphism  in .f :U→V 𝒞
hX( f :U→V)=( f*:𝒞(V, X)→𝒞(U, X))

 for an object  of  andhX(U)=𝒞(U, X) U 𝒞

For a morphism  in , let  be a naturalφ :X→Y 𝒞 hφ :hX →hY
transformation defined by .(hφ)U =φ* :𝒞(U, X)→𝒞(U, Y)

Here,  denotes the set of morphisms in  from  to .𝒞(U, X) 𝒞 U X



for any object  of  and the inclusion map U 𝒞 iU :F(U)→G(U)
For set valued functors , if  is a subset of F, G :𝒞→𝒮et F(U) G(U)

defines a natural transformation , we call  a subfunctori :F→G F
of . If  is a subfunctor of , we denote this by .G F G F⊂G

For a morphism  in a category , let us denote by  thef 𝒞 dom( f )
source of  and  the target of .f codom( f ) f

For an object  of a category , we call a subfunctor of  aX 𝒞 hX
sieve on . X



Definition 3.1

 is called a (Grothendieck) topology on . A categoryJ :X↦J(X) 𝒞

Let  be a category. For each , a set  of sieves on 𝒞 X∈Ob𝒞 J(X) X
is given. If the following conditions are satisfied, a correspondence

(T1) For any , .X∈Ob𝒞 hX ∈J(X)
(T2) For any ,  and morphism  of ,X∈Ob𝒞 R∈J(X) f :Y→X 𝒞

h−1
f (R)(Z)={g :Z→Y | fg∈R(Z)}

a subfunctor  of  defined below belongs to .h−1
f (R) hY J(Y)

(T3) A sieve  on  belongs to , if there exists S X J(X) R∈J(X)
such that  for any .h−1

f (S)∈J(dom( f )) f∈Ob R

 with a topology  is called a site which we denote by .𝒞 J (𝒞, J)



Proposition 3.2
Consider the following conditions on .J

(T3') A sieve  on  belongs to , if there exists S X J(X) R∈J(X)
such that  is a subfunctor of  and S R h−1

f (S)∈J(dom( f ))
for . f∈Ob R

(T4) A sieve  on  belongs to  if it has a subfunctorS X J(X)
which belongs to .J(X)

(T5) Suppose that  and that  is givenR∈J(X) Rf ∈J(dom( f ))
for each . Then, .f∈Ob R {fg | f∈Ob R, g∈Ob Rf}∈J(X)

(1) (T2) and (T3) imply (T4). (T1) and (T3) imply (T5).
(2) (T4) and (T5) imply (T3). (T3') and (T4) imply (T3).



Proposition 3.3
For a set  of morphisms in  with target , we putR 𝒞 X

that ,  and .f∈R g∈Mor 𝒞 codom(g)=dom( f )

.R̄= Im(hf :hdom( f ) →hX)
In other words,  is the set of all morphisms of the form  suchR̄ fg

Then,  is the smallest sieve containing .R̄ R

Definition 3.4
Let  be a site.(𝒞, J)
(1) For a set  of morphisms in  with target , we call  theR 𝒞 X R̄

sieve generated by .R
(2) A family of morphisms  is called a covering of ( fi :Xi →X)i∈I X

if the sieve generated by  's belongs to . fi J(X)

⋃
f ∈R



§4. Plots on a set
Definition 4.1 ([11] Definition 1.1)
Let  be a category and  a functor.𝒞 F :𝒞→𝒮et
For a set , we define a presheaf  on  to be a compositionX FX 𝒞

Here we denote by  a functor defined byFop :𝒞op →𝒮etop

 for  and  for .Fop(U)=F(U) U∈Ob𝒞 Fop( f )=F( f ) f∈Mor 𝒞

.𝒞op 𝒮etop 𝒮etFop hX

An element of         is called an -parametrization of .FX(U) F X∐
U∈Ob𝒞

We note that  is given by  for FX FX(U)=𝒮et(F(U), X) U∈Ob𝒞
and  for  and .FX( f )(α)=αF( f ) ( f :U→V)∈Mor 𝒞 α∈FX(V)



Definition 4.2 ([11] Definition 1.2)
Let  be a site,  a set and  a functor.(𝒞, J) X F :𝒞→𝒮et
Assume that  has a terminal object  and that  consists𝒞 1𝒞 F(1𝒞)
of a single element. If a subset  of         satisfies the𝒟 FX(U)∐

U∈Ob𝒞
following conditions, we call  a the-ology on .𝒟 X

 (i) 𝒟⊃FX(1𝒞)
 For a morphism  in , the map (ii) f :U→V 𝒞 FX( f ) :FX(V)→FX(U)
induced by  maps  into .f 𝒟∩FX(V) 𝒟∩FX(U)
 For an object  of , an element  of  belongs to(iii) U 𝒞 x FX(U)

 if there exists a covering  such that𝒟∩FX(U) ( fi :Ui →U)i∈I
 maps  into  for any .FX( fi) :FX(U)→FX(Ui) x 𝒟∩FX(Ui) i∈ I



For a map  and a functor , we define aφ :X→Y F :𝒞→𝒮et
morphism  of presheaves byFφ :FX →FY

.(Fφ)U =φ* :FX(U)=𝒮et(F(U), X)→𝒮et(F(U), Y)=FY(U)

 For an object  of , an element  of  belongs to(iii′ ) U 𝒞 x FX(U)
 if there exists  such that𝒟∩FX(U) R∈J(U)

 maps  into FX( f ) :FX(U)→FX(dom( f )) x 𝒟∩FX(dom( f ))

Proposition 4.3 ([11] Proposition 1.4)
Condition  is of (4.2) is equivalent to the following condition if(iii)
we assume condition . (ii)

for any .f∈R

We call a pair  a the-ological object and call an element of(X, 𝒟)
 an -plot of .𝒟 F (X, 𝒟)



Let  be a site,  a set and  a functor.(𝒞, J) X F :𝒞→𝒮et
(1) Let  and  be the-ological objects.(X, 𝒟) (Y, ℰ)

If the map  induced by a map (Fφ)U :FX(U)→FY(U) φ :X→Y

We denote this by . φ : (X, 𝒟)→ (Y, ℰ)

maps  into  for each ,𝒟∩FX(U) ℰ∩FY(U) U∈Ob𝒞
we call  a morphism of the-ological objects.φ

(2) We define a category  of the-ological objects as𝒫F(𝒞, J)

morphisms of  are morphism of the-ological objects.𝒫F(𝒞, J)
follows. Objects of  are the-ological objects and𝒫F(𝒞, J)

Definition 4.4 ([11] Definition 1.7)



Remark 4.5 ([11] Remark 1.8)
Let  be a morphism of the-ological objects.φ : (X, 𝒟)→ (Y, ℰ)
It follows from the definition of a morphism of the-ological
objects that  defines a map(Fφ)U :FX(U)→FY(U)

 which is natural in . Thus we(Fφ)U :F𝒟(U)→Fℰ(U) U∈Ob𝒞
have a morphism  of presheaves.Fφ :F𝒟 →Fℰ

For the-ologies  and  on , we say that  is finer than 𝒟 ℰ X 𝒟 ℰ
and that  is coarser than  if .ℰ 𝒟 𝒟⊂ℰ

Definition 4.6 ([11] Definition 1.9)

For a the-ological object  and , we put(X, 𝒟) U∈Ob𝒞
. Then  defines a presheaf  on .F𝒟(U)=𝒟∩FX(U) U↦F𝒟(U) F𝒟 ℰ



Proposition 4.8 ([11] Proposition 1.11)
Let  be a family of the-ologies on a set . Then,     is a(𝒟i)i∈I X 𝒟i

the-ology on  that is the finest the-ology among the-ologies onX
 which are coarser than  for any .X 𝒟i i∈ I

We put . It is clear that  is the𝒟coarse, X = FX(U) 𝒟coarse, X∐
U∈Ob𝒞

coarsest the-ology on . For a map  and a the-ology  onX f :Y→X ℰ
,  is a morphism of the-ologies.Y f : (Y, ℰ)→ (X, 𝒟coarse, X)

Remark 4.7 ([11] Remark 1.10)

⋂
i∈I



For a set , we denote by  a subcategory of X 𝒫F(𝒞, J)X 𝒫F(𝒞, J)
consisting of objects of the form  and morphisms of the(X, 𝒟)
form . Then,  is regarded as anidX : (X, 𝒟)→ (X, ℰ) 𝒫F(𝒞, J)X

Corollary 4.9 ([11] Corollary 1.12)
 is complete as an ordered set.𝒫F(𝒞, J)X

It follows from (4.7) that  is the maximum (terminal) (X, 𝒟coarse, X)
object of .𝒫F(𝒞, J)X

ordered set of the-ologies on .X
We often denote by  an object  of  for short.𝒟 (X, 𝒟) 𝒫F(𝒞, J)X



.FX(g)(x)∈ 𝒮f for all g∈R.}
If we put  and ,𝒢(𝒮)= 𝒮(U) Σ={𝒟∈𝒫F(𝒞, J)X | 𝒟⊃𝒮}

Let  be a subset of         which contains .𝒮 FX(U) FX(1𝒞)∐
U∈Ob𝒞

Proposition 4.10 ([11] Proposition 1.13)

For , define a subset  of  byf∈Mor𝒞 𝒮f FX(dom( f ))
.𝒮f =FX( f )(𝒮 ∩ FX(codom( f )))

For , we define a subset  of  byU∈Ob𝒞 𝒮(U) FX(U)

𝒮(U)={x∈FX(U) There exists R∈J(U) such that
⋃

f ∈Mor𝒞

∐
U∈Ob 𝒞

then we have . 𝒢(𝒮)=inf Σ∈𝒫F(𝒞, J)X



FX(gi)(x)∈ 𝒮f for all i∈ I.}

FX(gi)(x)∈ 𝒟 for all i∈ I.}

Remark 4.11 ([11] Remark 1.14)
(1) For , the subset  of  defined in (4.10)U∈Ob𝒞 𝒮(U) FX(U)

coincides with the following set.

{x∈FX(U) There exists a covering (Ui
gi U)i∈I such that

⋃
f ∈Mor𝒞

(2) Let  be a non-empty subset of  and putΣ 𝒫F(𝒞, J)X
. Then  coincides with the following set.𝒮(Σ)= 𝒟 𝒮(Σ)(U)⋃

𝒟∈Σ

⋃
𝒟∈Σ

{x∈FX(U) There exists a covering (Ui
gi U)i∈I such that

Hence  holds.sup Σ=𝒢(𝒮(Σ))= 𝒮(Σ)(U)⋃
U∈ 𝒞



For any map  and a the-ology  on , f :X→Y ℰ Y
 is a morphism of the-ologies.f : (X, 𝒟disc, X)→ (Y, ℰ)

Remark 4.14 ([11] Remark 1.17)

For a subset  of        containing , we call 𝒮 FX(U) FX(1𝒞) 𝒢(𝒮)∐
U∈Ob𝒞

defined in (4.10) the the-ology generated by .𝒮

Let  be a site and  a set. We put (𝒞, J) X 𝒟disc, X = 𝒟⋂
𝒟∈Ob𝒫F(𝒞,J)X

and call this the discrete the-ology on .  is the finestX 𝒟disc, X

Definition 4.13 ([11] Definition 1.16)

Definition 4.12 ([11] Definition 1.15)

the-ology on . X



 . Thus 𝒮const = (𝒮const)f 𝒟disc, X∩FX(U)=𝒟(𝒮const)∩FX(U)

(1) Since ,  contains the image of the map𝒟disc, X ⊃FX(1𝒞) 𝒟disc, X
 induced by the unique map FX(oU) :FX(1𝒞)→FX(U) oU :U→1𝒞

for any . Hence every constant map in  belongsU∈Ob𝒞 FX(U)

(2) Let  be the set of all constant maps in        . Then𝒮const FX(U)∐
U∈Ob 𝒞

⋃
f ∈Mor 𝒞

Remark 4.15 ([11] Remark 1.17)

coincides with the following set.

to .𝒟disc, X

{x∈FX(U) | There exists a covering (Ui
gi U)i∈I such that

FX(gi)(x) is a contant map for all i∈ I.}



§5. Category of plotsF-

Proposition 5.1 ([11] Proposition 2.1)
For a map  and ,  is as follows.f :X→Y (Y, ℰ)∈Ob 𝒫F(𝒞, J) ℰf

ℰf = (Ff)−1(ℰ∩FY(U))= {φ∈FX(U) | fφ∈ℰ∩FY(U)}∐
U∈Ob𝒞

∐
U∈Ob𝒞

Let  a family of the-ologies on a set . For a map ,(ℰi)i∈I Y f :X→Y
Proposition 5.2 ([11] Proposition 2.2)

 holds.( ℰi)f = ℰf
i

⋂
i∈I

⋂
i∈I

For a map  and , we define af :X→Y (Y, ℰ)∈Ob 𝒫F(𝒞, J)
the-ology  on  to be the coarsest the-ology such thatℰf X

 is a morphism of the-ologies.f : (X, ℰf)→ (Y, ℰ)



We define a forgetful functor  by Γ :𝒫F(𝒞, J)→𝒮et Γ(X, 𝒟)=X
for  and (X, 𝒟)∈Ob𝒫F(𝒞, J) Γ(φ : (X, 𝒟)→ (Y, ℰ))=(φ :X→Y)
for a morphism  in .φ : (X, 𝒟)→ (Y, ℰ) 𝒫F(𝒞, J)

for a map  and ,f :X→Y (X, 𝒟), (Y, ℰ)∈Ob 𝒫F(𝒞, J)

 is not empty if and only if 𝒫F(𝒞, J)f((X, 𝒟), (Y, ℰ)) 𝒟⊂ℰf

which is equivalent that  is not empty.𝒫F(𝒞, J)X((X, 𝒟), (X, ℰf))

It is clear that  is faithful. In other words, if we putΓ

 has at most one element. 𝒫F(𝒞, J)f((X, 𝒟), (Y, ℰ))

𝒫F(𝒞, J)f((X, 𝒟), (Y, ℰ))=Γ−1( f )∩𝒫F(𝒞, J)((X, 𝒟), (Y, ℰ))



Proposition 5.3 ([11] Proposition 2.3)
For maps ,  and an object  of ,f :X→Y g :W→X (Y, ℰ) 𝒫F(𝒞, J)Y

 holds and  is a fibered category.ℰfg =(ℰf)g Γ :𝒫F(𝒞, J)→𝒮et

In fact,  is unique cartesian morphism over a mapf : (X, ℰf)→ (Y, ℰ)
 whose target is . Hence the inverse image functorf :X→Y (Y, ℰ)

associated with  is given by  and f f*(Y, ℰ)=(X, ℰf)
f*:𝒫F(𝒞, J)Y →𝒫F(𝒞, J)X

.f*(idY : (Y, ℰ)→ (Y, 𝒢))=(idX : (X, ℰf)→ (X, 𝒢f))

It is clear that  holds, which implies .ℰfg =(ℰf)g ( fg)*=g* f*



For a map  and , we define af :X→Y (X, 𝒟)∈Ob 𝒫F(𝒞, J)
the-ology  on  to be the finest the-ology such that𝒟f Y

 is a morphism of the-ologies, that is,f : (X, 𝒟)→ (Y, 𝒟f)
, where𝒟f = ℰ⋂

ℰ∈Σ

.Σ={ℰ∈Ob 𝒫F(𝒞, J)Y | ℰ⊃ (Ff)U(𝒟∩FX(U))}∐
U∈Ob𝒞



If we put , we have .𝒢(𝒮)= 𝒮(U) 𝒟f =𝒢(𝒮)

Remark 5.4 ([11] Remark 2.4)
For , the subset  of  defined in (4.9) is theU∈Ob𝒞 𝒮(U) FX(U)
set of elements  of  which satisfy the following conditionx FX(U)
(  ) if  is surjective.f :X→Y*

∐
U∈Ob𝒞

(  ) There exists  such that, for each , there existsR∈J(U) h∈R
 which satisfies .y∈𝒟∩FX(dom(h)) FY(h)(x)=(Ff)dom(h)(y)

*



Proposition 5.5 ([11] Proposition 2.5)
 is a bifibered category.Γ :𝒫F(𝒞, J)→𝒮et

For a map , define a functor  asf :X→Y f* :𝒫F(𝒞, J)X →𝒫F(𝒞, J)Y

follows. For , we put .(X, 𝒟)∈Ob𝒫F(𝒞, J)X f*(X, 𝒟)=(Y, 𝒟f)
If  satisfies , then (X, 𝒟), (X, 𝒟′ )∈Ob𝒫F(𝒞, J)X 𝒟⊂𝒟′ 𝒟f ⊂𝒟′ f
holds. Hence, for a morphism  in ,idX : (X, 𝒟)→ (X, 𝒟′ ) 𝒫F(𝒞, J)X

we put .f*(idX : (X, 𝒟)→ (X, 𝒟′ ))=(idY : (Y, 𝒟f)→ (Y, 𝒟′ f))
It can be verified that  is not empty𝒫F(𝒞, J)Y( f*(X, 𝒟), (Y, ℰ))
if and only if  is not empty.𝒫F(𝒞, J)Y((X, 𝒟), f*(Y, ℰ))
This shows that  is a left adjoint of .f* f*



Let  be a prefibered category. If  has an initialp :ℱ→𝒞 ℱX
object for any object  of , then  has a left adjoint.X 𝒞 p

Proposition 5.6 ([11] Proposition 2.6)

Let  be a bifibered category. If  has a terminalp :ℱ→𝒞 ℱX
object for any object  of , then  has a right adjoint.X 𝒞 p

Corollary 5.7 ([11] Corollary 2.7)

 has left and right adjoints.Γ :𝒫F(𝒞, J)→𝒮et
Corollary 5.8 ([11] Corollary 2.9)



Let  be the coarsest the-ology on      such that𝒟I Xj

.𝒟I = ℰ
If we put , then𝒮I ={ℰ∈Ob 𝒫F(𝒞, J)∐

j∈I
Xj

ℰ⊃ (𝒟j)ιj}

and  the inclusion to the -th summand.ιi :Xi → Xj i

We denote by  the projection to the -th componentpri : Xj →Xi i
Let  be a family of objects of .{(Xi, 𝒟i)}i∈I 𝒫F(𝒞, J)

∏
j∈I

∐
j∈I

⋂
j∈I

∏
j∈I

 is a morphism in  for any .pri :( Xj, 𝒟I)→ (Xi, 𝒟i) 𝒫F(𝒞, J) i∈ I

∐
j∈I

 is a morphism in  for any .ιi : (Xi, 𝒟i)→( Xj, 𝒟I) 𝒫F(𝒞, J) i∈ I

⋃
j∈I

⋂
ℰ∈𝒮I

Put . Then,  is the finest the-ology such that𝒟I = 𝒟pri
i 𝒟I

∐
j∈I



(1)  is a product of .(( Xj, 𝒟I) pri (Xi, 𝒟i))i∈I
{(Xi, 𝒟i)}i∈I

(2)  is a coproduct of .((Xi, 𝒟i)
ιi ( Xj, 𝒟I))i∈I

{(Xi, 𝒟i)}i∈I

Proposition 5.9 ([11] Proposition 2.11)
∏
j∈I

∐
j∈I

Let  be morphisms in . Then, f, g : (X, 𝒟)→ (Y, ℰ) 𝒫F(𝒞, J)
equalizers and coequalizers of  and  exist. f g

Proposition 5.10 ([11] Proposition 2.14)

In fact, if  is an equalizer of  and  in the category of sets,Z i X f g
then  is an equalizer of  and  in .(Z, 𝒟i) i (X, 𝒟) f g 𝒫F(𝒞, J)
If  is a coequalizer of  and  in the category of sets,Y q W f g
then  is a coequalizer of  and  in .(Y, ℰ) q (W, ℰq) f g 𝒫F(𝒞, J)



Since  has finite limits by (5.9) and (5.10), we can consider𝒫F(𝒞, J)
the fibered category  of morphisms in℘ :𝒫F(𝒞, J)(2) →𝒫F(𝒞, J)

 by (1.12).𝒫F(𝒞, J)
It follows from (1.13) that the inverse image functors of this
fibered category have left adjoints.
The inverse image functors also have right adjoints, namely we
can show the following fact.

.φ! :𝒫F(𝒞, J)(2)
(X,𝒟) →𝒫F(𝒞, J)(2)

(Y,ℰ)

Proposition 5.11 ([11] Proposition 3.18)
For a morphism  in , the inverseφ : (X, 𝒟)→ (Y, ℱ) 𝒫F(𝒞, J)
functor  has a right adjointφ*:𝒫F(𝒞, J)(2)

(Y,𝒟) →𝒫F(𝒞, J)(2)
(X,ℰ)



For an object  of , we define aE=((E, ℰ) π (X, 𝒟)) 𝒫F(𝒞, J)(2)

For , we denote by  the inclusion map andy∈Y ιy :φ−1(y)→X

subset  of  byE(φ; y) 𝒫F(𝒞, J)((φ−1(y), 𝒟ιy), (E, ℰ))
E(φ; y)={α∈𝒫F(𝒞, J)((φ−1(y), 𝒟ιy), (E, ℰ)) | πα= ιy}

if  and  if .φ−1(y)≠∅ E(φ; y)=∅ φ−1(y)=∅

if .α∈E(φ; y)

∐
y∈Y

Put  and define map  by E(φ)= E(φ; y) φ!E :E(φ)→Y φ!E(α)=y

In fact,  is constructed as follows.φ! :𝒫F(𝒞, J)(2)
(X,𝒟) →𝒫F(𝒞, J)(2)

(Y,ℰ)

consider a the-ology  on .𝒟ιy φ−1(y)



We consider the following cartesian square (  ) in .𝒮et*

(  )
          E(φ) ×Y X E(φ)

                  X Y

φ̃E

φ̃!E φ!E
φ*

Define a map  by  if εφ
E :E(φ) ×Y X→E εφ

E(α, x)=α(x) α∈E(φ; y)
and  for .x∈φ−1(y) y∈Y

Let  the set of all the-ologies  on  such that ΣE,φ ℒ E(φ) ℒ⊂ℱφ!E

and  hold.𝒟φ̃!E ∩ℒφ̃E ⊂ℰεφ
E

Note that  if and only if  andℒ∈ΣE,φ φ!E : (E(φ), ℒ)→ (Y, ℱ)
 are morphisms in .εφ

E : (E(φ) ×Y X, 𝒟φ̃!E ∩ℒφ̃E)→ (E, ℰ) 𝒫F(𝒞, J)



For , we consider the following condition (LE) on anU∈Ob 𝒞
element  of .γ FE(φ)(U)

(LE) If , ,  and V, W∈Ob 𝒞 f∈𝒞(W, U) g∈𝒞(W, V) ψ∈𝒟∩FX(V)
satisfy , a compositionφψF(g)=φ!EγF( f )

F(W) (γF( f ), ψF(g)) E(φ) ×Y X
εφ

E E
belongs to  and a composition ℰ∩FE(W) F(U) γ E(φ) φ!E Y
belongs to .ℱ∩FY(U)

Define a set  of -parametrizations of a set  so that𝒟E,φ F E(φ)
 is a subset of  consisting of elements𝒟E,φ∩FE(φ)(U) FE(φ)(U)

which satisfy the above condition (LE) for any .U∈Ob 𝒞



We define by  andφ!(E)=((E(φ), 𝒟E,φ) φ!E (Y, ℱ))

Proposition 5.12 ([11] Proposition 3.11)
 is maximum element of .𝒟E,φ ΣE,φ

Let ,  be objects ofE=((E, ℰ) π (X, 𝒟)) G=((G, 𝒢) ρ (X, 𝒟))
 and  a morphism in .𝒫F(𝒞, J)(2)

(X,𝒟) φ : (X, 𝒟)→ (Y, ℱ) 𝒫F(𝒞, J)
Let  be a morphism in .ξ=⟨ξ, idX⟩ :E→G 𝒫F(𝒞, J)(2)

(X,𝒟)
If  for , we have , hence .α∈E(φ; y) y∈Y ρξα=πα= ιy ξα∈G(φ; y)
Thus we can define a map  by .ξφ :E(φ)→G(φ) φ(ξ)(α)=ξα

.φ!(ξ)=⟨ξφ, idY⟩ :φ(E)→φ(G)



                            (V, 𝒱) (X, 𝒳) (Y, 𝒴)

      (E×Y X, ℰfπ∩𝒳πf) (E, ℰ)

§6. Representations of groupoids in the category of plots
Let ,  and f : (X, 𝒳)→ (Y, 𝒴) g : (X, 𝒳)→ (Z, 𝒵) k : (V, 𝒱)→ (X, 𝒳)
be morphisms in  and  an object of𝒫F(𝒞, J) E=((E, ℰ) π (Y, 𝒴))

. We consider the following commutative diagram in𝒫F(𝒞, J)(2)
(Y,𝒴)
 whose outer trapezoid and lower rectangle are cartesian.𝒫F(𝒞, J)

(E×YV, ℰ( fk)π∩𝒱πfk) ( fk)πidE×Y k
πfk fπ

πf π
k f



There exists unique morphism
idE×Y k : (E×YV, ℰ( fk)π∩𝒱πfk)→ (E×Y X, ℰfπ∩𝒳πf)

that makes the above diagram commute. Since objects
 and  of  are given by(gk)*( fk)*(E) g* f*(E) 𝒫F(𝒞, J)(2)

(Z,𝒵)

(gk)*( fk)*(E)=((E×YV, ℰ( fk)π∩ 𝒱πfk)
gkπfk (Z, 𝒵))

,g* f*(E)=((E×Y X, ℰfπ∩𝒳πf)
gπf (Z, 𝒵))

we define a morphism  in Ek : (gk)*( fk)*(E)→g* f*(E) 𝒫F(𝒞, J)(2)
(Z,𝒵)

by .Ek =⟨idE×Y k, idZ⟩



Let  be a morphism in .f : (X, 𝒳)→ (Y, 𝒴) 𝒫F(𝒞, J)
We denote by  and  theη f : id𝒫F(𝒞,J)(2)

(X,𝒳)
→ f* f! ε f : f! f*→ id𝒫F(𝒞,J)(2)

(Y,𝒴)

unit and the counit of the adjunction , respectively.f*⊣ f!
Let ,  and f : (X, 𝒳)→ (Y, 𝒴) g : (X, 𝒳)→ (Z, 𝒵) k : (V, 𝒱)→ (X, 𝒳)
be morphisms in  and  an object of . 𝒫F(𝒞, J) E 𝒫F(𝒞, J)(2)

(Z,𝒵)
Define a morphism  in Ek : f!g*(E)→ ( fk)!(gk)*(E)* 𝒫F(𝒞, J)(2)

(Y,𝒴)
to be the following composition.

                           f!g*(E) ( fk)!( fk)*( f!g*(E)) ( fk)!k*f* f!g*(E)
η fk

f!g*(E) ( fk)!(cf,k( f!g*(E)))−1

              ( fk)!k*g*(E) ( fk)!(gk)*(E)( fk)!(cg,k(E))( fk)!k*(ε f
g*(E))



                  (X, 𝒳) (Z, 𝒵)

Let , , f : (X, 𝒳)→ (Y, 𝒴) g : (X, 𝒳)→ (Z, 𝒵) h : (V, 𝒱)→ (Z, 𝒵)
and  be morphisms in .i : (V, 𝒱)→ (W, 𝒲) 𝒫F(𝒞, J)
We consider the following cartesian square in .𝒫F(𝒞, J)

            (X×ZV, 𝒳hg∩𝒱gh) (V, 𝒱)
gh

g
hg h



         (X, 𝒳) (Y, 𝒴)

         ((E×Y X)×ZV, (ℰfπ∩𝒳πf)hgπf ∩𝒱(gπf)h) (E×Y X, ℰfπ∩𝒳πf) (E, ℰ)

              (X×ZV, 𝒳hg∩𝒱gh) (X, 𝒳) (Y, 𝒴)

the following commutative diagrams in  whose rectangles𝒫F(𝒞, J)
are all cartesian.

For an object  of , we considerE=((E, ℰ) π (Y, 𝒴)) 𝒫F(𝒞, J)(2)
(Y,𝒴)

( fhg)π

πfhg

            (E×Y(X×ZV), ℰ( fhg)π∩(𝒳hg∩𝒱gh)πfhg) (E, ℰ)
π

hg

hgπf

(gπf)h

fπ

ππf f

g
h

                                  (V, 𝒱) (Z, 𝒵)

f



(igh)*( fhg)*(E)=((E×Y(X×ZV), ℰ( fhg)π∩(𝒳hg∩𝒱gh)πfhg)
ighπfhg (W, 𝒲))

Thus we have the following equalities.

i*h*g* f*(E)=(((E×Y X)×ZV, (ℰfπ∩𝒳πf)hgπf ∩ 𝒱(gπf)h)
i(gπf)h (W, 𝒲))

We define a morphism  inθf,g,h,i(E) : (igh)*( fhg)*(E)→ i*h*g* f*(E)
 by .𝒫F(𝒞, J)(2)

(W,𝒲) θf,g,h,i(E)=⟨(idE×Yhg, ghπfhg
), idW⟩

 is an isomorphism whichθf,g,h,i(E) : (igh)*( fhg)*(E)→ i*h*g* f*(E)
Proposition 6.1

In fact,  maps(idE×Yhg, ghπfhg
) :E×Y(X×ZV)→ (E×Y X)×ZV
 to .(u, (x, v))∈E×Y(X×ZV) ((u, x), v)∈ (E×Y X)×ZV

is natural in .E



                  (X, 𝒳) (Z, 𝒵)

Let , , f : (X, 𝒳)→ (Y, 𝒴) g : (X, 𝒳)→ (Z, 𝒵) h : (V, 𝒱)→ (Z, 𝒵)
and  be morphisms in .i : (V, 𝒱)→ (W, 𝒲) 𝒫F(𝒞, J)
We consider the following cartesian square in .𝒫F(𝒞, J)

            (X×ZV, 𝒳hg∩𝒱gh) (V, 𝒱)
gh

g
hg h



                  g*h h*h!i*(E) g*h i*(E) (igh)*(E)

             h*g g*h!i*(E) (ghg)*h!i*(E)=(hgh)*h!i*(E)

For an object  of , we define a morphismE 𝒫F(𝒞, J)(2)
(W,𝒲)

in to be the adjoint of the following composition with𝒫F(𝒞, J)(2)
(Y,𝒴)

respect to the adjunction .( fhg)*⊣ ( fhg)!

 is an isomorphism whichθ f,g,h,i(E) : f!g*h!i*(E)→ ( fhg)!(igh)*(E)
Proposition 6.2 ([10] Remark 1.5.5)

is natural in .E

θ f,g,h,i(E) : f!g*h!i*(E)→ ( fhg)!(igh)*(E)

                   ( fhg)*( f!g*h!i*(E)) h*g f* f!g*h!i*(E)
cf,hg

( f!g*h!i*(E))−1

h*g (ε f
g*h!i*(E)) cg,hg

(h!i*(E))

ch,gh
(h!i*(E))−1 g*h (εh

i*(E)) ci,gh
(E)



Let  be a groupoid in ,G=((G0, 𝒢0), (G1, 𝒢1); σ, τ, ε, μ, ι) 𝒫F(𝒞, J)
 an object of  and E=((E, ℰ) π (G0, 𝒢0)) 𝒫F(𝒞, J)(2)

(G0,𝒢0)
 a morphism in .ξ :σ*(E)→τ*(E) 𝒫F(𝒞, J)(2)

(G1,𝒢1)

We denote by  and  the adjoint of ̂ξ :τ*σ*(E)→E ξ̌ :E→σ!τ*(E) ξ
with respect to the adjunctions  and , respectively.τ* ⊣τ* σ*⊣σ!



composition            coincides withE=(τε)*(σε)*(E) τ*σ*(E) E

                                (τμ)*(σμ)*(E) τ*σ*(E) E

                      (τpr2)*(σpr1)*(E) τ*σ*τ*σ*(E) τ*σ*(E)

 makes the upper diagram of (2.5) commute if and only if ξ ̂ξ
makes the following diagram commute.

θσ,τ,σ,τ(E) τ*σ*( ̂ξ)

̂ξEμ
̂ξ

 makes the lower diagram of (2.5) commute if and only if aξ
̂ξEε

the identity morphism of .E

Proposition 6.3 ([10] Proposition 3.3.2)



                                   E σ!τ*(E) σ!τ*σ!τ*(E)

                      σ!τ*(E) (σμ)!(τμ)*(E) (σpr1)!(τpr2)*(E)

 makes the upper diagram of (2.5) commute if and only if ξ ξ̌
makes the following diagram commute.

θσ,τ,σ,τ(E)

σ!τ*(ξ̌)ξ̌

Eμ

 makes the lower diagram of (2.5) commute if and only if aξ
composition            coincides withE σ!τ*(E) (σε)!(τε)*(E)=Eξ̌ Eε

the identity morphism of .E

ξ̌

Proposition 6.4 ([10] Proposition 3.4.2)



The next result follows from the naturality of the adjointness.

                                     σ*(F) τ*(F) τ*σ*(F) F F σ!τ*(F)

                                     σ*(E) τ*(E) τ*σ*(E) E E σ!τ*(E)ξ

ζ
σ*(φ) τ*(φ)

̂ξ

̂ζ
τ*σ*(φ) φ

Let  and  be representations of .(E, ξ) (F, ζ) G
Proposition 6.5

If a morphism  in  makes one of theφ :E→F 𝒫F(𝒞, J)(2)
(G0,𝒢0)

following diagrams commute, the other two diagrams also commute.

φ σ!τ*(φ)

ξ̌

ζ̌



                         G1 G0

                G1 G0

                          (E ×σ
G0

G1)×σ
G0

G1 E ×σ
G0

G1 E

                                   E ×σμ
G0

(G1×G0
G1) E E ×τ

G0
G1 E

                                             G1×G0
G1 G0 G1 G0

Consider the following diagrams whose rectangles are all cartesian.
(σμ)π

πσμ =πσpr1
π

σμ=σpr1

τπ

πτ π
τ

στπσ σπ

πσ

(τπσ)σ

τ

σ

σ

π



Then, we have the following equalities.
τ*σ*(E)=((E ×σ

G0
G1, ℰσπ∩𝒢πσ

1 ) τπσ (G0, 𝒢0))
(τμ)*(σμ)*(E)=((τpr2)*(σpr1)*(E)

τ*σ*τ*σ*(E)=((E ×σ
G0

G1)×σ
G0

G1, (ℰσπ∩𝒢πσ
1 )στπσ∩𝒢(τπσ)σ

1 ) τ(τπσ)σ (G0, 𝒢0))
=((E×σμ

G0
(G1×G0

G1), ℰ(σμ)π∩(𝒢pr1
1 ∩𝒢pr2

1 )πσμ)
τμπσμ (G0, 𝒢0))

If we put  and  for morphismsξ=⟨ξ, idG1
⟩ ̂ξ=⟨ ̂ξ, idG0

⟩
 andξ : (E×σ

G0
G1, ℰσπ∩𝒢πσ

1 )→ (E×τ
G0

G1, ℰτπ∩𝒢πτ
1 )

 in , then  is âξ : (E×σ
G0

G1, ℰσπ∩𝒢πσ
1 )→ (E, ℰ) 𝒫F(𝒞, J) ̂ξ

composition .E×σ
G0

G1
ξ E×τ

G0
G1

τπ E



                                            E×σμ
G0

(G1×G0
G1) E×σ

G0
G1 E

                              E×σpr1
G0

(G1×G0
G1) (E×σ

G0
G1)×σ

G0
G1 E×σ

G0
G1

Remark 6.6 ([11] Remark 8.14)
The diagram of (6.3) is commutative if and only if the following
diagram is commutative.

(idE ×Y pr1, pr2πσpr1
)

̂ξ
idE×G0

μ

̂ξ ×G0
idG1

̂ξ

A composition  coincides withE=(τε)*(σε)*(E) Eε τ*σ*(E)
̂ξ E

the identity morphism of  if and only if a compositionE
E (idE,επ) E ×σ

G0
G1

̂ξ E
coincides with the identity morphism of .E



Hence if a morphism  in  satisfieŝξ :τ*σ*(E)→E 𝒫F(𝒞, J)(2)
(G0,𝒢0)

both conditions of (6.3), we may call a pair  a(E, ̂ξ :τ*σ*(E)→E)
representation of  on .G E
Example 6.7 ([11] Example 8.16)
For an epimorphism  in , considerE=((E, ℰ) π (G0, 𝒢0)) 𝒫F(𝒞, J)(2)

the groupoid G(E)=((G0, 𝒢0), (G1(E), 𝒢E); σE, τE, εE, μE, ιE)
associated with . Let  be the map defined byE ̂ξE :E×G0

G1(E)→E
 and define a morphism  in̂ξE(e, g)=g(e) ̂ξE :τE*σ*E(E)→E
 by .𝒫F(𝒞, J)(2)

(G0,𝒢0)
̂ξE =⟨ ̂ξE, idG0

⟩
It can be verified that  is a representation of  on .(E, ̂ξE) G(E) E
We call  the canonical representation on .(E, ̂ξE) E



Proposition 6.8 ([11] Proposition 8.17)
Let  be an object of  suchE=((E, ℰ) π (G0, 𝒢0)) 𝒫F(𝒞, J)(2)

(G0,𝒢0)
that  is surjective and  a representation of π (E, ̂ξ :τ*σ*(E)→E)

 on .G=((G0, 𝒢0), (G1, 𝒢1); σ, τ, ε, μ, ι) E
There exists a morphism  of groupoids inf=( f0, f1) :G→G(E)

 such that  and that  coincides with the𝒫F(𝒞, J) f0 = idG0
(E, ̂ξ)

restriction of the canonical representation  along  .(E, ̂ξE) f
Moreover, if  is a morphism of groupoidsg=(idG0

, g1) :G→G(E)
in  such that  coincides with the restriction of𝒫F(𝒞, J) (E, ̂ξ)
the canonical representation  along , then  holds.(E, ̂ξE) g g= f



Theorem 6.9 ([10] Proposition 3.5.16, Proposition 3.6.15)

The restriction functor  along   has a leftf ∙ :Rep(G)→Rep(H) f
adjoint and a right adjoint.

Let ,  be groupiods inG=(G0, G1; σ, τ, ε, μ) H=(H0, H1; σ′ , τ′ , ε′ , μ′ )
 and  a homomorphism of groupoids.𝒫F(𝒞, J) f :H→G

A left adjoint  of the restiction functorf∙ :Rep(H)→Rep(G)
 along   is consrtructed as follows.f ∙ :Rep(H)→Rep(G) f

For an object  of , weE=((E, ℰ) π (H0, ℋ0)) 𝒫F(𝒞, J)(2)
(H0,ℋ0)

consider the following diagrams whose rectangles are cartesian.

Let  be a morphism of groupoids in .f :H→G 𝒫F(𝒞, J)



                          G1 G0

                  (E ×σ′ 

H0
H1)×H0

(H0×G0
G1) E ×σ′ 

G0
H1 E×H0

(H0×G0
G1) E

                            E×H0
(H1×G0

G1) E ×σ′ 

G0
H1 E E ×σ

G0
G1 E

                                                   H0×G0
G1 H0 G1 G0

                                           H1×G0
G1 H1 H0×G0

G1 H0

(σf0)τ′ πσ′ 

πσ′ πσ′ 
×f0( f0)σ

τ′ 

p̃r1

τ′ ×G0
idG1 σf0

                                             H1×G0
G1 H1 H0 G1 G0

σ′ 

idE×H0
p̃r1

p̃r1

πσ′ p̃r1
πσ′ 

π

σ′ π

f0( f0)σ σ

σf0

π

(σf0)π

πσf0

f0π
σ

σf0π

( f0π)σ

p̃r2 σ
f0τ′ 



in . We also have𝒫F(𝒞, J)

Thus  is the following morphism (τ( f0)σ(τ′ ×G0
idG1

))*(σ′ p̃r1)*(E)

τ( f0)σ(τ′ ×G0
idG1

)πσ′ p̃r1

(E×G0
(H1×G0

G1), ℰσ′ π(idE×D0
p̃r1)∩(ℋp̃r1

1 ∩𝒢p̃r2
1 )πσ′ p̃r1)

(G0, 𝒢0)

.τ*σ*( f0)*(E)=((E×G0
G1, ℰσf0π∩𝒢(πf0)σ

1 ) τ( f0π)σ (G0, 𝒢))



Suppose that  is a representation of .(E, ̂ξ :τ′ *σ′ *(E)→E) H

α, β : (τ( f0)σ(τ′ ×G0
idG1

))*(σ′ p̃r1)*(E)→τ*σ*( f0)*(E)
We put  and define morphismŝξ=⟨ ̂ξ, idH0

⟩

by α=⟨( ̂ξ(idE×H0
p̃r1), p̃r2πσ′ p̃r1

) :E×G0
(H1×G0

G1)→E×G0
G1, idG0

⟩
,β=⟨idE×H0

μ( f1×G0
idG1

) :E×G0
(H1×G0

G1)→E×G0
G1, idG0

⟩
respectively.

Let  be a coequalizer of  and .Pf
(E,ξ) :τ*σ*( f0)*(E)→ (E, ξ)f α β

We can give a structure  of âξf :τ*σ*((E, ξ)f)→ (E, ξ)f

representation of  on  and  is defined to be .G (E, ξ)f f∙(E, ̂ξ) (E, ξ)f



On the other hand, a right adjoint  of thef! :Rep(H)→Rep(G)
restriction functor is constructed as follows.
Consider the following diagrams whose rectangles are cartesian. 

                               G1 G0 G1×G0
H0 H0

                  G1 G0

f0

idG1
×G0

σ′ 

                           G1×G0
H1 H1 G1×G0

H1 H1
p̃r2

f0

( f0)τ
τ

τf0
p̃r1

τ
f0σ′ 

p̃r2



               (σ( f0)τ)!τ*f0 (E) (σ( f0)τ)!τ*f0 σ′ !τ′ *(E)

For a representation  of , we denote by(E, ξ :σ′ *(E)→τ′ *(E)) H
 the adjoint of  with respect to the adjunctionξ̌ :E→σ′ !τ′ *(E) ξ

(σ( f0)τ)!τ*f0 (ξ̌)

θσ( f0)τ,τf0
,σ′ ,τ′ (E) (σ( f0)τ(idC1

×C0
σ′ ))!(τ′ p̃r2)*(E)

Let  be an equalizer of  andEf
(E,ξ) : (E, ξ) f → (σ( f0)τ)!τ*f0 (E) γ

We can give a structure  of aξ̌f : (E, ξ) f →σ!τ*((E, ξ) f)

.E(μ(idC1
×C0

f1),τ′ p̃r2) : (σ( f0)τ)!τ*f0 (E)→ (σ( f0)τ(idC1
×C0

σ′ ))!(τ′ p̃r2)*(E)

, and by  the following composition.σ′ *⊣σ′ ! γ

representation of  on  and  is defined to be .G (E, ξ) f f!(E, ξ) (E, ξ) f
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