PRINCIPAL SERIES WHITTAKER FUNCTIONS ON SYMPLECTIC
GROUPS

FREF fF 5 (Taku Ishii)

§1. Class one Whittaker functions

(1.1) Definitions and notation Let G be a semisimple Lie group with finite center
and g its Lie algebra. Fix a maximal compact subgroup K of G and put ¢ = Lie(K). Let
p be the orthogonal complement of £ in g and # the corresponding Cartan involution.
For a maximal abelian subalgebra a of p and o € a*, put g, = {X € g | [H,X] =
a(H)X for all H € a} and A = A(g,a) the restricted root system. Denoted by A™
the positive system in A and II the set of simple roots. Then we have an Iwasawa
decomposition g = n @ a® € with n = > .\, go. Let G = NAK be the Iwasawa
decomposition corresponding to that of g. We denote by W the Weyl group of the root
system A.

Let Py = M AN be the minimal parabolic subgroup of G with M = Zx(A). For
a linear form v € af = a* ®gr C, define a character ¢” on A by ¢”(a) = exp(v(loga))
(a € A). We call the induced representation

T, = L2—Ind1G30(1M ®e" R 1y)

the class one principal series representation of GG. Here p = %ZaeAJr Mmea (Mg =
dim g, ).

Let U(gc) and U(ac) be the universal enveloping algebras of gc and ac, the com-
plexifications of g and a respectively. Set

Ulge)® = {X € U(ge) | Ad(k)X = X for all k € K}.

Let p be the projection U(gc) — U(ac) along the decomposition U(ge) = U(ac) &
(nU(gc) + U(ge)t). Define the automorphism + of U(ac) by v(H) = H + p(H) for
H € ac. For v € ag, define the algebra homomorphism y, : U(gc)® — C by

Xo(2) = v(yop(2))

for 2 € U(gc)™. Note that y, is trivial on U(g)® N U(g)t and the restriction of y,
to the center Z(gc) of U(gc) coincides with the infinitesimal character of the class
one principal series representation m,. Let n be a unitary character of N. Since
n=[nnl®>  .q0a, 7 is determined by the restriction 7, := 7|y, (o € II). The length
70| of 1o is defined as [na]* = >, .., 7(Xa,), where the root vector X, ; is chosen
as B(X,,,0X,;) = —6;; (1 <i,j <m,). Here B(, ) is the Killing form on g. In this
article we assume that 7 is nondegenerate, that is, n, # 0 for all a € II.

Definition 1.1 Under the above notation, a smooth function w = w,, on G is called
class one Whittaker function if



(i) w(ngk) =n(n)w(g), foralln € N, g€ G and k € K,

(i) Zw = x,(Z)w, for all Z € U(gc)¥.
We denote by Wh(v,n) the space of class one Whittaker functions and Wh(v, n)™d
the subspace consisting of moderate growth functions.

Remark. Because of the Iwasawa decomposition, w € Wh(v,n) is determined by its
restriction w|4 to A. We call w|a the radial part of w.

(1.2) M and W-Whittaker functions

Theorem 1.2 The dimension of the space Wh(v,n) is the order of the Weyl group W
and the the dimension of Wh(v,n)™°% is at most one. ~ Moreover the unique (up to
constant) element in Wh(v, n)™°d is given by Jacquet integral:

W(l/,n;g):/a(so_lng)”+pn(n)_1dn.
N

Here s is the longest element in W and g = n(g)a(g)k(g) the Iwasawa decomposition
of g € G.

Hashizume ([3]) gave a basis of Wh(r, 1) and express the Jacquet integral as a linear
combination of the basis functions. Let ( , ) be the inner product on ag induced by
the Killing form B(, ). We denote by L the set of linear functions on ac of the form
Y aer Mot With ng € Zx.

For each A € L, we can define the rational function a, on ag as follows. Put
ao(v) = 1 and determine ay for A € L\{0} by

(1.1) (A ) + 200 ))aa(v) = 23 en nal*ar—2a (V)
inductively. Here we assumed that (A, \) + 2(\,v) # 0 for all A € L\{0}.

Definition 1.3 For v € af and unitary character n of N, define a series M (v,n;a) on
A by

M(v,n;a) = a"** Zak(l/)a’\ (a € A)
AeL

and extend it to the function on G by

M(v,m;9) = n(n(g))M(v,1; a(g))-
Definition 1.4 We denote by ‘ag the set of elements v € ag satisfying the following:
(1) (A A) +2(N, sv) #0 for all A € L\{0} and s € W,
(ii) sv —tv & {d . cnmat | ma € Z} for all s #t e W.

Theorem 1.5 ([3, Theorem 5.4]) Let v € 'ag. Then the set {M(sv,n;q) | s € W}
forms a basis of Wh(v,n).

We call W(v,n;g) (resp. M(v,n;g)) W-Whittaker function (resp. M-Whittaker func-
tion). Let us recall the linear relation between W and M-Whittaker functions.
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Proposition 1.6 ([4, cf. Ch IV]) Let c¢(v) be the Harish Chandra c-function. Then

) = [ alsy'ny e
I1 2(%> L(va)L (5 (e + 5))

a, o) C(ve + %)F(%(Va + T+ M)

aeAS’
Here Ay ={a e AT | Ja ¢ A}

Definition 1.7 For n € ]V, v € ag and s € W, we define v(s;v,n) as follows. If s = s,
(o € II), the simple reflection,

[7a >2V" F((%

v(s;v,m) = (2 o a)

For s € W and « € II such that I(s,s) = I(s) + 1, then

V(sas;v,m) = 7(s;v,0)7(8a; 57,1).

Here [(s) means the length of s.
Theorem 1.8 ([3, Theorem 7.8)) If v € 'a¥,

W(v,mi9) = > v(sos;v,m)c(sosv) M(sv,m; g).
seWw

Problem : Find explicit formulas of W (v, n; g) and M(v,n;g).

Known results (G is real semisimple) :

(1) G is real rank 1 : W (resp. M )-Whittaker functions can be written by modified
K (resp. I)-Bessel functions.

(2) G = SL(n,R) : In case of n = 3, Tahtajan-Vinogradov ([14]) and Bump ([1])
obtained explicit formulas of W and M-Whittaker functions. For general n, Stade
([11]) found a recursive integral formula of W-Whittaker function and I ([7]) proved
a similar recursive formula of M-Whittaker function conjectured in [13]. When
n = 4, Stade ([12]) also gave a explicit formula of a,(v) by solving the recurrence
relation (1.1) and his formula included (terminating) generalized hypergeometric

series 4 F3(1) (cf. [7]).

(3) G =5p(2,R),50,(2,9)(q > 3) : As for W-Whittaker function on Sp(2,R), Niwa
([9]) obtained the formula (3.5) in section (3.1). In the similar way to Proskurin’s
evaluation of Jacquet integral for G = Sp(2,C) ([10]), I ([5]) found the integral
expression (3.7). The explicit formula (3.4) of M-Whittaker function is also ob-
tained in [5]. These results can be extended to SO,(2,¢) in [6] (s0(2,3) = sp(2,R),
50(2,4) = su(2,2)).



Extending the work of Niwa, we consider the problem in case of G = Sp,(R) and
SO, in this article.

(1.3) Structure theory for Sp,(R) and SO,,,, We give precise description of the
notation in the above subsections. Let G; and Gs be algebraic groups over Q defined

as
_ _ t Jn _ Jn
Glson,n{gGSLQn g(Jn 9=\ :
and
. o t Jn _ Jn
1
Here J,, = (n x n matrix). Hereafter we use the notation in sections (1.1)

1
and (1.2) with subscript ; for G; := G1(R) = SO,,,, and 5 for G5 := G3(R) = Sp,(R).

< Iwasawa decompositions >
= {diag(aq, ..., an, —ay,,...,—a1) | a; € R},
Ay = {dlag(tl, . —t . —tl) | t; € R},
— {diag(as ... amaz - ) | a > O},
(

n

= {diag(t,, .. tn,tgl, oot [t > 0},

1 *
. Un *
i = ( 0 Jntn51Jn>

< principal series >

v=(v,...,t) €ajc (i=1,2),
01 :pgn) =(n—-1,n-2,...,1,0), pgngn) =(n,n—1,...,2,1).
< Weyl groups > W, =6, x (Z/2Z)"', W,y= 6, x (Z/2Z)".
< unitary characters >
m(u) = exp (27T\/—_1(U1,2 + U3+ Up—1p T un—l,n+1>)a
n2(u) = exp (27T\/—_1(U1,2 + Uz g+ F Uyt un,n+1))u
for u = (ux;) € N;.
< ¢(v) and v;(s;v,m) >

D(A3)r(5%)

n(n—1) 2
ci\v)=m =2 s
1( ) H F(Vi*Vj+1>F(Vi+Vj+1>

1<i<j<n 2 2
n2 . S
o r(% ) Y
CQ(V) - 2% H T l/fi-l H l/i_l/j2+1 V¢-12-Vj+1 )
1<i<n ( 2 ) 1<i<j<n F( 2 >F< 2 )



v —I/i-‘rljj —l/i—l/]'
5[7< 1) H1§i<j§nr( 2 )I( 2 )}
vi—v;+1 vitv;+1
H1§i<j§n F( 2 = )F( +2 - )

_n ﬁ _1lsn .
ca(sosv)Va(SoS; v, m0) = 27 27 2 Hup2) =5 iy vi

—Llsm oy, Vi —vi+v; —V;—V;
'S[W@’M 2 2iz1 ZngiSnF(_?)H1§i<j§nF( JJ)F( 5 ])]
v v;—vi+1 vit+vi+1 :
ngign F(T+1) H1§i<j§nr( 2j+ )F( +2]+ )

€1 (SOSV)’Yl (808; v, 171) = 7(%"'(%/)0

)

8§2. Symplectic orthogonal theta lifts and main theorem

(2.1) Weil representation and theta lift Let k£ be a local field and ) a nontrivial
character of k. For a finite dimensional k-vector space Z equipped with symplectic
form ( , ), put

Sp(Z, k) ={g9 € GL(Z,k) | (219, 229) = (21, 22), Vz1,20 € Z}.

Let Z = Z* 4+ Z~ be a polarization, that is, Z* are maximal isotropic subspace of Z.
Let wy, be the Weil representation of Sp(Z, k) on .#(Z7), the space of Schwartz-Bruhat
functions on Z*. When k is a global field and ¢ a nontrivial character on k\ A, we can
also define Weil representation wy, of :S?D(Z ,A) on S(ZF).

Let k be a global field and X a 2n-dimensional k-vector space of column vectors

J,

with symmetric form ( , ) given by (z,y) = ' ") y. Then Gy(k) = SO, (k)

In

acts on X from the left and preserves (, ). Also let Y be a 2n-dimensional k-vector

In\ ¢
7, ) y. Then

G (k) = Spn(k) acts on Y from the right and preserves (, ). The space Z := X®Y has
a symplectic form (, ) ® (, ) and we have a homomorphism SO, ,,(A) x Sp,(A) —
Sp(Z,A). Let {e},...,en,e_p,...,e_1} be the standard basis of X. Then X =
Span{ey,...,e,} and X~ = Span{e_,,...,e_1} give a polarization of X. Also take
the standard basis of Y by {e1,...,e4,6_n,...,6-1} and put Y™ = Span{ey,...,e,},
Y~ = Span{e_,,...,e_1}. We choose a polarization of Z by Z* = X ® Y* and denote
Yo xi®e € ZY by (x1,...,2,).
For wy and ¢ € . (Z}), define the theta series Qi on Gi(A) x Gy(A) by

space of row vectors with symplectic form (, ) given by (z,y) =2 | _

05 (g1, 92) = > wylgr, g2)8(2).

zeZ,j

Let o be an irreducible cuspidal automorphic representation of Gi(A). For a cusp
form f € o, put

F{(go) = / 0% (91, 92) f(91)dgn.
G1(k)\G1(A)

It is known that FJ? defines a cusp form on Go(A) and the space ©y(0) = (F}b | f e
o,¢ € S (Z))) is called the theta lift of o with respect to 1.



(2.2) Whittaker coefficients To describe Whittaker coefficient, we fix unitary char-
acters ¢, and 1y of Nj(A) and N»(A) as follows (cf. section (1.3)).

1/}1 (U) - 77Z)(u1,2 + U233 + -+ Up—1,n + Un—l,n—i—l);
w2<u> = w(ul,Z + Uz 3 +ooe A+ Un—1,n + un,nJrl)

for uw = (ug,;) € N;(A). We say an irreducible cuspidal representation o; on G;(A) has
a nontrivial V; - Whittaker coefficient, if the integral

Wi(g:) = / F(ngiye (n)dn
N;(k)\N;(A)

does not vanish for some f € o;. Ginzburg, Rallis and Soudry ([2]) proved the follow-
ing:

Proposition 2.1 ([2, Proposition 3.5]) We assume that the irreducible cuspidal rep-
resentation o of Gi(A) has a nontrivial ;- Whittaker coefficient. Then the theta
lift ©4(0) to Go(A) is nontrivial and has a ;"' -Whittaker coefficient. Moreover, the

Wy - Whittaker coefficient of F}z’ € Oy(o) is

(2.) Wiplo) = [ oo g)o(en)Wrton

Here E is the stabilizer of ug = (e1,...,en_1,6n +e_,) € Z7.

If we decompose the right hand side of (2.1) to the local factors, the integral

[ oW )i
ER)\G1(R)

is expected to represent the Whittaker function on Sp,(R). Here W is the Whittaker
function on SO,,,. Then, if we take

$(X) = exp[—m(tr("XX))],
and compute the integral by using the formulas of Weil representation, we can propose
the following:
Theorem 2.2 For a € A, and t € A,y, put

2

ti | ai th1 | Aoy ta 2 2
Q(a,t):exp[—w{(a—%—i-g) + 4 <@%1 + 2 ) + (a—%—i-tnan)}]
Then, for v € 'aj ¢ N'a5 ¢,
Iy v ] n '
T 2 Vl + 1 da’t
2.2) —— || T( )t W (vit) = / O(a,t) - a Wi(v;a) .
(27T) 2 E 2 (RZO)n E a;

The right hand side of (2.2) represent a Whittaker function, however, to see that it is
just the Whittaker function we want to seek, it seems to need further argument. For
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example, if we use the similar result of [2] from Sp,, to SO,,+1 n41, We obtain Whittaker
function on SO,4+1 41 from one on Sp,(R) (see (3.11)). Though in this formula, the
parameter of principal series is not general (v,.; = 0). Then in case of n = 2, Niwa
proved this theorem by checking the right hand side (=(3.5)) satisfy the system of
partial differential equation for Spy(R)-Whittaker function by using computer. But in
case of general n, the explicit form of differential equation is not known. So we first
prove the lifting of M-Whittaker functions (which also seems to be interesting result)
and by using Theorem 1.7 we establish the lifting of WW-Whittaker functions.

(2.3) Lifting of M-Whittaker functions We first write down the recurrence relation
(1.1) explicitly.

Proposition 2.3 Let

2m 2my, —
M (v;a) = a"*t" Z C1m(V )(27ra1) . (27ran_1> 1(27ran_1an)2m"

a9 a
m:(mlv---vmn)e(ZZO)n "

be the radial part of M-Whittaker function on SOy,. If v € 'aj g, the coefficients
c1.m(v) are determined by the following recurrence relation:

n n—2
2
[4( g m; — E mMiMir1 — mn_zmn)
n

(Z mi(Vi — Viv1) + mp (V1 + I/n))] cim(V) = Z Clm—e; (V),

i=1

(2.3)

with e, = (0,,1,,0)
Proposition 2.4 Let

11\ 2k1 th— 2k, —

k=(k1,....kn)E(Z>0)" "

be the radial part of M-Whittaker function on Sp,(R). If v € ‘a5, the coefficients
cox(v) are determined by the following recurrence relation:

[4(1121 k24 2k2 — nZZ kikigr — an,lkn>
(2.4) ' ‘
+2<Zk — Vi) + 2k, Vnﬂch chk e: (V) + 2¢ax—e, (V).

From the above propositions we can prove the following:

Theorem 2.5 If v € a} o N'a; ¢,

) LG+
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(_1)m1+~~+mn—1 42?:1(”%—/%) H?;ll(_ki—i-l _ "i2+1 )'mi . Cl,m(V)

(kl — ml)' ce (]{Zn,Q — mn,2>!(k’n,1 — Mpy—_1 — mn)'(kn — mn)' '

2

meS(k)

Here we use the notation

< < < 0 < k,_
S(k):{mezgo O_ml_k17 7O_mn2_kn27 }

0 S Mmp—1, Mp-1 +mn S kn—l; 0 S my S kn
and (a), =T'(a+n)/T(a).

By using this Theorems 2.5 and 1.7, we compute the right hand side of (2.2), then we
can reach the Theorem 2.2 after somewhat complicated but elementary calculus.

§3. Examples of explicit formulas

From now on we adopt the notation Wl(")(u; a) (resp. Wén)(y; t)) for the radial part of
W-Whittaker function on SO,,, (resp. Sp,(R)), etc.

(3.1) From SO, to Sp2(R)
Proposition 3.1

2myo

(3.1) M (v;a) = a+lay Z (rai/az)*™ (raas)

m1,m22>0 mllmZ'(% + 1)m1(% + ]')mE .

Proposition 3.2 W1(2)(u; a) has the following expressions.

(3.2) cf)alKuruz <27Tﬂ) K40, (2mayas),
2 CLQ 2

o ol oG oo ) 4

with some constant cf).

From the above two propositions, we have the followings:
Proposition 3.3
2/, g +2,004+1 —ma, —ml—ﬂ7m1+ﬂ_‘_1
My (v t) = 7 2ty 3F2( V_1+1,2&+1 ? 1
(3.4) m1,m2>0 2 2
(mty/ta)?™ (mt3)?™

Sl ms! (952 4 1, (52 + ),

Proposition 3.4 WQ(Q)(V; t) has following integral expressions.

9 2 a? t2
cg )t%tg/ exp [—TF{ (—12 + —21> + (—22 + t%a%) H
(R>0)2 aj  t5 as

(3.5) = dayd
Ky <27TE>KM (27@1@2) o a2’
3 a9 2 a1a9




2 2 2 2 2
CéQ)t%tQ eXp|—T -+ + ﬂ + 2 + t%a% + ﬂ + U_ —+ a%uQ
2 2 2 2 2
(3.6) (Rxo)* ai  t3 a; U as
| + (u—2 —|—u2b2> H .b”1< a1ab )"2 darda, du db
b? w(1+a3b?))  ajay w b’
1 vioq_3va t
Zc§2>tf+ 2yl » Ky <27ré\/1 Yo y) K (2m§\/(1 T 1)1+ 1/y)>
R>o
(3.7) 2

2,,2 48 ) v
() o) 5

with some constant 052).

Remark. As mentioned before, (3.5) is the result of [9] and (3.7) is of [5]. The
equivalence of these two expressions can be checked by way of (3.6) and slight change
of variables.

(3.2) From SO;3 to Sp3(R) By virtue of so33 = sl;(R), we can find the integral
expressions of Wl(?’)(l/; a) by the result of Stade ([11]) for W-Whittaker functions on
SL(n,R).

Proposition 3.5 W1(3)(y; a) can be written as follows.

053)a%a2 / Kuvitvy (27ra2a3\/ 1+ U/1_2>KV1+V2 (27r%\ /14 u%)
(Rx0)? 2 2 as

(3.8) Koy (%ﬂ\/(l +ud)(1+ u2_2)>K,,1,,,2 (27&2)
2 ) 2 a9 Uo
< as >V3 duydus
U Uz Uty

2 2 2 2

2 2
o el G ) (o) ()
cy ajas /(R>O)6 exp|—m 2 + P + 2 + P +asty | + 72 + 2
t2 b? 52 52
(3.9) +(Z ) + 2+ (5 +8) + (5 +5) |
2 2
” ( bleC )V2 ( al(lgagblbg >V3 dtldtg dbldbg dsdc
-C —_—
82(1 + b%CQ) t%t%(l + Cl%b%) tth blbg S C ’

with some constant cf”).

Proposition 3.6 WQ(?’)(V; t) is of the form

ng)t?tgtg / Ku1+u2 <27Ta/2a3 \/ 1 _'_ U/1_2> Ku1+V2 (27%\/ 1 + u%)
(R>0)? : : a

3

a1

Koy, <27r—\/(1 +u?)(1+ u;%)[ﬂm (gﬁﬂﬁ)
2 2

a2 a2 U2
2 2 2

o, af ty | a t3 2 2
“exp|—m —+—)+<—+—>+(—+ta)}]
p[ {<a% t3 ai = t2 a3

( as >V3 duldUQ daldagdag

(3.10)

UjUg U1U2 10203
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with some constant c§3).

Remark. We also have a formula for M{¥ (v;:¢) by using the formula in [12], however,
our result is not satisfactory form now.

(3.3) Conjecture for general n [2, Proposition 2.7] also computed Whittaker coef-
ficient of theta lift from Sp,, to SO,4+1 ,+1. In view of the result, it seems to hold

(n+1) o0
a ™ Wl( +1)((V17"'7Vn70);a’)
3.11 ~ "t
o :C/ 0a.t) -t W ()i t) [T
R el
>0 =1
where
~ a? t2 a? t? a? t2
Uat) =eo[-n{ G+ (G +3)++ (F+ 3 )+H(a 0)})
(a,t) =exp|—m t%—i- +t2 +- a%_1+t% + a+1+a"+1

It may be impossible to extend (vq,...,,,0) — (v4,...,v,41) by adding some terms
containing v, 1 to the integrand, however, we can propose the following conjecture
from the results for n = 2,3 ((3.3), (3.9)).

Conjecture 3.7 Let b = diag(by, ..., bpy1, ;Jlrl, b, Then Wl(nﬂ)((yl, ey Vny1); D)
has the following expressions.

(n+1) (n)

et / 6(b,1)6(t,a) - W (11, vn)s @)
(R>0)
(3.12)

Y

< by bpy1a1---ay )ynH 7 dti da;
(tr - ta)?(L+ b7 qa) o tioa

n n : ;
™" /R>0 H Kynﬂ( b+1 \/( ab2 ) ( baf >>
(3.13) Ky, . (27Tbnbn+1\/(1 + a?; 1) (1 T . ) <1 " aibliH))

Jr

() a —i—bn da,
Py V[/1 ((yl,...,un);a (1—|—a2b2+1>
n’n+1

with some constant c.
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