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Introduction

In [1], J.F.Adams generalized the notion of Hopf algebras which are obtained from generalized homology theories
satisfying certain conditions and showed that such a generalized homology theory, say F,, takes values in the
category of comodules over the “generalized Hopf algebra” associated with F,. This notion introduced by Adams
is now called a Hopf algebroid which is a groupoid object in the opposite category of graded commutative rings.
We set a categorical foundation of representations of an internal category in [19] by using the notion of fibered
category ([6]). Under the framework of [19], a comodule over a Hopf algebroid T is a representation of I' regarded
as a groupoid in the opposite category of graded commutative rings.

The aim of this note is to provide various fundamental notions on representations of internal categories under
the framework of [19]. Namely, we give definitions and constructions of “restrictions”, “trivial representations”,
“regular representations”, “induced representations” and others. In order to develop a theory of representations
of internal categories, we study certain properties of fibered categories on representability of presheaves obtained
from pairs of inverse image functors in the first section.
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1 Study on fibered categories

The aim of this section is to provide various notions and constructions on fibered categories which are needed
to develop a theory of representations of internal category next section.

We begin by reviewing the notion of fibered category following [6] and prove some basic facts which are
needed later. In the second subsection, we introduce a notion of “left fibered representable pair” for a fibered
category p : F — &£ which generalizes the notion of fibered product in a category to a fibered category and study
its properties. Next, we also introduce a notion of “right fibered representable pair” which is a dual notion of
left fibered representable pair and give analogous results.

1.1 Recollections on fibered category

Let p: F — & be a functor. For an object X of £, we denote by Fx the subcategory of F consiting of objects
M of F satisfying p(M) = X and morphisms ¢ satisfying p(¢) = idx. For a morphism f: X — Y in £ and
M € ObFx, N € ObFy, we put Fy(M,N) = {p € F(M,N)|p(p) = f}.

Definition 1.1.1 (/6], p.161 Définition 5.1.) Let o : M — N be a morphism in F and set X = p(M), Y =
p(N), f =p(a). We call o a cartesian morphism if, for any M’ € Ob Fx, the map Fx(M', M) — Fy(M’',N)
defined by ¢ — ap is bijective.

The following assertion is immediate from the definition.

Proposition 1.1.2 Let o; : M; — N; (i = 1,2) be morphisms in F such that p(M1) = p(Maz), p(N1) = p(Na),
p(ar) = p(az) and X : Ny — Ny a morphism in F such that p(\) = idy(n,). If o is cartesian, there is unique
morphism p : My — My such that p(u) = id,(ar,) and the following diagram is commutative.

M]_L)Nl

b

]\42$>N2

Corollary 1.1.3 If a; : M; — N (i = 1,2) are cartesian morphisms in F such that p(My) = p(Ma) and
plai) = p(az), there is unique morphism p : My — Ma such that oy = azp and p(p) = idyary. Moreover, p is
an isomorphism.

Definition 1.1.4 ([6], p.162 Définition 5.1.) Let f : X — Y be a morphism in € and N € Ob Fy. If there
exists a cartesian morphism « : M — N such that p(a)) = f, M s called an inverse image of N by f. We
denote M by f*(N) and o by af(N) : f*(N) = N. By (1.1.3), f*(N) is unique up to isomorphism.

Remark 1.1.5 For the identity morphism idx of X € Ob& and N € Ob Fx, the identity morphism idy
of N 1is obviously cartesian. Hence the inverse image of N by the identity morphism of X always exists and
idy (N) 1 id%(N) = N can be chosen as the identity morphism of N. By the uniqueness of id%(N) up to
isomorphism, cuqy (N) :id% (N) — N is an isomorphism for any choice of id% (N).

The following assertion is a direct consequece of (1.1.2).

Proposition 1.1.6 Let f : X — Y be a morphism in £ and N, N’ objects of Fy. Suppose that there exists a
cartesian morphism oy (N) : f*(N) — N for any object N of Fy. For a morphism ¢ : N — N’ in Fy, there
exists unique morphism f*(p) : f*(N) — f*(N') that makes the following diagram commute.

prv) —20 s N
lf*(sa) J‘a
arp(N')

Thus we have a functor f* : Fy — Fx defined by N — f*(N) and p — f*(p).

Proof. For the identity morphism idy of N € Ob Fy, we have f*(idy) = ids- () by the uniqueness of f*(idy).
For morphisms ¢ : N —+ N’ and ¢ : N’ — N” in Fy, we have the following diagram whose trapezoids of the
both sides and the outer rectangle are commutative.



I (¥e)

x*(w f*y

ar(N)  f*(N) oy (N")

J/af(N/)

N—* 5N Y N
Hence we have f*(¢¢) = f*() f*(p) by the uniqueness of f*(1p). O

Definition 1.1.7 ([6], p.162 Définition 5.1.) If the assumption of (1.1.6) is satisfied, we say that the functor
of the inverse image by f exists.

f*(N) fr(N")

Definition 1.1.8 ([0], p.164 Définition 6.1.) If a functor p : F — & satisfies the following condition (i), p is
called a prefibered category and if p satisfies both (i) and (ii), p is called a fibered category or p is fibrant.

(i) For any morphism f in &, the functor of the inverse image by f exists.
(i) The composition of cartesian morphisms is cartesian.

Definition 1.1.9 ([6], p.170 Définition 7.1.) Let p : F — £ be a functor. A map

k: Mor& — H Funct(Fy, Fx)
X,YEObE

is called a cleavage if k(f) is an inverse image functor f*: Fy — Fx for (f : X = Y) € Mor&. A cleavage k
is said to be normalized if k(idx) = idr, for any X € Ob&. A category F over £ is called a cloven prefibered
category (resp. mormalized cloven prefibered category) if a cleavage (resp. normalized cleavage) is given.

p: F — & has a cleavage if and only if p is prefibered. If p is prefibered, p has a normalized cleavage by
(1.1.5).

Let f: X =Y, ¢g:7Z — X be morphisms in £ and N an object of Fy. If p : F — & is a prefibered
category, it follows from (1.1.2) that there is unique morphism cy 4(N) : g* f*(N) — (fg)*(N) in Fz such that
the following square commutes.

g (V) 8 e

Jersw) lafuv)

(fg)" (V) —28— N

Then, we have the following result by (1.1.3).

Proposition 1.1.10 (/6], p.172 Proposition 7.2.) Let p : F — £ be a cloven prefibered category. Then, p is a
fibered category if and only if cy4(N) is an isomorphism for any composable morphisms f: X -Y,g:Z - X
m & and N € Ob Fy.

Proof. Suppose that p is a fibered category. Then, both af,(N) and ay(N)ag(f*(INV)) are cartesian morphisms
such that p(ayse(N)) = plaf(N)ag(f*(N))) = fg. Hence by (1.1.3), cf,4(IV) is an isomorphism.

Conversely, assume that ¢y 4(N) is an isomorphism for any composable morphisms f: X =Y, ¢9: 72 - X
in&and N € ObFy. Let « : M — N and 8 : L — M be a cartesian morphisms in F. Put p(M) = X,
p(N) =Y, p(L) = Z, p(a) = f and p(8) = g. There is unique morphism ¢ : L — (fg)*(N) in Fz such that
are(N)C = af. It follows from (1.1.3) that here are isomorphisms ¢ : M — f*(N) in Fx and £ : L — ¢g*(M)
in Fz such that o = ay(N)y, 8 = ay(M)E. By (1.1.6), the following diagram is commutative.

. W ers(V) .
g (M) ——=— g* f*(N) —"—— (fg)*(N)
€ Lot
L ag (M) fr(N) ase(N)

IR

M 2 N



Hence we have a¢y(N)cy,g(N)g* ()€ = aff = apg(N)¢. Since cf4(N)g*(¥)€,¢: L — (fg)*(N)) are morphisms
in Fz, c5,4(N)g* ()€ = ¢ holds by the uniqueness of ¢, . Thus ¢ is an isomorphism and it follows that af is
cartesian. O

Proposition 1.1.11 For composable morphisms f : X =Y, g: Z — X in & and a morphism ¢ : M — N
in Fy, the following diagram commutes. In other words, cy 4 gives a natural transformation g*f* — (fg)* of
functors from Fy to Fyz.
* Lk ¢ )H(M) *
g* [ (M) ——— (fg)*(M)
lg*f*(w) l(fg)*(w)

g (V) —22 8 (o)1 (V)

Proof. 1t follows from the definition of c¢f 4(M) and c¢f 4(N) that the upper and the lower trapezoids of the
following diagram are commutative. It also follows from the definition of f*(p), g*f*(¢) and (fg)*(¢) that the
right trapezoids and the outer and inner rectangle of the following diagram are commutative.

* Lok Oég*(f*(M)) *
g*f*(M) f*(M)
wM) O‘.f(y
* aypg(M)
(f9)" (M) —"—— M
g 1" (e) l(fg)*(v) L" ()
@ r(N)
*(N) — N
i (f9)"(N) e
« px agx(f (V) .
9" f*(N) fr(N)
Hence we have ayrq(N)(fg)*(¢)cr,g(M) = afpqe(N)crg(N)g*f*(¢). Since aygq(N) is cartesian, the assertion
follows. o

Proposition 1.1.12 (/6], p.172 Proposition 7.4.) Let p : F — & be a cloven prefibered category.

(1) For a morphism f : X — Y in & and an object N of Fy, we have cg,ay(N) = iay (f*(N)) and
Cidy ,f(N) = f*(iay (N)).

(2) For a diagram X Ly %285 Win & and an object M of Fy, the following diagram commutes.

Fo(gehey () s ey (ary —2f (g py=(ar)
(Frg* )b (ar) <2280 g pye () =220 (g )y ()

Proof. (1) The following diagrams commute by the definition of ¢4, (N) and ¢;a, ,¢(NN).

ids f(N) SO0 ey fridyy (V) 2D, g ()
lcfyidx (N) laf(N) lcidy‘f(N) laidy (N)
) —20 s N 1) —HE s N
On the other hand, the following diagrams also commute.
ids (V) D e fridiy (V) 2D, g ()
Jaidx (F* (V) laf(m if* (aiay (N)) aiay (N)
rw) —— N ) —H— N

Hence the assertion follows from the uniqueness of ¢y 4, (N) and ciq,, r(N).
(2) The following diagram is commutative.



cg,5 (" (M))

(f*g)h= (M) (g.f)"h*(M)
H 0 (1 (0) |
- Ch,gf (M)
(g () L, e (ay SO0 ey :
J{Ch,g(M) th(M)J
« apg(M) ang (M) *
£ (en.a (M) (hg)™ (M) M (h(gf))* (M)
Jarnar any H
£ (hg)* (1) a0 ((hg) ) (M)
Hence we have apgf(M)ch,gr(M)cg ¢(h*(M)) = angs(M)cng, s (M) f*(ch,g(M)). Since apgr(M) is cartesian,
Chgf (M)cg,j(h*(M)) = cng, (M) f*(cng(M)) holds. O

Let p: F — &, q: G — C be normalized cloven fibered categories and F' : £ — C, ® : F — G functors such
that ¢® = Fp. For a morphism f: X — Y in £ and an object M of Fy, since ap s (®(M)) : F(f)* (®(M))) —
®(M) is a cartesian morphism mapped to F(f) by ¢ and ®(ay(M)) : ®(f*(M)) — ®(M) also mapped to F(f)
by ¢, there exists unique morphism cy o (M) : ®(f*(M)) — F(f)*(®(M))) of Gr(x) that makes the following
diagram commute.

_ @as (M)
lcf » m;w»

We note that & preserves cartesian morphisms if and only if ¢f (M) is an isomorphism for any morphism
f:X =Y in £ and any object M of Fy.

F(f

Proposition 1.1.13 For a morphism ¢ : M — N of Fy, the following digram is commutative.

B(f* (M) — L g(p+())

|erotn Jero
X F(£)"(2(9)) X
F(f)(®(M)) ———— F(f)"(®(N))
Proof. 1t follows from (1.1.6) that the lower middle rectangle and the outer trapezoid of the following diagram

are commutative. The triangles of the both sides are also commutative by the definition of ¢ ¢ (M) and ¢y ¢ (N).

F(£)"(2(v))

F(f)(@(M))

WM)

app) (P(M))

Hence we have
ap(p)(R(M))er,a(N)R(f*(9) = ap) (R(M))F(f)*(2(p))cs,a(M).

Since both ¢ 6 (N)®(f*(v)) and F(f)*(®(v))cs e (M) are morphisms in Gp(x) and aps)(®(M)) is a cartesian
morphism, the above equality implies the result. O

Proposition 1.1.14 For morphisms f: X =Y k:V — X in € and M € Ob Fy, the following diagram is
commutative.

ke (f7(M)) F(k)" (cp,e(M))

Sk (f*(M))) Fk)*(®(f(M))) Py (F(f)"(®(M)))
qu(Cf,k(M)) Cr(f),F (k) (P(M))
B((fh)*(M)) o (D) F(fk)*(®(M))



Proof. The inner triangles are all commutative by (1.1.6) and definitions of c¢f (M), ck,a(f*(M)), cfo(M),
cr (). ) (B(M)), crra(M).

ck,2(f"(M))

Q(k*(f*(M))) F(k)*((f*(M)))

B(ar(f* (M))) F(k)* (c7.9(M))
(B (M) \
\ ) f@(/M) o e (P @OD) ™
O(f*(M)) ——— F(f)*(2(M)) F(E)*(F(f)*(®(M)))
(s (M) oy (M) l“””*(q’(M”
®(asp(M)) (M) cr(f),F k) (P(M))
aF(fk)((I)(]VI))T
B((fR)*(M)) o (0 F(fk)*(®(M))

Thus we have the following equality.

ap(e) (R(M))er(p),pey (R(M))F (k) (cr,0(M))cke(f*(M)) = ap(pir) (R(M))csr,o(M)P(cs k(M)
Since both cp(f), pr) (P(M)) F (k)" (cp,e(M))cr,a(f*(M)) and cpp,a(M)®(csr(M)) are morphisms in Gp(yy and
apsr)(P(M)) is a cartesian morphism, the assertion follows from the above equality. O

Let p : F — & be a cloven fibered category. For morphisms f : X — Y and g : X — Z in &£, we define
a functor Fyg : FyP x Fz — Set by Fro(M,N) = Fx(f*(M),g*(N)) for M € ObFy, N € ObFz and
Fr (o) = f*(0)*9* ()« for ¢ € Mor Fy, ¥ € Mor Fz. For a morphism k: V — X in &, M € ObFy and
N € Ob Fy, let k?vLN 1 Frg(M,N) = Fpp g (M, N) be the following composition.

Fyo(M,N) = Fxe(£*(M), g"(N)) 55 F (6 (£ (M), k(0" (V) L2C070% 70 (k) (M), K (97 (V)
Lok 7 ((FR)* (M), (gk)*(N)) = Fyi gr(M, N)

Let ¢ : M — L and ¥ : P — N be morphisms in Fy and Fz, respectively. Since the following diagram is
commutative by (1.1.11), k§\4,N is natural in M, N and we have a natural transformation k¥ : Frg = Fri gk

cgk(P)s(cr (L)1)

Fx(f*(L),9*(P)) —— Fy(k*(f*(L)),k* (" (P))) Fv((fk)*(L), (gk)*(P))
|rw@rsw. K@@ w). | @ @)
* * " * * k(% Cg, (N)*(c, (M)il)* * *
Fx(f*(M),g*(N)) == Fy (k*(f*(M)),k*(g"(N))) —=* = Fv((fk)* (M), (gk)"(N))
Proposition 1.1.15 Let f : X - Y, 9: X > Z, h: X - W, k:V — X be morphisms in &.
(1) Let L, M, N be objects of Fy, Fz, Fw, respectively. For morphisms ¢ : f*(L) — ¢*(M) and & :

g*(M) — h*(N) in Fx, we have K} \(£C) = ki n (K} 11(€).
(2) For objects M and N of Fy, a composition

Fy (M, N) L5 Fx(£2(M), f*(N) L Fv((fk)" (M), (fk)*(N))

coincides with (fk)* : Fy(M,N) — Fy((fk)* (M), (fk)*(N)). In particular, kg\/[,M s Fx(f*(M), f*(M)) —
Fv((fk)(M),(fk)*(M)) maps the identity morphism of f*(M) to the identity morphism of (fk)*(M).

Proof. (1) The assertion follows from
Ky (R 11(0) = e (NI (€)cqu (M) g MK (e (L) = n(N) (€ (Qes (D))
= e (N) 7 (EQ)cr i (L)1 = K} (£0).
(2) The assertion follows from the definition of k* and (1.1.11). O

Proposition 1.1.16 For morphisms f: X =Y, g: X - Z, k:V =5 X andj: W =V in &, the following
diagram is commutative for any M € ObFy and N € Ob F,. Hence we have (kj)* = j*kF.



(k3)§

Fx(f*(M),g*(N)) 22 Fw ((fk5)* (M), (gkj)*(N))

t 4
w Im, N

Fv((fE)" (M), (gk)"(N))

Proof. For M € ObFy, N € ObFz and £ € Fx(f*(M),g*(N)), it follows from (1.1.11) and (1.1.12) that

Fhe N RN (€)= by (N)F* (g, e (N)E (€ sk (M) ™ egr (M)
= cgh,j ()5 (g1 (N)) G (K (€)™ (cru (M)~ )epp (M)~
= coh,j ()5 (Cq i (N))er (g% (N)) T (k5)* (€)en,s (F* (M)5* (epn (M) epn (M)~
= cgij ()5 (g (N))er (g% (N)) ™ (k5)* (€) (epr,i (M)5* (e (M))er,; (F5(M)) ™)
= ki (N)(k5) " (€)esuri (M)™F = (k)i (&).
Hence we have j?\/[,ngw,N = (kj)g\/[’N for any M, N € Ob Fy. |

Let p: F = &, q: G — C be normalized cloven fibered categories and F': £ — C, ® : F — G functors such
that ¢® = Fp and ® preserves cartesian morphlsms For morphisms f: X - Y, g: X — Z in £ and objects
M, N of Fy, Fz respectively, we denote by <I> N @& composition

Fx(f (M), g7 (N)) B Grxy(@(F7(M)), B(g"(N))) L2077,

2200, Gy (P (2(M)), Fg)" (2(N)).

Proposition 1.1.17 Assume that ® preserves cartesian morphisms. Let f: X =Y, g: X = Z, h: X - W
be morphisms in € and objects M, N, L of Fy, Fz, Fw, respectively. For ¢ € Fx(f*(M),g*(N)) and

¥ € Fx(g*(N), (L)), 4, () = ", ()7 y () holds.

Grx) (F(f)"(2(M)), (g"(N)))

Proof. The assertion follows from
B (D5 () = e (DBW)eg.0(N)  cqa(NB()era (M) = ¢, s (L)BW)B(p)cs.a(M)
= cna(D)®(Yp)cra(M)™! ‘I’f " (W)
O

Proposition 1.1.18 Let p : F - &, q: G — C, r : H — D be normalized cloven fibered categories and
F:£E-C,G:C—D,d:F—G,V:G—H functors which satisfy q® = Fp, r¥ = Ggq.
(1) For a morphism in f: X —Y & and an object M of Fy, the following diagram is commutative.

U(P(f*(M))) M U(F(f)*(®(M)))
cm) Jfﬂfw(@(M))

G(F(f)"(T(B(M)))

(2) Let f: X =Y, g: X = Z be morphisms in € and objects M, N of Fy, Fz, respectively. If ® and ¥
preserves cartesian morphisms, the following diagram is commutative.

7
‘I)MQN

Fx (f*(M),g"(N)) : Ireo (F(f)7(@(M)), F(g)"(2(N)))

\ LI,FH),F(g)
&(M),®(N
(V)] y (e

Harx)) (GIF ()" (¥ (2(M))), G(F(9))" (¥ (2(N))))

Proof. (1) The outer triangle, the lower left and right triangles of the following diagram is commutative.



cr v (M)

W)) cr(s),w(2(M))

V(E(f)"(@(M)))
lwaF(f)(@(M)))
W (D(M))

U(D(f*(M)))

W (P(ay(M))) agrf)) (P (P(M)))

Hence we have
agr) (Y(R(M)))er(r),w(@(M))¥(cra(M)) = V(ap) (R(M)))¥(cre(M)) = U (2(ar(M)))
= ag(r() (Y(®(M)))cr va(M).

Since ag(p(f))(\ll(fI’(M))) is a morphism, it follows cF(f),\I,( (M))¥(cra(M)) =cruwa(M).
(2) For ¢ € Fx(f*(M),g*(N)), since we have

Ui (PR (2)) = cr(g).u(D(N)) (g0 (N)B()esa (M) e p),u (@(M)) !
= cp(g).5(P(N)T(cg o (N))T(B()T(csa(M) " ep( s u(@(M)) !
(UR)1 5 () = g wa(N)U(®(0))cswa (M)
the assertion follows from (1). O

Proposition 1.1.19 Assume that ® preserves cartesian morphisms. For morphisms f: X =Y, g: X — Z,
k:V =X in& and M € Ob Fy, N € Ob Fyz, the following diagram is commutative.

Fx(F (M), g"(V)) Fu((FR)* (M), (gk)* (V)
|ofit [
Gr ) (F(f)* (B(M)), F(g)* (B(N)) — 200200y G (R(fhy (B(M)), F(gh)* (B(N))

Proof. The following diagram is commutative by (1.1.14), (1.1.6) and the definition of ¢ ¢ (f*(M)).

B(cr (M
(R (M) LD @(k*(fjciﬁ{)w)) (a5 (40)
1 01) Py (@(f () —EEE s (e (31)
|F®* eraan) |eran
PRy (@(M)) OO iy (p( £y (@(y)) L EEEEDD gy (@ (a))

Hence we have the following equality.

®(ak(f*(M))er (M) epra (M) ™ = cpa (M) apay (F () (R(M)))ep(s),p (B(M)) - (%)
Consider the cartesian morphism ap(gr)(®(N)) : F(gk)*(®(N)) = ®(N). For ¢ € Fx(f*(M),g*(N)), we have

ap(gr) (RN Rk v () = apigry (B(N))cgra (N)B (K, y (9))era (M)

_q><%k< D@k n (9))esro (M)

D(tgh (N)eg i (N)E (@)ern(M) ™ epp,a (M)

O (g (N)a(g* (N))k* (p)es i (M) epre(M) !

D (g (N))@(paur(f*(M))esu(M)™epro (M)

F(g)(@(N))Cg (N)® () (g (f*(M))es k(M) esra(M) ™!

aF(gk>(‘I’(N))F(k)?1>(M)@(N)(‘I’f\}zv(@))—aF o0 (PN F(R) 1) o (o0 (N) (@) g, a(M) )

= ap(gh) (P(N))cr(g),pi) (R(N))F (k) (cg,a(N)R()cra (M) epp) F(k)(‘I’(M)) !
= ap(g)(P(N)arpm (F(9)" (®(N)F(k)* (cqa(N)®(p)esa(M) ™ er ) pp (@(M)) ™
= ap(g) (P(N))eg.a(N)@(p)cs.a (M) ap (F(f) (B(M)))er ), m ( (M)~

7



Then, (x) implies ap(gr) (D(N)( @478 Ky v (9)) = r(or) (P(N))F (k) 1) o) (P4 n (#)). Therefore we have
k,gk 5
(I’il,]% k?w,zv(‘ﬁ) = F(k)?b(M),é(N)(I)JJ:/Ig,N(@)- d

For a cloven fibered category p : F — &, we define a category F as follows. Put
ObF ={(X,M)|X € Ob&, M € Ob Fx}.
For (X,M),(Y,N) € Ob F, we put
FIX, M), (Y, N) = {(f.0) | | € E(X.Y), ¢ € Fx (M, f*(N))}.
For (f,¢) € F((X,M),(Y,N)) and (g,%) € F((Y,N),(Z, L)), define the composition of (f, ) and (g,) b
(9. 9)(f, ) = (9f,cq s (L) f*()p).
The identity morphism of (X, M) is defined by id(x ay = (idx, aiay (M)™1). For (f,¢) € F((X, M), (Y,N)),
(g,%) € F((Y,N),(Z,L)) and (h,&) € F((Z,L),(W,T)), it can be verified from (1.1.12) that
(f @) (idx, dia (M)™Y) = (fidx, cpiax (N)idx (@)aiae (M) 1) = (f, criax (N)aiax (F(N) ") = (f. )
(idy, aidy (N) ") (f, ) = (idy f, ciay s (N) [*(ctiay (N) 1)) = (f, )
(h, &) ((9,¥)(f, ) = (. €)(9f cq. s (L) [ () p) = (hgf, cngr (T)(g.f)" (§)cq.s (L) S
)
$) =

(

( (

= (hgf, cng.r (T)f" (cn.g(T)) (9" (EN S (¥)p) = (hgf cng s (T )f( o(T)g*(©)Y)e)
= (hg; cng(T)g™ (E)Y)(f; ((h,&)(g, %)) ([, )

(9" (1)) ot ) ()" (L) =——— (9/)*(L)
lf’*(g*(i)) l(gf)*(ﬁ)
J*(g"(h*(T))) == (f*g")(h*(T) o (T (af)* (h*(T))
|7 enaton Jernas(m)
F*((hg)*(T)) cro.s 1) ((hg) F)*(T) == (h(gf))*(T)

Therefore F is a category. We define a functors p : ]—~'~—> £ and O : j—V'N—> Fby p(X,M) =X, p(f,e) = f and
O(X, M) =M, O(f,¢) = as(N)p for (X,M) € ObF and (f,¢) € F((X,M),(Y,N)). It is clear that p is a
functor and that p© = p. Since
O(idx, aigy (M) ™) = qiay (M)aay (M) ™! = idyy
(g, ¥)(f,9)) = O(gf, cg s (L) ()p) = agr(L)cg r (L) () = ag(L)as(g" (L)) " ()
= ag(L)has(N)e = O(g,%)0(f, ¢),

O is also a functor.
Proposition 1.1.20 O is an isomorphism of categories.

Proof. Define a functor ©7! : F — F by ©~1(M) = (p(M), M) and ©~1(¢) = (p(p), ) for M € ObF
and p € F(M,N), where ¢ € Fyar)(M,p(p)*(IV)) is unique morphism that is mapped to ¢ by the bijection
(o) (N ) 2 Fpany (M, p(9)*(N)) = Fp(p)(M, N). Tt is clear that © ! is the inverse of ©. O

Suppose that X E Xy X Iy Eis alimit of a diagram X Ly & Ein &. For morphisms ¢ : V — E and
¥V — X in € which satisfy mp = fi), we denote by (p,9) : V — E xy X the unique morphism that satisfy

fx(p, %) = ¢ and 7s(p,v) = 9. Moreover, if W &V R xy X 2E5 B s a limit of a diagram W 19y T g
for morphisms p: F' — F and g : W — X in &, we denote (pprp, gpry) by p Xy g.

Fxy W Prr F
....__‘()Xyg o

. ,
pryy Exy X — F
J/Trf s
W g x 1 vy




We need to introduce the notion of “cartesian section” in order to define the notion of trivial representation.

Definition 1.1.21 ([6], p.164 Définition 5.5.) Let p : F — £ be a functor. We call a functor s : € = F a
cartesian section if ps = idg and s(f) is cartesian for any f € Mor E. The subcategory of Funct(E, F) consisting
of cartesian sections and morphisms ¢ : s — s satisfying p(px) = idx for any X € Ob¢& is denoted by

Lim(F/€).

Proposition 1.1.22 ([/], Lemme 5.7) If £ has a terminal object 1, then the functor e : Lim(F/E) — F1 given
«—

by e(s) = s(1) and e(p) = 1 is fully faithful. Moreover, if p: F — & is a fibered category, e is an equivalence
of categories.

Remark 1.1.23 For a cartesian section s : € — F of a fibered category p : F — & and a morphism f: X — Y
in £ and , let us denote by sy : s(X) — f*(s(Y)) the unique morphism in Fx satisfying ap(s(Y))sy = s(f).
We note that if s = st for T € ObFy, sy = coy £(T) ! by the definition of st(f) above. Since both s(f) and
ar(s(Y)) are cartesian morphisms, sy is necessarily an isomorphism. Hence, for morphisms f : X — Y and
g: X = Zin &, we define sgq: [*(s(Y)) = g*(s(2)) by sp,9 = sgsj?l.

1.2 Bifibered category
We briefly review the notion of bifibered category following section 10 of [6].

Definition 1.2.1 Let p : F — & be a functor and o : M — N a morphism in F. Set X = p(M), Y = p(N),
f=pla). We call o a cocartesian morphism if, for any N' € Ob Fy, the map Fx (N, N') — Fy(M,N’) defined
by v — pa is bijective.

The following assertion is the dual of (1.1.2).

Proposition 1.2.2 If o; : M — N; (i = 1,2) are cocartesian morphisms in F such that p(N1) = p(Na) and
pla1) = p(az), there is a unique morphism 1 : N1 — No such that a1 = aztp and p(¢) = idy(n,). Moreover, 1)
18 an tsomorphism.

Definition 1.2.3 Let f : X — Y be a morphism in & and M € Ob Fx. If there exists a cocartesian morphism
a: M — N such that p(a) = f, N is called a direct image of M by f. We denote M by f.(N) and a by
af (M) : M — f.(M). By (1.2.2), f«(N) is unique up to isomorphism.

Proposition 1.2.4 Leta: M — N, o' : M' — N’ be morphisms in F such that p(M) = p(M'), p(N) = p(N'),
pla) =p(a)(= f) and X : M — M’ a morphism in F such that p(X) = id,py. If o is cocartesian, there is a
unique morphism p: N — N’ such that p(p) = id,ny and o' p = Ao

Corollary 1.2.5 Let f : X — Y be a morphism in E. If, for any M € Ob Fx, there exists a cocartesian
morphism of (M) : M — f.(M), M s f.(M) defines a functor f.: Fx — Fy.

Definition 1.2.6 If the assumption of (1.2.5) is satisfied, we say that the functor of the direct image by f
exists.

Definition 1.2.7 If a functor p : F — & sadisfies the following condition (i), p is called a precofibered category
and if p satisfies both (i) and (i), p is called a cofibered category or p is cofibrant.

(i) For any morphism f in &, the functor of the direct image by f exists.
(i) The composition of cocartesian morphisms is cocartesian.

In other words, p : F — £ is a precofibered (resp. cofibered) category if and only if p : FP — £ is a
prefibered (resp. fibered) category.
Let p: F — & be a functor. A map £ : Mor€ —  [[  Funct(Fx, Fy) is called a cocleavage if x(f) is
X,Y€EObE
a direct image functor f. : Fx — Fy for (f : X — Y) € Mor€. A cocleavage k is said to be normalized if
k(idx) = idx, for any X € Ob&. A category F over & is called a cloven precofibered category (resp. normalized
cloven precofibered category) if a cocleavage (resp. normalized cocleavage) is given.

p: F — & has a cocleavage if and only if p is precofibered. If p is precofibered, p has a normalized cocleavage.

Let f: X - Y, g:Z — X be morphisms in £ and M an object of Fz. If p: F — £ is a precofibered
category, there is a unique morphism ¢/*9(M) : (fg)«(M) — f.g.(M) such that the following square commutes
and p(Cf,g(M)) = idz.



M —OD (). (M)

J{ay(M) J{Cfﬁg(M)

af (g« (M)
g(M) === frg.(M)
The following is the dual of (1.1.9).

Proposition 1.2.8 Let p: F — &£ be a cloven precofibered category. Then, p is a cofibered category if and only
if ¢I9(M) is an isomorphism for any Z 2 X LY and M € Ob Fz.

Proposition 1.2.9 Let p: F — £ be a functor and f: X —Y a morphism in E.

(1) Suppose that the functor of the inverse image by f exists. Then, the inverse image f*: Fy — Fx by f
has a left adjoint if and only if the functor of the direct image by f exists.

(2) Suppose that the functor of the direct image by f exists. Then, the direct image fi : Fx — Fy by f has
a right adjoint if and only if the functor of the inverse image by f exists.

Proof. (1) Suppose that the functor of the inverse image by f exists and that it has a left adjoint f, : Fx — Fy.
We denote by 7 : idr, — f*f. the unit of the adjunction f, 4 f*. For M € Ob Fx, set af (M) = a;(f.(M))nar :
M — f.(M). By the assumption, the following composition is bijective for any M € Ob Fx, N € Ob Fy.

Fy (fo(M),N) L5 Fe (57 (M), £ (N)) 225 (M, £ (N)) 2220 7o (0, N)

We note that, since a¢(N)f*(¢) = pas(f(M)) for ¢ € Fy(f«(M),N), the above composition coincides with
the map of (M)* : Fy (f«(M), N) — F¢(M, N) induced by of (M). This shows that the functor of the direct
image by f exists.

Conversely, assume that the functor of the direct image by f exists. For M € Ob Fx, let us denote by
af (M) : M — f.(M) a cocartesian morphism. Then, we have bijections af (M)* : Fy (f.(M),N) — F¢(M,N)
and oy (M), : Fx (M, f*(N)) — F;(M,N) given by ¢ — vaf (M) and ¢ — ay(M)p, which are natural in
M € Ob Fx and N € Ob Fy. Thus we have a natural bijection Fy (f«(M),N) — Fx (M, f*(N)).

(2) Suppose that the functor of the direct image by f exists and that it has a right adjoint f* : Fy — Fx. We
denote by ¢ : f.f* — idzx, the counit of the adjunction f. - f*. For N € Ob Fy, set ay(N) = enaf (f*(N)) :
f*(N) = N. By the assumption, the following composition is bijective for any M € Ob Fx, N € Ob Fy.

Fx (M, F*(N)) L5 Fy (fu(M), £ £5(N)) 255 Fy (Fu(M), N) <0 70, N)

We note that, since fi(p)af (M) = of (f*(N))p for p € Fx(M, f*(N)), the above composition coincides with
the map af(N). : Fx (M, f*(N)) — F¢(M,N) induced by af(N). This shows that the functor of the inverse
image by f exists.

Conversely, assume that the functor of the inverse image by f exists. For N € ObFy, let us denote by
af(N): f*(N) - N a cartesian morphism. Then, we have bijections af(N), : Fx (M, f*(N)) = F¢(M,N)
and of (M)* : Fy (f.(M),N) — F;(M,N) given by ¢ — a;(N)p and ¢ — vaf (M)p, which are natural in
M € Ob Fx and N € Ob Fy. Thus we have a natural bijection Fy (f«(M),N) — Fx (M, f*(N)). d

Remark 1.2.10 Let p : F — &£ be a functor and f : X — Y a morphism in £ such that the functors of the
inverse and direct images by f exist. For M € ObFx and N € Fy, since there exist a cartesian morphism
af(N) : f*(N) — N and a cocartesian morphism of (M) : M — f.(M), there is a bijection ads(M,N) :
Fy (f«(M),N) — Fx (M, f*(N)) which satisfies ay(N)ads(M, N)(p) = pal (M) for any ¢ € Fy(f.(M),N).
Hence the unit n : idr, — f*f« of the adjunction f. - f* is the unique natural transformation satisfying
ar(fe(M))ny = of (M) for any M € ObFx. Dually, the counit € : f.f* — idr, is the unique natural
transformation satisfying enal (f*(N)) = as(N) for any N € Ob Fy-.

Proposition 1.2.11 (/6], p.182 Proposition 10.1.) Let p : € — F be a prefibered and precofibered category.
Then, it is a fibered category if and only if it is a cofibered category.

Proof. For a morphism f : X — Y in &, we denote by n/ : idr, — f*f. the unit of the adjunction f, 4 f*.
Let f: X =Y, ¢g:Z — X be morphisms in £. For M € ObFz and N € Ob Fy, we claim that the following
diagram commutes.
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Fx (g0 (M), £ (N)) <L Fy(fogu (), N) — 00" 7 ((fg). (M), N)

ngf(M) J{(fg)*
Fx(g«(M), f*(N)) Fz((f9)*(f9)«(M), (fg)*(N))

lg ) lmfvf :
o

F2(g°g.(M), g*f*(N)) —s Fz(M,g* f*(N)) F2(M, (fg)*(N))

Let ¢ : fog«(M) — N be a morphism in Fy. Then we have

arg(N)ndf" (£9) 9 (M) () = apg(N)(f9)" () (f9)* ("9 (M))n}] = vorrg(fg.(M))(fg)* (9 (M))nf7
= el (M)asy((f9)«(M))nff = e 9(M)al9(M) = va! (g.(M))a? (M)
= Yas(Fogu (M) g (ge(M)) iy =ap(N) F* (W) org (" Foga (M) g™ (1] o) 0
= ap(N)ag(f*(N)g* F*(0)g" (1] ap )by =g (N)es.o(N)g* F*()g* (0] 400

= asg(N)egg(N)anirg” 779*(1\/[) ().

cf,g(M)s

Since a sy (N) : (fg)*(N) — N is cartesian and both 519" (fg)*¢/9(M)*(¢) and cf,g(N)*nﬁ;g*n;j(M) (1)) are mor-

phisms in Fy, we see that the above diagram commutes. Note that the compositions 77M ([ Fy (f«(M),N) —
Fx (M, f*(N)), 019" : Fx(gu(M),N) = Fz(M,g"(N)) and n}f*(f9)* : Fy ((f9)« (M), N) = Fz(M, (fg)*(N))
are bijective. Hence, by the commutativity of the above diagram, cf 4(NN), is bijective if and only if chH9(M)* is
so. Then the assertion follows from (1.1.9) and (1.2.8). O

Definition 1.2.12 We call a functor p: F — &£ a bifibered category if it is a fibered and cofibered category.

Let p : F — & be a cloven fibered category. Suppose that morphisms f,g : X - Y and h : Y — Z
in £ satisfy hf = hg and that functors f* g* : Fy — Fx and h* : Fz — Fy have left adjoints fi, g« :
Fx — Fy and h, : Fy — Fz, respectively. We denote by ad¢(M,N) : Fy(f«(M),N) = Fx (M, f*(N)),
ady(M,N) : Fy(g«(M),N) = Fx(M,g*(N)), adp(N, L) : Fz(h«(N),L) = Fy (N, h*(L)) the natural bijections
for M € ObFx, N € ObFy, L € ObFz. Let ®ps 1 be the following composition.

adp (f«(M),L) adg(M,h* (L))

Fax (M, (B (L)) 2252
adgy(M,h*(L))~*
_—

Fz(h(f(M)), L) Fy (f«(M),h* (L))
Chg(L)7"

Fx (M, (hf)" (L)) = Fx (M, (hg)" (L)) ———— Fx(M,g"(h"(L)))

Fy(g(M), h*(L)) “20-COD 2y 7 4, (g.(M)), L)

Then, ®yy,1 is a natural bijection. We put §ar = P, (1. () (i, (7, (m))) * Px(ge(M)) = hu(fi(M)). Then,
& gives a natural equivalence & : hyg. — hy fs. For ¢ € Fz(h(f«(M)), L), the following diagram commutes
by the naturality of ®xs 1.

Fz(h(fo(M)), h(fo(M))) === Fz(hu(f.(M)), L)

JfDM,h*(f*(M)) J{‘I’M.,L

Fz(h(ge(M)), hu(f(M))) == Fz(h.(g.(M)), L)
Thus we have ®ar 1.(¢) = @& = £34(¢), in other words, the following diagram commutes.

adn (f+«(M),L) adyg(M,h* (L))

Fo(h(f.(0M)), L) Fy (f(M), h*(L)) Fx (M, f*(h*(L)))
lgxd lcw@)*

Fr(halg.(M)), L) Fx(M, (hf)*(L))
ladh@*(M),L) H

Fy (g (M), h*(L)) — 2B F (g, g (e (L)) — B Fa (M, (hg)* (L))

11



f
Proposition 1.2.13 Let p : F — & be a cloven bifibered category. Suppose that a pair of morphisms X =Y

g
of € has a coequalizer h :Y — Z. Let @,v) : M — N be morphisms in F satisfying p(¢) = f and p(y)) = g. Let
p:M— f*( ) and  : M — g*(N) be unique morphisms in Fx that satisfy ap(N)@ = ¢ and ag(N)yp = 1.
We put '@ = ady(M,N)"1(@) : fo(M) —= N and " = ady(M,N)"1(¢) : g.(M) — N. Suppose that there exists

a coequalizer T : hy(N) — L of morphisms h.(*@)énr = ha(ge(M)) — ho(N) and hy (') : hu(ge(M)) — ho(N)

a s « ¥
of Fz. Then a composition N M h*(L) M) L is a coequalizer of M = N.
P

Proof. Since wh. (")) = wh.(*@)énr = €5 (ha (@) = ®ar.r(wha (*@)), we have the following equality.
cng(L)ady(M, 1" (L)) (adn (g4 (M), L) (wh. (")) = cp, s (L)ads (M, h* (L)) (adp (f. (M), L) (wh.(*§))) -+ (i)
We put 7% = adp(N, L)(7) : N — h*(L). Then, by the naturality of ady, ady, adj, we have

(the left hand side of (i)) = ¢p,4(L)ad, (M, h*(L))(ﬂ'atl;) = cpg(L)g" (m*)ad (M, N)( 1&) ch,g(L)g*(ﬂ'”)@
(the right hand side of (i)) = ¢, (L)ad; (M, h*(L))(7*'3) = cpp (L) f*(7)ad; (M, N)(*@) = cp (L) f*(7*) @

and since the following diagrams commutes, it follows oy, (L)7%¢ = ap(L)m%9).

% ch,g(L) P ? « FANC o R cn, s (L) «

(hg)()<—9(())hg()%MAf(N)Af(h(L))%(hf)(L)
Jahg(m Jag(h*(m laguw H Jafuv) Jaf(h*w)) Jaw(m
L an(L) h*(L) T N P M ¥ N T h*(L) ap(L) L

Let p: N — P be a morphism in F which satisfies pp = ptp. Then p(p)f = p(p)g and there exists unique
morphism & : Z — p(P) that satisfies kh = p(p). Let p: N — p(p)*(P) = (kh)*(P) the unique morphism in
Fy that satisfies agp(P)p = p. Then, apn(P)pas(N)@ = arn(P)pag(N)y and this implies the following.

arng(P)ewn, s (P)f*(5)@ = crn(P)ay ((kh)*(P) f*(5)@ = arn(P)ag((kh)* (P))g* (p)d = ctkng(P)ern,g(P)g" (7))

Since hf = hg and oy (P) is a cartesian morphism, we have cpp. r(P)f*(5)@ = ckn.g(P)g*(p)¥. On the other
hand, it follows from (1.1.12) that there are the following equalities.

e, (K*(P)) ™ erng (P) rn f (P)f*(9)@ = (crng(P)en s (K*(P))) ™ crn, g (P) f ()
= (ckn, £ (P)*(crn(P))) " can, s (P)f*(P)#
= [ (exn(P) ) (9)p = [ (cxn(P)5)P

Chog (k" (P)) "k ng(P) ™ erng(P)g* (9)1 = (ck.ng(P)en g(k*(P))) ™ cxng(P)g* (p)1
= (ckng(P)g" (crn(P)) ™ g (P)g" (A)Y

= g"(cen(P) Ng" ()0 = g" (cun(P) )b

Put p = cxn(P)™'p : N — h*(k*(P)) and 'p = adp(N,k*(P))~(
equalities imply the following.

¢ ho(N) — k*(P). Then, the above

S

ch g (k*(P) () = cng(k™(P))g™ (p)¢ - -- (id)
Since the following diagrams commute by the naturality of ad; and ad,, we have
FH(p)@ = ads (M, " (K*(P))(5'@),  g"(9)¥ = ady(M, h* (k" (P))) (') - -- (iid).

oy (1) Fx(M, f*(N))

lm lf -

Fy (fo (M), h* (k=(P))) “ZLELE PN 2 (M, £ (h* (k*(P))))
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Fy (g-(M), N) oy (1) Fx (M, g*(N))

lﬁ* lg*(p')*
Fy (g.(M), (kh)*(P)) —2CLETED (0, g% ((kR)*(P))
le,h(P)Zl lg*(ck,h(}))il)*
Fy (g2 (M), b* (k(P))) 2L EED, 7 (M, g* (h* (K (P)))

Moreover, the following diagrams commute by the naturality of adj,, we have

p'e = ad(f (M), K" (P)('phe('9)), 5" = ady (g (M), k" (P))(*ph("4)) --- (iv).

ady (N,k*(P))

Fz(h«(N), k*(P)) Fy (N, h*(k*(P)))

[r-cor =

Folho(fo (M), k*(P)) “2LCDED (5 (0, (k(P)))

adp(N,k"(P))

Fz(h«(N), k*(P)) Fy (N, h*(k*(P)))

[y [

Forlha(ge (M), k*(P)) e CORED, (o (M), b (k*(P)))

Since the following diagram commutes, it follows from (i), (i) and (iv) that *ph.(*@)&x =t pha(11)).

adp (f«(M),k"(P)) ady(M,h" (k" (P)))

Fo(he(f.(M)), k*(P)) Fy (M), h* (k*(P))) Fx (M, f*(h*(k*(P)))
l@ lch,fw*(P))*

Fa(h(g.(M)), k*(P)) Fx (M, (hf)* (k*(P)))
ladh(mM),k*(P» H

Fy (9. (M), b (k*(P))) ~2LLE D, 7 (M, g (e (ke (P)))) — =D (M, (hg)* (k* (P)))

Hence there exists unique morphism p : L — k*(P) of F that satisfies pr = !p. By the naturality of ady,, the
following diagram commutes.

Fa(ho(N), L) — 22 ND o m (N (L))

lﬁ* lh*(ﬁ)*

Fulho(N), k*(P)) “LEEY 7 (N B (k%(P)))

Thus h*(p)7® = adp (N, k*(P))(pr) = adp(N,k*(P))(*p) = p = cxn(P)~1p, which implies cx ,(P)h*(p)m® = p.
Therefore we have ay(P)pan(L)n®* = ai(P)ay(k*(P))h*(p)1®* = awn(P)ck n(P)h* (p)m® = apn(P)p = p.

It remains to show that ap(L)7® : N — L is an epimorphism in F. Suppose that morphisms 3,7 : L — @
of F satisfy fap(L)m® = yap(L)n®. Then, we have p(8)h = p(y)h which implies p(3) = p(y) since h is an
epimorphism. We put ¢ = p(8) = p(v) : Z — p(Q). Let 8,75 : L — ¢*(Q) be the unique morphisms in F that
satisfy aq(Q)B = (3 and o4(Q)% =7, respectively. Then,

agn(Q)cqn (@)W (B)1* = ag(Q)an(q* ()N (B)7® = ag(Q)Bon(L)7* = g
= ag(Q)an(q

—~

Q)yan(L)m"

*
)
=

*
=)

3
e
|
Q
=)
>
)
o
=
>
)
>

*
N

3

S

and it follows h*(8)7® = h*(7)7® € Fy (N, h*(¢*(Q))). By the naturality of ady,

adp(N,q"(Q))™" : Fy (N, h*(¢*(Q))) = Fz(h(N),q"(Q))

maps h* ()7 and h*(3)7® to Br and m, respectively and we see fm = 7. Since 7 is an epimorphism, it

follows g = 4 which implies § = 7. O
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1.3 Left fibered representable pair

Let p : F — & be a normalized cloven fibered category. For morphisms f: X — Y, g: X — Z in £ and an object
M of Fy, we define a presheaf Fy 4 ry : Fz — Set on FP by Fr g m(N) = Fyg(M,N) = Fx(f*(M),g*(N)) for
N € Ob Fz and Fy g m(¥) = Fy g(idar, ) = g* (1)« for ¢ € Mor F.

Suppose that Fy, s is representable. We choose an object M[s 4 of Fz such that there exists a natural
equivalence Py o(M) : Fygm — iALM[f,g], where iAzM[fvg] is the presheaf on F7” represented by M . If X = Z
and g is the identity morphism of Z, we take f*(M) as M ;q,]. Hence Py iq,(M)y is the identity map of
Fx(f*(M),N). Let us denote by vs ,(M) : f*(M) — g*(My,q) the morphism in Fx which is mapped to the
identity morphism of My g by Ppo(M)ny, , : Fx (f*(M), 9" (Miy.q)) = Fz(My.g, Miz g)-

Definition 1.3.1 We say that a pair (f,g) of morphisms f : X — Y and g : X — Z in & is a left fibered
representable pair with respect to an object M of Fy if the presheaf Fy g ar on FP is representable. If (f,g) is
a left fibered representable pair with respect to all objects of Fy, we say that (f,g) is a left fibered representable
pair.

Proposition 1.3.2 The inverse of Py o(M)n : Fx (f*(M),g"(N)) — Fz(My,g, N) is given by the map defined
by @ = g"(P)s,g(M).

Proof. For ¢ € Fy (M 4, N), the following diagram commutes by naturality of Py ,(M).

Fx(f(M), g"(Myp ) — s Fue(F4(M), g*(N))

J{Pf,g(M)M[f,g] J{Pf,g(M)N
F2(Mig g, My g) ————— Fz(Mipq, N)
It follows that Py 4(M)n maps g*(¢)ix (M) to ¢. O

Remark 1.3.3 If g* : Fz — Fx has a left adjoint g. : Fx — Fz, Frgm + Fy — Set is representable
for any object M of Fy. In fact, My g is defined to be g.f*(M) in this case and (f,g) is a left fibered
representable pair for any morphism [ in & whose domain is X. Hence if p : F — & is a bifibered category,
a pair (f,g) of morphisms in € with same domains is always a left fibered representable pair. If we denote by
(adg)p,n @ Fy(g+(P),N) — Fx(P,g*(N)) the bijection which is natural in P € ObFx and N € ObFy, we
have Py o(M)n = (adg);*l(M),N P Fx (f(M),g*(N)) = Fz(g«f*(M),N). Let us denote by ny : idr, — g* g«
and €q4 : g+g* — idr, the unit and the counit of the adjunction g, = g*, respectively. Then, Py o(M)n maps
b € Fx(f*(M), g*(N)) to (z4)wg.() and Pyy(M)x} maps ¢ € Fr(gs f*(M), N) to g*() (1) - un) - It follows
from (1.3.2) that we have vy o(M) = (ng) f-ary = f*(M) = g*gu f*(M) = g*(Mg,5). We note that if g* has a
left adjoint if and only if (idx,g) is a left fibered representable pair.

For a morphism ¢ : L — M of Fy, define a natural transformation F 4, : Fr g m — Ffr g1 by
(Frge)n =1"(0)" : Frgu(N) = Fx(f*(M),g"(N)) = Fx(f*(L),g"(N)) = Fy,g,.(N).

It is clear that Fy gy, = F g, Ff g4 for morphisms ¢ : M — P and ¢ : L — M of Fy. If (f, g) is a left fibered
representable pair with respect to M and L we define a morphism @y g : Liy,g — M5 g of Fz by

Plf.g] = Pf»Q(L)M[f,g] ((Ffigiw)M[f,g] (Lf,Q(M>)) = Pf7g(L)M[f,g] (Lf,Q(M)f*(SD)) € h'L[f,g](M[fvg])'

Proposition 1.3.4 Let p: L — M be a morphism in Fy .
(1) The following diagrams commute for any N € Ob Fy.

(o) 2N

(L) ————— (M) Fx(f*(M),g"(N)) ————— Fx(f*(L),g"(N))
lbf.g(L) lbf.g(]w) le,g(M)N le,g(L)N
. 9" (15,91 . ®lt.g1
9" (Lip.g) ——2— g"(Misq) Fz (Mg, N) - Fz(Lig,g,N)

(2) For morphisms 1 : M — K and ¢ : L — M of Fy, we have (¥@)(f,9] = V1f.91%1f.q]-
(8) If f*: Fy — Fx preserves epimorphisms (f* has a right adjoint, for example) and ¢ : L — M is an
epimorphism, so is @[y.q  Lis.g — My,q)-
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Proof. (1) We have Py (L), (tr.g(M)f*(#)) = @i, Dy the definition of ¢s4. On the other hand,
Pf)g(L)M[f,g] (g*(go[f,g})bfyg(L)) = Q11,9 DY (1.3.2). Since Pf)g(L)M[fyg] is bijective, the left diagram commutes.
For ¢ € Fz(My,q, N), it follows from (1.3.2) and commutativity of the left diagram that we have

F (@) Prg(M) G () = g*(©)es,g(M) f*(0) = g% ()9 (17,9t 5.0(L) = g7 (V@119 1.(L)
= Py, (L) (Wﬂ[f g]) Pf,g(L)N ‘Pfg] (1)

Hence the right diagram commutes.
(2) The following diagram commutes by (1).

* * *

" " () " N F ()" * *
Fx(f*(K),g"(K(s.q)) ———— Fx(f*(M),g* (K1) ———— Fx(f*(L),g*(K(1.4)))
lpfvg(K)K[f,g] lpf,g(M)K [.9] lpf,g(L)K[f,g]

Pir.9) ®lf.9]
Fz(Kipg, Kipg) —————— Fz(Mipq, Kp,9) ——— Fz(Ly,g), Ki1,g))

Hence, by the definition of (¢¢)(s,4 we have

7/}[f,g]90[f,g] = wrﬁg]wi‘,g] (idK[f,g]) = @Ff,g]wrf,g]Pf»g(K)K[f,g] (Lfag(K)) = Pf7g(L)K[f,y]f*(sa)*f* (¢)*(Lf,g(K))
= Pro(L) iy g (Lr,g(K) [ (900)) = (¥0)1.9)-

(3) is a direct consequence of (1). O

Remark 1.3.5 If g* : Fz — Fx has a left adjoint g, : Fx — Fz, for a morphism ¢ : L — M of Fy, we have
15,9 = 9xL(@) + Ligg) = 9« f* (L) = g f*(M) = My 4. In fact, if we denote by Eg g*g. — idr, the counit
of the adjunction g. 4 g*, we have @[y 4 = Pf,g(L)M[f‘g (L. o(M)f* () = (ad, ) (L) My ((ng) p=ary F* () =
(€9)g. 1+ () 9x((ng) p=(a1)) 9+ f* (0) = gs f* (¢0).

Lemma 1.3.6 Let &: f*(L) = g*(M) and ¢ : f*(N) — g*(K) be morphisms in Fx for morphisms ¢ : L — N
and ¢ : M — K of Fy and Fz, respectively. We put & = Py o(L)m(€) and ¢ = Py g(N) k(). The following left
diagram commutes if and only if the right one commutes.

* 3 *
[ (L) —— g*(M) [fg]*””
Jf (¥) L‘J*“") J{‘P[f,g] v
¢ ¢
N) —— g*(K) Nijg — K

Proof. The following diagram is commutative by (1.3.4).

Fx(f(L), 0" (M) — s F(F(L), g (K)) <D Fr(f*(N), g*(K))

|Proteon |Protix |Pro

P (

FolLig g, M) s Fyl(Liy . K) 0 Fy(Nyp g, K)

Since £ = Pt g(L)p(€), (= ¢ g (N )K(CA) and Py (L) is bijective, g*(¥)§ = g*(¢)«(§) = f*(¢)*(C) = ¢f* ()
if and only if € = 1. (§) = fg]( ) = (P1r)- .

For morphisms f: X - Y,g: X - Z, k:V — X in £ and M € Ob Fy, suppose that suppose that (f,g)
and (fFk, gk) are left fibered representable pairs with respect to M. We define a morphism My, : Mz o) — Miz,g]
of Fz by

My = Prige(M) s,y g g, (19 (M))).

Proposition 1.3.7 (1) The following diagrams commute for any N € Ob Fz.

K M
4 ZM,]M[fyg](Lfyg( )

Fx(F* (M), g* (N)) “25% Fy ((£R)* (M), (gh)* (N)) (k)" (M)

(gk)*(Miz.9))

Lfkwgk(M) /
lp‘f’g(M)N - lehgk(M)N \ (gk)*(My)
k *
Fz (Mg, N) —————— Fz(Msp,gi); N) (9k)* (Misk,gr))
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(2) For morphisms f : X =Y, g: X > Z,k:V =X, h:U =V and M € Ob Fy, suppose that (f,g),
(fk,gk) and (fkh,gkh) are left fibered representable pairs with respect to M. Then, we have My, = My My,.
(3) The image of the identity morphism of k*(M) by Py (M) is My : My ) — Mpiay iax) = M if X =Y.
k*(](g {jt)c(omp;sition k*(M) M E*(Mig,5)) w) E*(Miiay idx)) = k*(M) is the identity morphism of
fX=Y.

Proof. (1) For ¢ € Fz(Mis 4, N), it follows from the naturality of k;]ﬁ\LN and (1.3.2) that we have

Farn Pra(M)N () = Ky v (97 (0)eg.g(M)) = ki vg™ (04 (01,9 (M) = (gh)" (0)ukiy g, (1.9 (M)
= (9k)* ()« Pre.ge (M)ay,,  (My) = (gk)*(9)(9k)* (M)isrgn(M) = (gk)* (0 Mi)igr,g0(M)
= ()" (M3 () sk0x (M) = P gr (M) M;: ().

The commutativity of the right diagram follows from (1.3.2) and the commutativity of the left diagram for the
case N = My g
(2) The following diagram commutes by (1). Hence the assertion follows from (1.1.16).

Fx(f*(M), g7 (N)) —25 s F (f6)* (M), (g)* (N)) — 22 Fyr(fhh)* (M), (gkh)*(N)

le,g(M)N lpfk,gk(M)N J/Pfkh,gkh(M)N

M M*
Fz(Mig 4, N) - Fz(Misr,gr), N) - Fz(Migin,gin), N)

(3)Apply (1) for N=M,Z=Y =X and f =g =idx.
(4) Tt follows from (1.3.2) that Py (M)rr @ Fy (k*(M),k*(M)) — Fx (M k), M) maps k*(Mp)ug k(M) to
My : My, i) — M. Thus the assertion follows from (3). O

Remark 1.3.8 Suppose that the inverse image functors g* : Fz — Fx and (gk)* : Fz — Fv have left adjoints
g« : Fx = Fz and (gk). : Fv — Fz, respectively.

(1) Since Ky ar, (1.9 (M) = g (Mg )k ((0g) - (ary ) ek (M)~ by (1.5.3) and
Prc.gi (M) a1y, = (adgi) Gy any nry, * FV R (M), (gk) " (Mg.6)) = Fz(Migkgrt, Mi.g))

maps p € Fv ((fk)* (M), (gk)*(M(y.q))) to (egk) sy, (9K) (@), My : Mg gr) — My g coincides with the follow-
mg composition.

(gk)«(cpu(M))~1 (gk)«k™((ng) s+ (ar))

Mg gk) = (9k)«(fE)" (M) (gk)«k™ f* (M) (gk)k*g* gu f* (M)
. (9k)+ (o 1 (Mis 0))) . (cor)nry,
= (gk)uk*g* (M g) ———200 (gk)(gk)* (Mif.g) ——22 Mip g

We remark that My, is the adjoint of the following composition with respect to the adjunction (gk). = (gk)*.

cr (M) k™ ((ng) cg.k (Mis,q1)

(fk)* (M) O an), g g, (M) = K g (Myy.g7) <2202, (ghy*(Myy )

(2) The following diagram commutes by (1.3.7) if X =Y =Z and f =g =1idx.

K fF (M)

M}
Fx (Miigy iax), M) ————— Fx(k.(k*(M)), M)
l(adidx)id}(zu),M l(adk)k*(wl),M
4

Flidig (M), ids (M)) —222 5 Fy (k* (M), k(M)

Since id is the identity functor of Fx, so is idx.. Hence My, @ kik*(M) = My ) — Mpiax iax) = M is
identified with the counit (eg)pr : kuk™ (M) — M of the adjunction k. 4 k* by the above diagram.

Proposition 1.3.9 For morphisms f : X =Y, g9: X = Z, k:V — X in € and a morphism ¢ : L — M of
Fy, the following diagram commutes.
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Ly,
Lirgy ——— Lis g

J{‘P[fk,gk] J{‘P[f,y]

M
Migr,gr) ——— Misq)
Proof. The following diagram commutes by the naturality of k.

Fx(F*(M), g*(N)) —22% s F ((£k)* (M), (gk)* (V)

jf (@) | or
K N
Fx(f*(L),9"(N)) ———— Fv((fk)*(L), (fk)*(N))

Then, it follows from the commutativity of four diagrams

Fx(F(M), g*(N)) =280 7 (Mg o N) Fu((FR) (M), (gh)*(N)) —22 0% 2 (Mg gas V)

Jf ()" lwu,g])* J(fk)*(w)* l(w[fk,gm*

Fx(FA (L) g (V) — 2 oy (Lo N) Fo((FR)5(L), (gh) (V) 22 F (L gy V)

Fx(f*(M).g"(N)) —22 00y 7y (Mg N) Fa(f(L),g" (V) — 2%y Fy(Lyy g, N)
lk“M,N |z o |

Fu((Fry (M), (gk)*(N)) 22200 7 (Mg g N) - Fu(FR)*(L), (gh)* (V) —22 % F (L g N)

and the fact that Py q(M)y @ Fx(f*(M),g*(N)) — Fz(Miyq,N) is bijective that the following diagram
commutes for any NV € Ob Fj.

.
Fz(Mig.g, N) ———— Fz(Mipkgip, N)

Lpfffﬂ] l‘/’[*fk,gkl

L
Fz(Lifg, N) ———— Fz(Lisi,gi), N)
Thus the assertion follows. |

Remark 1.3.10 We denote by @i g.x * Lisr,gr) — Mis,q the composition Myo(sr.gr) = ¢[f,g) Lk For mor-
phisms i : W = Z, j W =T, h:U —= W in &, it follows from (1.5.9) that the following diagram commutes.

(M Dh
(Mg gk finjn) = (Mg g)) i)

l(Mk ik, jk] l(Mk)[i,j]
(Mig,g1)n
(Mig,g)ingn) ———— (Mis,9))i9)

Namely, we have (My)ji 51,0 = (Mg, g))n (M) (in,jn) = (M), 1 (Mifr,gk))n which we denote by (My)y, for short.

For morphisms f : X = Y, g: X —- Z, h: X - W in £ and M € ObFy, we define a morphism
6f,g,h,M : M[f’h] — (M[f,g])[g,h] of Fyw to be the image of Lg,h(M[f)g])Lf,g(M) € fx(f*(M), h*(( fg]) )) by

Ppa(M)(aig yp)ig i+ Fx (M), B ((Mp,01)19.0))) = Fw (Mign)s (Mig,6))1,0))-
Proposition 1.3.11 The following diagram commutes for any N € Ob Fy.

Fxlg" (Mg ), b= (N)) —22805 5 7 (M), (V)

ng,h(M[f,g])N J/Pf,h(M)N

5fgh M

Fw (Mig,g)g,n), N) ————— Fw (Mg, N)
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Proof. For ¢ € Fy ((Mis,4)ig,n): IN), by the definition of ¢ 4 n as and the naturality of Px (M), we have

11,9 (M)" Py n (Mg, )5 () = W (0)tg,n(Mig.g)) 1o (M) = (@) Pra(M) (yy s (8p.9n,01)
= Pru(M)N' 0u(05.g.000) = Pra(M)§' 07 e ().
O

We note that 0y g n.ar @ Mign — (Mgg))g,n is the unique morphism that makes the diagram of (1.3.11)
commute for any N € Ob Fy .

Remark 1.3.12 If g* : Fz — Fx and h* : Fyw — Fx have left adjoints g. : Fx — Fz and h. : Fx — Fw
respectively, the following diagram is commutative for any N € Ob Fy, by the naturality of ady,.

("g)}* (M)

Fx (g f*(M), h*(N)) Fx(f*(M), h*(N))
J((adh)q e f*(M),N J((adh)f (M), N
ha w )
Fw(hagtg. f*(M), N) — 0000V g (h, £(M), N)

1t follows that 0f.gp.m = h*((ng)f*(M))'

Proposition 1.3.13 For morphisms f: X =Y, g: X > Z h: X - W, k:V = X in & and a morphism
p: L — M of Fy, the following diagrams are commutative.

Of g.h,L Ofk,gk,hk,M

Lign) — (Li,g)(9.1) Mgy, nx) (M{11,951) [k, n]
J/(p[.ﬂh’] J{(‘p[f g] )[g,h] J{Mk J{(Mk)k
0f,9,h, M Sf g.h, M
Mg ) —2— (Mi1,0))1g.n) Mg p) ————— (M{5,))g,n)

Proof. The following diagram is commutative for any N € Ob Fy by (1) of (1.3.4).

tf,g(M)”

Fx (9" ((Miy,6)), h*(N)) Fx (f*(M), h*(N))

lg (erf,91)" lf (@)

* * L Q(L) *
Fx (9" (Ligg), B (N)) —"— Fx(f*(L),h*(N))
Hence the following diagram commutes by (1.3.11) and (1) of (1.3.4).

F,g,h,M

Fw (Mig.g)ig.n» N) —2==— F1 (Mg, N)

J{(W[f,g])[*g,h] Jf"rf,h]

&% gk,
Fw (Lig.g) gy N) —=2==— Fw (Lizn) N)

Thus the left diagram is commutative.
For N € Ob Fy and § € Fx(g*(Ms,4), h*(IN)), it follows from (1.3.7) and (1.1.15) that we have

ku (f)(gk) (M )esi,ge(M) = kg\/[[r‘

191 f.9

(O ar, (g (M) = Ky (€070 (M)).
This shows that the following diagram commutes.

* * ¢ ’Q(M)* * *
Fx (9" (Mig.)), " (N)) - Fx(f*(M),h*(N))
l(gk) (Mk) kM[f N J/kg\/I,N

Lk gk (M)

Fv((gk)* (Msr,gr)), (k)" (N)) ————= Fv((fk)" (M), (hk)*(N))

The following diagram commutes by (1) of (1.3.4) and (1.3.7).
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AITOR Fy (g (Mg i), (k) (N)

k?p{ N
Fa(g" (Mg ) 1 (V) —222 Fy (gh)* (Mi7), (k) (V)
ink,hk(M[f,g])N J{qu,hk(M[fk,gk])N
(M) (g, nk)
Fw (Mitr,gk)) 1gk,hk)> N)

J{Pg,h(M[f,g])N
(M[f,g])z

Fw (Mg g)ig.n), N) ——————— Fw ((Miz,g))1gk,hr1, N)
Since (Mg)x = (Mf,)kx(My)(gk,nk), it follows from (1.3.11) and (1) of (1.3.7) that the following diagram

commutes for any N € Ob Fyy.

6* g,h,
Fw (Mg, 1g.nys N) ——=— Fi (Mg, N)
[

|
5
Fov (M px gk)) ghnkys N) =222 Fyy (Mipg g N)
O

Thus the right diagram is also commutative.
Proposition 1.3.14 For morphisms f: X - Y, g: X = Z, h: X - W,i: X =V in & and an object M of

Fy, the following diagrams are commutative.
. tf,g(M) " 0f,q.i,
fr(M) —————— g"(M; ) My o (Mis,))19.41
lLf,}L(M) lbg,h(M[fyg]) J/Csf,h,i,]vl lég’h,i,M[ﬁg]
(6¢,9.n,M)[h,i
(Mg )iy —===3 ((Mg.g))(g,0)

X h"(Bgg.m M) 5
B (Mg ) =255 0 ((Mig))(g,n)
Proof. Tt follows from the definition of §7 45 s and (1.3.2) that
tg.h(Migg))ty.g(M) = Pf,h<M)(71\i1[fyg])[gyh] (Of,9.h,01) = D" (8f,9,n.00) 5,1 (M).

Hence the following diagram commutes for N € Ob Fy .
* - h*(85,9,n,m)" * -
Fx (W™ (Mg, g))g.n1), 77 (N)) ——22 Fxc(h* (Mg p)),i*(N))

Jisnany”

lbg,h(M[f,g])*

Fx(g* (Mg g),*(N)) —22000 Fo (M), 5 (N))

Therefore the following diagram commutes by (1.3.11) and (1) of (1.3.4).
(O, 9,0, M) 1)
Fu (Mg g)1gn)nis N) ——— Fv (Mg )pn.i1, N)

lé;h,hM[ﬁg] lé;,h,i,M

4 g,
Fv (Mg gy N) ——2—— Fy (Mg, N)
O

Proposition 1.3.15 For morphisms f : X — Y, g : X — Z in € and an object M of Fy, the following
compositions coincide with the identity morphism of My g

Of g,9.M (M(£,91)g
=2 (Mg g)ig.0) — (Mig,g) iz idz) = Mpg)

= Mis,q)

3¢, f.9.M (Mg)(£,91
Mg g === (M, 1) 11,9 — > Mpiay iay))(f,9]

Proof. The following diagram commutes for any N € Ob Fz by (1) of (1.3.7) and (1.3.11).

. . 9y gy . . p.g(M)? . .
Fz(idy(Mig,q),1d7(N)) ———— Fx(9"(Miy ), 9"(N)) ———— Fx(f*(M),g"(N))
J/PidZvidZ(M[f,g])N J{Pg’g(M[‘f'g])N J/Pf'g(M)N

(Mis,9))5 0F,9.9,M
———— = Fa(Miy,g) 19,9, N) ———— Fz(Mzg, N)

Fz(Miy,g){idy idz): N)
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It follows from (1.3.2) that 5;9 g, M(M[f g]) ]:2( fg],N) = fZ((M[f,g])[idz,idz]7N) — fz(M[fwg],N) is the
identity map of Fz (Mg, N
The following diagram commutes for any N € Ob Fz by (1) of (1.3.4) and and (1.3.11).

Fx(F* (Mg sy 1), 9" (N)) = e (£ (Myy ), g7 () —22905 5 2 (72(0), g7 (V)

lpf«g(M[idy,idy])N lpf,g(M[f,f])N le,g(M)N
(Mf)r ,9] % g,
Fz((Miiay iay))(1.g) N) ————"— Fz((Mis.g))(1.9) N) —"25— Fz(Mzq), N)

Since the composition of the upper horizontal maps of the above diagram coincides with the identity map of
Fx(f*(M),g*(N)) by (4) of (1.3.7), the composition of the lower horizontal maps of the above diagram is the
identity map of Fz (M4, N). O

Let f: X Y, g: X — Z, h:X — W be morphisms in £ and L, M, N objects of Fy, Fz, Fw,
respectively. We define a map

WAL Fz(Ligg, M) x Fuw (Mg, N) = Fw (Liga, N)
as follows. For ¢ € Fz(Lifq, M) and ¢ € Fyy (Mg ), V), let 7{’5\;;?1\,(@, 1) be the following composition.

Of.g.h, Plg.h
Lign) 25 (L) g —2% Miggg 2 N

Proposition 1.3.16 The following diagram is commutative.
* * * * siti
Fx(f*(L),g*(M)) x Fx(g"(M), h*(N)) === Fx(f*(L),h*(N))
lpf a(L) M X Py n (M) N leh (L)~
f.g,h

fz(L[f’g],M) X fw(M[g}h],N)

Proof. For ¢ € Fx(f*(L),g*(M)) and & € Fx(g*(M),h*(N)), we put ¢ = Pfg(L) (¢) and ¢ = Py p(M)n(§).
Then, we have 1@(g n) = P (Lif,9)N(Eg* (@) by (1.3.4). Tt follows from (1.3.11) and (1.3.2) that
g

VO1g.n0f,9.0,L = 07 g0 . Pan (L) N (€97 (9)) = Pra(L)n (€™ (9)is,9(L)) = Prn(L)n(£C)-
Thus the result follows. |

We define a poset P as follows. Set ObP = {0,1,2,3,4,5} and P(i,7) is not an empty set if and only if
i=jori=0or (4,75) = (1,3),(1,4),(2,4),(2,5). We put P(4,5) = {m;} if P(4,7) is not empty. For a functor
D :P — & and an object M of Fps), we put D(7;;) = fi; and define a morphism

eD(M) : M[f13f01,f25f02] - (M[fls,f14])[f24,f25]

of Fp(s) to be the following composition.

(Mo,
(M[f13f017f14f01])[f24f02,f25f02] — (M[f13,f14])[f24,f25]

5f13fo1,f14f01,f25f02,M

M[flsfm ,f25 foz]

Proposition 1.3.17 We assume that the inverse image functors fiy : Fpu) — Fp), f35 : Fpi) = Fp2)
(f1afo1)* = Fp)y — Fpy and (fasfo2)" : Fpiy — Fpoy have left adjoints (fia)« : Fpa) — Fpa), (f25)«
Fp@) = Fps) (f14f01) : Fpo) = Fp) and (fasfo2)« : Fpoy — Fp(s), respectively. Let nyg,, : idr,,, —
fia(f1a)« and np,, 2 idr, 0 — f35(f25)« be the units of the adjunctions fiy = (fi4)« and f35 = (f25)«, respectively.
For an object M of Fp1),

OD(M) : M[f13f017f25f02] = (f25f02)*((f13f01)*(M)) - (f25)*(f;4((f14)*(ff3(M)))) = (M[f13,f14])[f24,f25]
coincides with the adjoint of the following composition with respect to the adjunction (fasfo2)s 7 (fo5fo2)*.

Fe ()2, 00) Chravtor (F12)« (Fi3(M)))
—_—

(f13for)* (M) % fo(fi5(M))
(f1afo1)"((f14)+ (f13(M))) = (faafo2)"((f14)«(fi3(M)))

ol Ot g 0300w, e e 10 e (R (RO
(fas for)* ((fas)e (Fia((Fra)- (15 (M)

Jor(F1a((f14)+ (f13(M))))

Cfaa.f02 ((fra)«(fra (M)~

o2 (F24((f14)+ (F13(M))))
a5 foz (F25)+ (£ ((f12)« (F15(M)))))
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Proof. By the definition of 6 (M) and (1.3.12), 8p(M) is the following composition.

) (f25f02)*((77f14f01 )(flaf(n)*(M)) (

M4 fo1fos foa] = (fosfo2)«(f13for)" (M fas fo2)« (f1afo1)" (frafor)«(fr3for)" (M)

(f25fo2)x (frafor)* (Myy,) * *
v (f25f02)*(f14f01) (f14)*f13(M) = (M[f137f14])[f14fo1,f25f02]

(Migy3,514)) 5
:(M[f137f14])[f24f027f25fo2] P (M[f13,f14])[f24,f25]

It follows from (1) of (138) that the adjoint of (M[f137f14])f02 : (M[f137f14])[f24f02)f25f02] — (M[fla,f14])[f24,f25]
with respect to the adjunction (fosfo2)s = (fa5fo2)* is the following composition.

Fo2 (0555 )f54(M[f13wf14])

(M

s f1a) " pw px s gt >
L Joafos (M, £147) oo f35(fas)« Faa(Migy.10))
) ¢f25 102 (Mis1a 1141724, £251) (f25fo2)" ((

(f24f02)*(M[f137f14]) f2a:fo2

= fE)ka;S((M[f137f14])[f247f25] M[f137f14])[f247f25])

It also follows from (1) of (1.3.8) that My, : Mis,, 0, f1af0r] — M[frs,f.4] coincides with the following composition.

(Frafor)«(Cyg,for (M) ™" (Frafo1) fo1((n114) 75 00)

M1 for frafor) = (frafor)«(fr3for)" (M)
(f14f01)*f§1ff4(f14)*ff3(M) = (f14f01)*f51ff4(M[f13,f14]
% (5f14f01)M[

(frafor)«(frafor)" (Mig,. 1,47

Hence if we put ¢ = Cfia,fo1 (M[f13’f14])f6<1((nfm)ffg(M))cfm,fm (M)_l : (f13f01)*(M) — (f14f01)*(M[f13,f14])a
the adjoint of 0p (M) with respect to the adjunction (fosfo2)x = (fa5f02)* is the following composition.

(fﬁ4fb1)*f€1f?§(ﬂ4)

) (frafor)«(csiy, f01 (M[f13,f14]))

f13,f14

1
M[f13,f14]

* (n ) * * * - -
(f13f01) (M) F1afo1) (F13for)* (M) (f14f01) (f14f01)*(f13f01) (M) (f1afo1)™ (frafo1)«(¢)
) i} (f14f01)*((5.f14f01)M[ . ]) * *
(f14f01) (f14f01)*(f14f01) (M[f137f14]) Tre- 14 (f14f01) (M[fls,f14]):(f24f02) (M[fls,fm])
fg2((77f25)f54(M[f13vf14])

raafor Misia 14D pw px S fint >
o e f02f24(M[f13,f14]) f02f25(f25)*f24(M[f137f14])
) a5 102 (Mis1g f14) 1124 F251) (f25fo2)" ((

= f6k2f;5((M[f13,f14])[f24,f25] M[f137f14})[f247f25])

By the naturality of ny,, f,,, the composition of the first three morphisms in the above diagram coincides with
(f14f01)*((€f14f01)M[f13vf14])(nfoOl)(f14f01)*(M[f13,f14])90 = ¢, which implies the assertion. O

Proposition 1.3.18 The following diagram is commutative.

ﬁ L
(Frafor)* () L0l ®) e g ye (Mg ) (fasfin)* Mgy, 110)

lLfm for - f25 foz (M) lf& (tf24. fa5 (M{f15,4141))

" (f25 fo2)" (0D (M)) "
(f25f02> (M[f13f01,f25f02]) - = (f25f02) ((M[f13,f14]>[f24,f25})

Proof. By the naturality of Py, o, fas for (M), 0p (M) is the image of

(f25f02)*<(Mf01)f02)Lf14f01af25f02 (M[f13f01,f14f01])Lf13f01,f14f01 (M) : (f13f01)*(M) — (f25f02)*((M[f13,f14])[f24,f25])

bY Pfig for,fas for (M) (Mg, 111 1520.100 - 1encE the following equality holds by (1.3.2).

(f25f02)*(GD(M))Lf13f01,f2sfo2 (M) = (f25f02)*((Mf01)foz)bf14f017f25f02 (M[f13f01,f14f01})Lf13f017f14f01 (M) T (*)
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It follows from (1.3.7), (1.1.11) and (1.3.4) that we have

(f25.f02)" (Mfo1) gz ) faa foss fas foo (M f1s for  fra fon])

:(f25f02) ((Mf01)[f24 fzs])(f25f02) ((M[f13f011f14f01])foz)Lf24f02,f25f02(M[f13f01,f14f01])

= (fa5f02) (Mo, (1, fas)) £t ta s (Mt for Fra fon))

:(f25f02)*((Mf01)[f247f25])cf2mf02((M[flsfm f14f01])[f241f2o )fOZ(LfM,fza (M[flsfm f14f01]))cf24’f02 (M[flsfm J‘14f01]) '
=g for (Mg, 141 o f2s)) 102 (Fos (M for ) (s f5])) 02 (4 s oo (M f13 o ra fon))) o for (M fon Frsfon])
=Cfas for (Mg, fua))Uans fos)) Jo2 (taa, s (Mifag, 11a0)) £ (P34 (Mg ) )€ o for (M g1 for frafon]) ™

= o for (Mifug 11a) o fos)) Jo2 (L fasfos (M g5 fra))Efasfor (M g1 1) ™ (foa fo2) " (M, )

= Fb2(tpa fos (M1, 110)) (F2afo2) " (Mg, )

Therefore we have
(*) = fg2(Lf24,f25 (Mfls,fm ))(f24f02) (Mfm )Lf13f01,f14f01 (M) = ng(Lf247f25 (M[f137f14]))fgl(Lf137f14 (M))
which implies the assertion. O

Proposition 1.3.19 For a morphism ¢ : L — M of Fy, the following diagram commutes.

Op(L)

L[f13f017f25f02] (L[f137f14])[f247f25]
Jjo[fISfOlvaSf(H] l(¢[f13»f14])[f24wf25]
Op (M)

M[f13f017f25f02] ’ (M[f137f14])[f247f25]

Proof. The following diagram commutes by (1.3.13), (1.3.9), (1.3.4) and (1.3.7).

Lifra oo ) — IOty (o) sz o) 2 (i ) ]
J{‘P[f13fo1,f25f02] l(ﬂo[fl;;fm,f14fo1])[f24foz,f25f02] l(‘/’[f137f14])[f24,f25]
Mifua on.fan fon] — SIS (N ) oo for] s (Mg o)) s
Hence the assertion follows. O

Proposition 1.3.20 Let E : P — £ be a functor which satisfies E(i) = D(i) for i = 3,45 and A : D - E
a natural transformation which satisfies \; = idp(y for i = 3,4,5. We put E(7y;) = gi;, then the following
diagram commutes.

0p (M)
M[flafm,fzsfoz] (M[f137f14] [f24,f25]

lJVfAO l(M/\l
—

0p (M)
M[9139011925902] - (M[913,914])[g24,g25]

Proof. Since fi; = gi; A\ for i = 1,2, we have fi3fo1 = g13A1fo1 = 9139010, f1afor = g1aA1for = g14901 Ao and
f25f02 = 925/\2f02 = g25g02)\0. It follows from (1.3.7), (139) and (1.3.13) that

(Mo, )¢
M[f13f01,f25f02] (M[f13f017f14f01])[f24f02,f25f02] S (M[f13,f14])[f24,f25]

J/M/\O l(MAO)AO l(Mxl)xz

59135011914901:9259()%1” (M901)£702 M
— (M

813 f01,f14 fo1,F25 foz, M

M[913901,g25902] (M[9139017914901])[924902’925902] 913,914])[924,925]

is commutative. O

Formorphismsf:X—>Y,g:X—)Z,h:V—>Z,i:V—>Wing,letX<m—XX><ZVm—V>Vbealimit
of a diagram X % Z <~ V. We define a functor Dy¢gni:P —=Eby Digni(0)=XxXxzV, Dggni(l) =X,
Digni(2) =V, Dygni(3) =Y, Dygni(4) = Z, Dygni(5) = W and Dggni(to1) = prs Dy,gni(T02) = Pry,
Df,g,h,i(Tls) = f, Df,g,h,i(7'14) =g, Df,g,h,i(7'24) = h, Df,g,h,i(725) = 4. For an object M of Fy, we denote
OD; gn.i (M) by 0f g ni(M). The following facts are special cases of (1.3.19) and (1.3.20).
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Proposition 1.3.21 Let f: X =Y, g9g: X > Z, h:V—>Z,i: V=W, j:5—=X,k:T—V be morphisms
in & and ¢ : L — M a morphism in Fy. The following diagrams are commutative.

Of,g.n,i(L) Of5,95,nk,ik(M)
Lifpry, ipry] (Lif.g)in.al Mifjprg, ikpry] (Mi5,g5)) i1k, k]
J{‘P[fprxwiprv] J/(W[f,g])[h,,'i] J{MJka l(M )k
05,9, (M) O0f,9,n,i(M)
Migpeyipry) — > (M) i) Mifpry ipry] (Mis.g)ih.i
Remark 1.3.22 If X <— X x% V. —% V s another limit of a diagram X 5,z & V', there exists

unique isomorphism 1 : X X, V. — X xz V that satisfies pr'y = prxl and pr;, = pryl. We denote by
Q}g ni(M) Mot ipr),] — (Mg, g]) h,i the morphism in Fyw obtained from X X x X',V P, vy, Then,
M; : M[fpr/xﬂprQ/] = M{ypry, ipry] 18 an isomorphism and (1.3.20) implies Gfg ni(M) =05 gni(M)M,.

Definition 1.3.23 Let f : X =Y, g9g: X > Z, h:V = Z,i:V — W be morphisms in £ and M an object of
Fy. We say that a quadruple (f,g,h,i) is an associative left fibered representable quadruple with respect to M
if the following conditions are satisfied.

(i) A limit X & XXZV—>V0fadmgmmX—>Z<—Vemsts

(i1) (f,9) is a left fibered representable pair with respect to M.

(iii) (h,1) is a left fibered representable pair with respect to My g

(v) (fprx,ipry) is a left fibered representable pair with respect to M.

(V) O gni(M) s Migpe ipry,] — (Mf,g))in.q) i85 an isomorphism.
If (f, g, h,i) is an associative left fibered representable quadruple with respect to any object of Fy, we say that
(f,g,h,1) is an associative left fibered representable quadruple.

Proposition 1.3.24 Suppose that the following diagram in & is commutative.

N
LN
N

\/\

/
/\

Define functors Dy : P — & forl=1,2,3,4 as follows.

Dy(0) =5 Di(1) =V Dy(2) = DiB)=2 Di(4)=W  Di(5)=U
Di(t01) =t  Di(102) = u D1(7'13) = Di(r4) =i Di(ma)=j  Di(7e5) =k
D:(0) =@ Dy(1) =R Dy(2)=T D:3)=Y  Dy(4)=W  Dy(5)=U
Dy(101) =v  Da(102) =uw Da(mi3) = Dy(714) =is  Do(1o4) =j  Do(1o5) =k
D3(0) =@ Ds(1) =X Ds(2) = S Ds(3)=Y  Ds3(4)=2Z  D3(5)=U
Ds(t01) =rv  Ds(192) =w  Ds(mi3) = Ds(m4) =g  D3(m24) = ht  D3(1a5) = ku
D4(0) =R Dy(1) =X Dy(2) = V Ds(3)=Y Dy(4)=2Z Dy(5) =W
Dy(t01) =7 Da(702) = s Dy(m13) = Dy(m14) =9  Da(m2a) =h  Day(7e5) =i
Then, the following diagram is commutative.
Mifry kuw) o (Mi,g)) (1t )
l@DQ (M) l@pl (Mi5.,91)
004 (M)(j,k)
(Mipris)) 1. (Mg, g)n.i) 1501
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Proof. The following diagrams are commutative by (1.3.14), (1.3.13), (1.3.9), (1.3.4) and (1.3.7).

S fru, htw, kuw, M (M g7y, gro])w

M[frv,kuw] (M[frv,grv])[htw,k:uw] (M[frv,grv])[ht,k:u]
l‘gfrv,isv,kuw,M 6htw,7;sv,ku'w,M[frv’grv]l 6ht.'it,ku,M[frv’grv]J/

(6f7‘v,gr'u,isv,M)[juw,kuwl ((Aj[f'r”u.g'r'v])w)w
- s

(M[frv,isv])[juw,kuw] ((M[frv,gr'u])[grv,isv])[juw,kuw] ((M[f'r'u,g'r'u])[ht,it])[ju,ku]

lmm[,-uw,m] ((Afu)v)[juw,kuw]l <<Mr,~u>t>[ju,m1l

(8 fr gris, M) [juw,kuw] ((Mr)s)w
(Mifris]) (i, k) : : (Mi£r,9r) (hs,i5)) luw kuww] (Mig,6)thi)) (G, k]
J/(M[.fr,z‘s])uw ((Af[fr‘gr])[hs,is])uwl «M[.fy.i?])[hvi])“l
(8 fr,gris, M) [j,k] ((Mr)s)(j,k)
(Mifr,is)) 5.5 : (Mifr,gr))hs 5] 13,41 : (Miy,6))hi)) 1.4
(Mrv) (bt ku)]
(Mirv,grv))[ht k) (Miz,g1) ht u)

l&ht,it,ku,M[fm,gm] lﬁht’“'k”’M[f,g]
(M) nt,it)) [ju,ku)

(M fr0,gr0)) [ht,it]) [u, ku] (Miy,g)) 1t ,it]) L k)

Mrv t)[ju,ku
l(( Yt (M, 91)) i, kul

(Mi1,g1)h.i1) [ ku)

Hence the assertion follows from the definition of 6p, (M). O

PTayv

Formorphismsg:X—>Z,h:V—>Z,i:V%W,j:T—>Win5,letX<pr—XX><ZV—>Vand
v & VXWTpr—T>Tbe limits of diagrams X Szl Vadv S W LT, respectively. We also assume

Prx x Pry « .
that a limit X xz V ¢ 2" X xz V xyw T —25 V xy T of a diagram X xz V 225 V &2 Vs T
prx pr pr pr pr pr
exists. Then, X «— 2" X x,VxwT — 2 VxywTand X xzV 2% X x,Vxy T —WT" 1,

N . )
are limits of diagrams X ENY A g XwTand X xzV vy L T, respectively.

Corollary 1.3.25 Let f : X - Y, 9g: X - Z, h:V = Z,i:V>W,j:T =W, k:T — U be morphisms
in & and M an object of Fy. The following diagram is commutative.

ef,g,hprlv,kprT (M)
Mifprypry, Vo RPITpry ] (Miz,g)) [hpryy, kpry]

lefPeriPt'zvd,k(M) lghxm\k(M[f,y])
05.9.n.i(M)(j,k)

(Mifpry, ipray]) 14 (Mis.g1)th,)15.5)
Proof. The assertion follows by applying the result of (1.3.24) to the following diagram.

XXZVXWT

er‘V Prv <y T

O

Proposition 1.3.26 For morphisms f : X - Y, g: X — Z in € and an object M of Fy, the following
morphisims of Fz are identified with the identity morphism of My 4.

O g idzidy (M) Migiay, idsq — (M, g))lidz, idz)» Oidy idy . £,0(M) : Miiays. gidx] = (Mlidy idy])[f, 9]
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Proof. Since 0f 4ia,,id, (M) is a composition

(Mg, g1)g

Ofidy,gidy,idyg, M
IR (Mifidy, gidy])idza.idzg) ——— (Mg, g))idy . idz) = Mis, g

My, g = Mipiax,iazg)
and 8iq, idy,f,g(M) is a composition

Sidyf, fidy, gidy, M (Mg)is, g)

Mg, g) = Miiayf, gidx] (Midy g, idyf))(f idx, g idx] (Miiay ,iay1)ir, 91 = Mz, g5

the assertion is a direct consequence of (1.3.15). O

Lemma 1.3.27 For a functor D : P — &, we put D(791) = j, D(702) =k, D(713) = f, D(714) = g, D(724) = h,
D(1o5) = i. For an object M of Fps), the following diagram is commutative.

(F3) (M) —22 0 Gy (Mg )

ljmf,g(M)) l(z‘k)*wD(M))
N\ x E*(en,i(Mig.q))) . "
(97)* (Mig,g)) ———"5" (ik)* ((Miz.) i)

Proof. Tt follows from (1.3.7) and (1) of (1.3.4) that we have

K (thi (M5, g)) 5% (g (M) = (ik)* (Mg, k) thiie(Mi5,)) (95) (M), (M)
= (ik)" ((M5,g)) 1) (k) (M) (hkin)) tikeite (M .65 £7.95 (M)
= (1K) (M) ) tnk,it(M{g5.g5)t 1,95 (M)

By the naturality of Py; (M) and the definition of &y, g5 ik 0, the above equality implies that
Prjik(M)(atis ).y F00) (F3)" (M), (iR) (M1,g))ni)) = Fos) (Migsings (Mig.g))in.i))

maps k* (¢h,i(Mi1,6))5*(ts,g(M)) to (M;)ib¢j,g5.ik,m = Op(M). On the other hand, it follows from (1.3.2) that
Prjir(M) (015 ). @150 maps (ik)*(0p(M))esjik(M) to Op(M). a

Pryx Pryx

For a morphism ¢ : X — Z,let X ¢+ X x ;X —25 X be a limit of a diagram X % Z <& X. We denote by
Ay X = X xzX the diagonal morphism, that is, the unique morphism that satisfies pryy Ay = prox Ay = idx.

Proposition 1.3.28 For morphisms f : X — Y, g: X — Z, h: X - W in € and an object M of Fy,
8. g.n - Mg p) — (Mif,g))1g,n) coincides with the following composition.

]\/[Ag ef,g,g,h(M)
Mgy = Migpe, g e ag) = Migpe by ] = (Mi1,9))1g,0)

Proof. Define a functor £ : P — & by E(i) = X for ¢ = 0,1,2, E(i) = Dyg4n(i) for i = 3,4,5 and

E(T()l) = E(TOQ) = de, E(Tij) = Df’g’%h(nj) le # 0 Then, QE(M) = 5j',g,h,M : M[f,h] — (M[f,g])[g,h] and we

have a natural transformation A : E — D defined by A\g = Ay and \; = idg(; if i 2 1. It follows from (1.3.20)

that Of,g,g,h(M)MAg = (9E<M) = 6f,g,h,M- O

Let Q be a subposet of P given by ObQ = {0,1,2}. Let D,E : Q — & be functors and w : D — F
a natural transformation. We put D(7o;) = f; and E(ro;) = g; for j = 1,2. For an object M of Fpg(),
let war + Wi (M)(4,, 4] — w3 (Mg, 4,1) be the image of 1y, 4,(M) € Fr(o)(97 (M), 95(Mg, 4,1)) by the following
composition of maps.

g
* * W * * * *
Fr(0) (91 (M), 95 (Mg, 421)) — F(o)((9100)" (M), (g2w0)" (Mg, 421)) = Fp(o) (w1 f1)" (M), (w2 f2)" (Mg, 4.1))
Cwy b1 (M) Cu, 13 (Mg g0))3 " - -
= == — Fpo)(f1 (Wi (M)), f3 (w3 (Mg, g.1)))
Fp) @i (M)is, g0 w3 (Mg, 92))
Remark 1.3.29 (1) If D(i) = E(i) and w; is the identity morphism of D(i) for i = 1,2, then wys coincides

with My, : My, f2) = Migiuo,gow0) = Migy,go]-
(2) 1t follows from (1.3.2) and the definition of wys that the following diagram is commutative.

Py o (W] (]W))“’;(M[yl ,92))
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Cwy.f1 (M) wg(Lngz(M))

fi(wi(M)) (w1 f1)* (M) = (g1wo)* (M) (92w0)* (Mg, g.1)
Lfl,h (wi (M) H
* * f3 (war) % * Cuwy, fo (M91192 ) %
f3 (Wi (M) g, 1.1) f3 (W3 (Mg, 4,1)) L (waf2)* (Mg, 451)

Proposition 1.3.30 Assume that D(0) = E(0) and wg is the identity morphism of D(0). For an object N of
FE(2), the following diagram is commutative.

* * Cwa, Q(N):l * * * Cwi, 1(M)* * * * *
Fp(oy(gi (M), g5(N)) d Fp(0) (91 (M), f3(w3(N))) d Fpo)(fi (wi(M)), 5 (w3(N)))
JPgl‘gQ(M)N J/Pflvfz (Wi (M))ws ()
Fpe) (Mg, g1, N) ——=—— Fpo) (@i (Mg, ,1), w3 (V) ———— Fpa) (@i (M)z,, 1,0, w5 (N))

Proof. First we note that g, = w; f; for i = 1,2. It follows from (1.3.29) and the definition of wys that we have
f3(@nr)egy o (WE (M) = Cuy, o (Migy g01) ™ tg1,g0 (M) 5, (M). (1.3.2) and (1.1.11) imply
Can, 2 (N) T Pyy g0 (M) N (9) €y (M) = Cuog 1, (N) 71 95(9)2g g2 (M) oy 1, (M)
= f305(9)Cwn, 2 (Mg, 02)) ™ tg1,60 (M) ey, 1, (M)
= fawz (o) f3 (War)ep, o (Wi (M) = f3 (w3 (@)wnr)is, f (w1 (M))
— Ppyoga @] (M) 32 0 (@3 (0)onr)

for v € Fp(2)(Mg,,g.], V), which shows that the above diagram is commutative. O

Proposition 1.3.31 For a morphism ¢ : M — N of Fg(), the following diagram is commutative.

wi (M)[fl»fZ] = Wy (M[91¢92]>
L“)I(‘P)[fpfz] l‘“g (50[91»92])

Wi (N)gr.p) = w3 (Nigy o))
Proof. Tt follows from (1.1.11), (1) of (1.3.4) and (1.1.15) that the following diagrams are commutative.

Wg(Lngz (M))

Cuy 11 (M) ) ) . \
frwp(M) —22 (wi f1)* (M) = (g1wo)* (M) (g2wo)* (Mg, g.1) = (waf2)* (Mg, gs))
lf{‘wl*(w) l(glwo)*(w) l(gzwor(%l,”])

Cui,f1 Wg tg1.92
frop(N) =228 1y () = (grwn) () —2er2 D 0 (Nign aal) = (@2 £2)* (Nigy g)

N Cuwg, (]\/[g1
(w2 f2) (M[gl,g2]) S

l(“‘)?f?)*(‘)a[glywl)
* Cwy.f2(Nigy.g ])_1
(w2f2)*(Nig, g2) —— :

f2w2( gl,g2])
J/fz w; (‘p[gl,gg])
f3w5(Nigy,g21)

By applying (1.3.6) to the following commutative diagram,

Cuwy, fo (M[91,92])71“’g(L91 292 (M))cwy g1 (M)

Jrwi(M) fgw;(M[ghgz])

J{f1 wi ( J{f;w;(tp[gbgﬂ)
-1

Cwsy, f: (N[ s ]) Wn(bgl,gg(N))Cw f (N) . x
Twi(N) A - — f3w5 (Nig, ga1)

the assertion follows. O
Lemma 1.3.32 Let D,E, F : Q — & be functors and w: D — E, x : E — F natural transformations. We put

D(1o;) = f;, E(1o5) = g; and F(1o;) = hj for j = 1,2. For M € Ob Fg(), N € ObFp(z) and a morphism
@ hi(M) — h3(N) of Fr), the following diagram is commutative.
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Cx191,w0 (M) « % wo)*
wi((xagn)* (M) —2221=0 80 (1 grawo)* (M) = (haxowo)* (M) — 22y (o xown)* (V)

H P H

Wi (o) (M) —208D e (o)™ (V) = wiy(xag2)™ (V) 222200 (1 )= (V)

Proof. The following diagram is commutative by (1.1.12), (1.1.16) and the definition of wg.

Cx191,wo (M)

wi ((x191)*(M))) (x191w0)* (M) (h1xowo)* (M)

H H l(xwo)ﬁ(w
Chyxoswo (M) wh(xb(¢))

wg ((hixo)*(M)) (h1xowo)* (M) (haxowo)* (N)
Ficion s |
szgzwwo(N)

wg ((h2xo)*(N)) wg ((x292)"(N)) (x2g2w0)" (V)

O

Proposition 1.3.33 Let D,E,F : Q — & be functors and M an object of Fpy. We put D(7o5) = f;,
E(19;) = g; and F(10;) = hj for j =1,2. For natural transformations w : D — E and x : E — F, the following
diagram is commutative.

N Wyt (M) w5 (X M) /%
Wi (Xl( ))[fhfz] 14) Wo (Xl (M)[ghgz]) i Wo (X2(M[h1,h2]))
J{CXI»“’I(M)[flvfﬂ J{CX%WQ(M[thz])

(xw) m

(aw1)*(M)4,, 1] (xaw2)* (M[n, hy])

Proof. Tt follows from (1.3.2) and (1.3.29) that we have

Py 2 (@7 OG (M) 5 s (i, ) @3 00003 (a1)) = 5 (w03 ()@ (a0t (w3 (5 (M)
= f3 (W3 (xa0)) f3 (wyg (an)) ey g0 (w1 (X3 (M)
= 13 (@3 (M) Cusa o (X3 (M) g1g21) ™ 08 (g1 g0 (T (M) aoy 1, (XF (M)

Hence it suffices to show that the following diagram is commutative by (1.3.6).

£3 (@35 (xar)) s, 15 O (M) gy ,951) ™ W (b1 95 O (M) ewy 1y (X5 (M)

Fr(wi(x(M))) £330 (Miny o))
lfl*(cxbhq(M)) J/fz*(cxz,wz(M[hl,hQ]))
Cxgennfa (Ming ny) ™  (x0wo)? (thy ng (M))exywy 5y (M) . .
FrOaw)* (M) xevz e TTahall RN hihe e 13 (xowa)* (M, 1y)

It follows from (1.1.11) and (1.1.12) that we have

3 (@5 (xa0)) Cun, o O (M) gy,021) ™1 = Cum, o (O (Mg 1)) ™ (@2 f2)* (X)) = Cuon, o O3 (My 1))~ (92000) * (xar)
Cx1wi,f1 (M)ff (CX17UJ1 (M))cwhfl (XT (M))_l = Cx1,w1f1 (M) = Cx1,91w0 (M)
Cxaws, f2 (M[hl,/w] )fQ* (CXQ,wz (M[hhhg]))cwz,fQ (X; (M[h1,h2]))_1 = Cxa,wa f2 (M[h1,h2]) = Cx2,92w0 (M[hl,hz])'

Hence the commutativity of the above diagram is equivalent to the following equality.

Cx2,92w0 (M[hl,hz])(g2w0)* (XNf)wg(Lghgz (Xxl< (M))) = (Xowo)ﬁ(bfn Jho (M))CthlUJO (M) T (*)

The following diagram is commutative by (1.1.11) and (1.3.29).
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wiy (X (thy hy (M)))

wg ((h1x0)™(M)) wg ((h2x0)" (Min, hs1))
wi ((x191)" (M) w§ ((x292)" (M{p, ns))
e exso 20 Tt exnnn i )
o Gl s OGOD) w3300,
wg (97 (X1 (M))) ——2= w5 (93 (X1 (M) (g, ,62])) e w5 (93 (X5 (M, ha])))
Jeor a0 o210 06 (M) .31 Jeam0 063 01y )

wh(tgy 95 (X7 (M))) (g2w0)* (xar)

(9200)" (X3 (M) gy,95]) ——— (92w0)" (X2 (Min, hs]))

(g1w0)" (X1 (M))
Hence the left hand side of (%) equals
Cxasgaero (Mina a])€gz.0 O3 (Miny a5 (Cx g2 (Mina o)) ™ 05 Ot (ehs o (M) (€t g0 (M) e, 00 (03 (M)

= Cx2g2,w0 (M[hhhz])wg (X?)(th,im (M)))thglwo (M)_chhglwo (M)
= (Xowo)ﬁ (thhz (M))CthlWO (M)

by (1.1.12) and (1.3.32) for N = My, p,) and ¢ = tp, n, (M). O

Proposition 1.3.34 For functors D,E : P — &£, we put D(7;;) = fi; and E(7;;) = gi; and define functors
Di,E;: Q— €& fori=0,1,2 as follows.

Do(0) = D(0) Do(1) =D(3) Do(2) =D(5) Do(r01) = fizfor Do(702) = fasfoz
Eo(0) = E(0) Eo(1)=E@B) Eo(2)=E®B)  Eo(ro1) = g13901  Eo(702) = g25902
D1(0) = D(1) D:(1)=D(3) Di(2)=D(4) Di(ro1) = fi3 D1 (702) = f1a
E(0)=E() E(1)=E3) Ei(2)=E@4) Ei(r1)=93 Ei(702) = g14
Dy(0) =D(2) Dy(1)=D(4) D2(2)=D(5) Da(r01) = fou Dy (102) = fo5
EQ(O) = E(Q) E2(1) = E(4) E2(2) = E(5) EQ(TQl) = 324 EQ(TOQ) = g25

For a natural transformation v : D — E, we define a natural transformations v* : D; — E; (i = 0,1,2) by
W= N=7 B=1 N=" MN=" %=Y %N=" HN=mn1 %B=7r
For an object M of Fgy1) = FE(3), the following diagram is commutative.

Yo

,yg (M)[f13f01»f25f02] 7§<M[913901,925902])
|oo ) |0

2
1
(V) 1£24. £25] TMg15.914]

(’Y;(M)[f137'f14])[f24,f25] (fYZ(M[9137914])>[f247f25] ryg((M[913,914])[924>925])

Proof. By the naturality of Py, o, fss for (V3 (M)) and the definition of 78, 2 (0(M))+Y, is the image of the
following composition by Py, fo. f25 fon (73 (M ))vg‘((

Migi5.9141)[924.9251)°

* (% €3, (M) * % n(L L925902 (M))
(fisfor)* (5 (M) Z2L80000 (s 14 fir )" (M) = (gusgoryo)* (M) —iaason sz

—1
Cvs. fa5 for (Mg13901.9259021)

(92590270)*(M[9139017925902]) = (75f25f02)*(M[913901,925902])
(f25f02) (75 (M[9139017925902])) s . (f25f02) (75 ((M[913,g14])[924,925]))

On the other hand, ’712\4[9131914] (V31) s, 125100 (73 (M))) is the image of the following composition.

(v (M)) (f25f02)" (0D (73 (M)))

(f13f01)*(fy§(M>) “f13f01:/25 o2

(f25f02)* (('7; (M)[f13,f14])[f247f25])

(f25f02)*('y§/1[913)914]) * (%
(f25f02) (75 ((M[913,914])[924,925] ))

(f25f02)* ('7; (M)[fmfm,fgsfoz])
(f25£02)" (V30 F24. F25])

(f25f02)* ((’YZ (M[913,g14] ))[f24,f25])
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We see that 7]2\% (VA1) s, f25100 (73 (M))) is the image of the following composition by applying (1.3.18) to

13,914]
the first two morphisms in the above diagram.

£81(eprg.p1a (73 (M)

(fi3fo1)" (v3(M))

(f14f01) ( ( )[f13 f14]) (f24f02) ( ( )[f13 f14])

# *
fo2 (Lf24,f25 (v3 (M) [f13 ,.7"14]

v s (F25£02)" ((Var) 24, f251)
(f25f02) ((73(M)[f13,f14])[f24,f25]) —

* * (f25f02)*(7%/f[9131914]) (v
(fas fo2) (('74(M[9137914]))[f24,f25]) (f25fo2) (’75((M[9137g14])[9247g25]))

Hence it suffices to show that the following diagram (4) is commutative.

Cvg, (M) % %
(Fisfor)* (3 (M) —20s (95 f13 for)* (M) ———— (g1390170)" (M)
J{fg1(Lf13wf14('V§(M))) J{’yg(L913901>925902(M))
(f14f01) ( ( )[f137f14]) (92590270)*(M[9139017g25902])
(faafo2)* (73 (M)1£15, £14)) (v5.f25 f02)" (Mg, 901,925 902])
J{foz(bfm,fzs(Vg(M)[flsan])) J{c’vs»fzsfm(M[913901’925go2])71
(f25f02)*((7;(M)[f137f14])[f247f25]) (f25f02)*(’)/g(M[9139017925902]>)
|2s02)" (@hodtsza s T ) |02y oz 05 a0)
. . 25f02)" (Va0 .
(f25f02) ((74 (M[g13,914]))[f24,f25]) Lt (f25f02) (75((M[g137g14])[9247925]))

diagram (7)
The following diagram (i7) is commutative by (1.1.11) and the definition of f§2.

. -1
Cfag. foz (V3 (M) (415, 114])

(f24f02) (73( )[f13,f14}) f§2(f§4(7§(M)[f13,f14]))

lfoz(bfu fas (’YS(M) [f13:f14] )) lf&z(bfzrbfzs('Y:;(M)[hzvfm]))
5. fo2 (V3 (M) (£y5,£141) (F24.F25])

(f25f02)*((7§(M)[f13,f14])[f247f25]) fg2(f;5((7§ (M)[f137f14])[f24,f25]))
l( oo (ke raspa) lf&(f;s(w}v,)[fm,f%]))
(#2020 (5 (Mg gy, ) 622202t i (0 (Mg g 1, 1)
l(fzsfoz)*("/ﬂ[gls’gml ) lfgz(fz*‘r’ (712”[913,914] )

Cfas,fo2 (5 ((M[9137914])[9247925]))

(fa5f02)" (3 (Mig,5.914)) [924.9251))

162 (f2*5 (’7; ((M[gls ,914] ) [924,925] ))
diagram (i)

It follows from (1.3.4), (1.3.2) and the definition of 'yﬁ/[[glg oial that the following equalities hold.
f2*5((711\/[>[f24,f25] ))Lf247f25 (’yék(M)[fl37fl4]) = Ufay, fos (WZ(M[glsng]))f;Zl(’y]lW)
f2*5 (7%/[[913,914] )[’f24,f25 (’YZ (M[913,914] )) = Cys,fa5 ((M[gm,gm] ) [913,914] ) _175 (L924,925 (M[gls,gm} ))C’Y47f24 (M[glz,gm])

Hence the composition of the right vertical morphisms in diagram (i7) coincides with the following.

f8<2(f55 (’712\4[51&914] ))f52<f55((711\4)[f247f25]))f(>)k2<Lf247f25 ('Y;: (M)[f13,f14] ))
3R D ia(etuntan (0 (Mg ) i U (7))
= fakQ (0751f25 ((M[gm,gm])[9137914])71)f(TQ (’75(@247925 (M[g13,914] )))f& (C'Y4>f24 (M[9137914]))f6k2(f;4(7}\4))

Since f6<2(f2*4(7%/[))cf247f02(’Y;(M)[fl?,,fu])il = Cf247f02(’VZ(M[913,g14]))71(f24f02)*(7%/[) by (1'1'11)7 the commu-
tativity of diagram (i¢) implies that the composition of the right vertical morphisms and the lower horizontal
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morphism in diagram (¢) coincides with the following composition.

% FE (prg 14 (73 (M) K % (f1afo1)™ (var) -
(fizfor)* (73 (M) 22Dl ® (Frafor)* (V5 (M) s, 11a])) ——m 20 (fra for) (v (Migrg g0a))) =

“(7; ¢r20.502 (3 Miorg 1) " pw 13234, 124 Migs 914)))
(f2afo2)" (72 (Mgy5,:4])) e E Jo2(f24(vi (Mg5,,47))) s

; * * . F32 (Vi (ta34 905 Mig15.9141)))
Foa((vafaa)* Mgy 6141)) = fi2((92472) " (Mg y,g14))) 2o 10001

fg2((92572)* ((M[913,914})[924,925])) = fg2((75f25)*((M[913,914])[924,925]))

* * % Cf251f02('75((M[g13»914])[y24»y25])) (%
f02 (f25 (’)/5 ((M[g137914])[g247925] ))) (f25f02) (75 ((M[913,914])[924,925] ))

diagram (i74)

« -1
f02(075,f25 ((M[9131514])[9131514]) )

Next, we consider the composition of the upper horizontal morphism and the right vertical morphisms in
diagram (). It follows from (1.1.11) and (1.3.18) that the following diagram is commutative.

Vo (981 (tg13,914 (M)

76 ((913901)" (M) 76 ((914901)" (Mg1;,4,4))) == 16((924902)" (Mig,3,914]))
J{”/g (tg13901.925 902 (M)) % (932(%24:925 (Migy5.914] )))J/

75 ((925902)* (0 (M))) * *
o\g25902) (Y 76 ((925902)" (Migy5,914])[924,925]))

* *
70((925902) (M[9139017925902]))
lcgzs 902,70 (M1g13001.9259021) €g25902-70 (Mg13.9141) [924.925] )J

(92590270)* (01(M)) *
92590270)" (08 (92590270) " (Mig15.914])[g24.925)

% (v5 f25 fo2)" (0 (M) *
('75f25f02) (M[9139017g25902]) - 2 ('75f25f02) ((M[g13,g14])[g247925])

(92590270)* (M[glsgm ,925902] )

—1

-1
J{CWSvf25f02 (Mig,5901.9259021) s 525502 (Mig13.914)) (924,951 J{

K% (f25 fo2)" (v5 (0 (M))) Kl %
(f25f02) (75(M[g139017g25902])) = 2 (f25f02) (’75((M[g13,g14])[gz47g25]))

Since 780913901,925902 (M)) = Cgasg902,70 (M[glsgm,gzsgm] )’78 (L9139017925902 (M))cfhggmﬁo (M)_17 it follows from the

above diagram that the composition of the upper horizontal morphism and the right vertical morphisms in
diagram (i) coincides with the following composition.

(s for)* (g (M) 2o 0D, b fon)* (M) = (guagonno)™ (M) 2222007000 e (g15001)* (M)

Yo (931(%13,914 (M))) Yo (93209241925 (Migy3,9141)))

Y0 ((914901)" (Mg,5.,9141)) = 70 ((924902)" (Mg,5.141))

€925902:70 ((M[913,914])[924>925])

78 ((925902)* ((M[gm ,914] ) [924,925] )) (92590270)* ((M[913 ,914] ) [924,925] ) =

Cs.f25 fo2 (Migrs.914))[924.9251) -
) B S (f25f02) (75((M[9137914])[9247925]))

(75 f25902)* ((M[g13 ,914] ) [g24,925]
diagram (iv)

The following diagram is commutative by (1.1.11), (1.1.12) and (1.3.29).

(f13for)* (3 (M)) ©1a.fafon (1) (v3fi3.fo1)* (M) (91371 for)* (M)
lcf13=f01(7§(M))71 073f131f01(M)71l 091371af01(M)71J/
fir (s (3 (0)) —Lmtss B g (o, £1) (1) fir(g1371)* (D))
fér (wi‘um,gM(M)))l
F51 (i, 110 (03 (M) for((vafra)* (Migy5,9.41)) fo1((g1am)* (Mg,5,,41))
orernna Mg emirsotor Mg
Fin (143 (M) g ) 2O e (o (37 (Mg 1)) (91471 for)* (Mg, g02)
Jensn (50D 1) Jenaion 07 Mgy 01) H

il (f1afo1)* (var) . y4.f1afo1 (Migi3.914]) "
(f14f01) (73(M)[f137f14]) 41%) (f14f01) (74(M[9137914])) (74f14f01) (M[g13,914])
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Hence the following diagram is commutative by (1.1.12) and (1.1.16). Here we put N = Mg, 4., below.

(f13fo1)* (3 (M)) rootiafor (M) (v3.f13f01)" (M) (91390170)" (M)
lfgl(Lfls,fM(vg(M))) H Y5 (961 (tars 014 (M))) lcmgm,m(M)*l
(frafor)" (3 (M) (115, 1147) (91371.fo1)" (M) 76 ((913901)" (M)
l(fmfm)*(%lu) f&(vfuglg,m(M)))l 76 (961 (tars. m(M)))l

(frafor)* (vi(NV)) (91490170)* (V) Corssor 20 () 76 ((914901)* (V)

Cya.frafor () H H

¢ o (V) *
(f2af02)" (72 (N)) (92490270)" (IV) e 76 ((924902)* (V)
lcfuvf[m (i)~ H 73(932@924,925 (N)))l
fékQ(fék4(721k(N))) (74f14f01 ) ’yg((925902)*<N[9247925]))
lfgz(c‘m,fm (V) H €925902:70 (N[9241925])l
Cr. foz (N) *
foo((vafaa)*(N)) Ll (Yafaafo2)* (N) (92590270)* (N(go4,g25])
H C H - |
Fia(gaana)* () 2220250200 (g ) (W) — L2020 ®D o o o) (Nignesgns)
lf* ( ti( (™) Cfa5v2. oz (Nigaq.925]) (N )T
0272 (Lgay, 925 Cv5.f25 fo2 \ 1V g24,925]
fg2((g2572)* (N[9247925] )) (f25 f02)* (,yg (N[9241925] ))
H Cfas.fo2 (V5 (N[924x925]))T

f6k2(<75f25)* (N[g24,925])) f6k2(f55 ('Y; (N[9247925]))

We see that the compositions of diagram (i4i) and the compositions of diagram (év) coincide, which implies the
assertion. 0O

V8 (952 (tg24,925 (V)

Cys fas.fo2 (Nigaq,925))

f;z (C‘Vs,f25 (N[924,925])71)

1.4 Right fibered representable pair

Let p : 7 — &€ be a normalized cloven fibered category. For morphisms f: X — Y, ¢g: X — Z in £ and an
object N of Fy, we define a presheaf Fi/9 : FO¥ — Set on Fy by Fi/(M) = Fy4(M,N) = Fx(f*(M),g*(N))
for M € Ob Fy and ij,’g(go) = Fr4(p,idn) = f*(¢)* for ¢ € Mor Fy.

Suppose that F J(,’g is representable. We choose an object N9 of Fy such that there exists a natural
equivalence Ey 4(N) : F]J:,’g — hyif.el, Where hyirq is the presheaf on Fy represented by NS It X =Y
and f is the identity morphism of X, we take g ( ) as NU4x:9l Hence Fiqy ,(N) is the identity map of
Fx(M,g*(N)). Let us denote by 7rf_,g( ) 1 fH(NIa) % g *(N) the morphism in Fx which is mapped to the
identity morphism of N9l by E;  (N) s : ]—'X(f*( Fal), g*(N)) = Fy (N9l NIFal,

Definition 1.4.1 We say that a pair (f,g) of morphisms f : X =Y and g: X — Z in & is a right fibered
representable pair with respect to an object N of Fz if the presheaf F{,’g on Fy is representable. If (f,g) is a
right fibered representable pair with respect to all objects of Fz, we say that (f,g) is a right fibered representable
pair.

Remark 1.4.2 If f* : Fy — Fx has a right adjoint f : Fx — Fy, F]{,’g i FyY — Set is representable
for any object N of Fy. In fact, N9 is defined to be fig"(N) in this case and (f,g) is a right fibered
representable pair for any morphism g in & whose domain is X. If we denote by ad&P  Fx(f*(M),P) —
Fy (M, fi(P)) the bijection which is natural in M € ObFy and P € Ob Fx, we have Ef o(N)y = ad‘]fw)g*(N) :
Fx(f*(M),g*(N)) = Fy (M, fig*(N)). Let us denote by e/ : f*fi — idr, the counit of the adjunction f* — fi,
then we have wy 4(N) = 55*(N) C fH(N9) = f*fig*(N) — g*(N). We note that if f* has a right adjoint if and
only if (f,idx) is a right fibered representable pair.

Proposition 1.4.3 The inverse of Ef.,(N)ar:Fx (f*(M), g*(N))— Fy (M, N9 is given by the map defined
by = mr.g(N)f*(p)-
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Proof. For ¢ € Fy (M, N/:91), the following diagram commutes by naturality of E¢q4(N).
Fx(f1(Nal), g*(N)) ——"— Fx(f*(M),g*(N))
lEf-,g(N)N[f,g] lEf,g(N)M
Fy (Nl NIfsly 27 7 (M, NIl
It follows that E; 4(N)a maps my4(N)f*(¢) to . O

For a morphism ¢ : L — N of F, define a natural transformation Fg’g : Fg’g — Ffi,’g by
(FL9)w = g7 ()« FLO(M) = Fx (f*(M), g%(L)) = Fx(f*(M),g"(N)) = F{*(M).

It is clear that Fl’;’j = FJ’QFJ’Q for morphisms ¢ : N — P and ¢ : L — N of Fz. If (f,g) is a right fibered
representable pair with respect to L and M, we define /29! : LIf:9] — N9l by

PP = Ep o (N)pisa (FL9) 1o (75,6(1)) = Epg(N) i (97 ()77, (L)) € Bir.or (L)

Proposition 1.4.4 (1) The following diagrams commute for any M € Ob Fy.

£ (L9 BEA G IN f* (N9 Fx(f*(M),g*(L)) SCNC NN Fx(f*(M),g*(N))
[rrat [rat) |Er ot |Er o
g (1) —" s (W) Fy (M, L) — 2 (M, N9

(2) For morphisms 1 : N — P and ¢ : L — N of Fz, we have (o)lf-9 = lf:alplf:al,
(3) If g* : Fz — Fx preserves monomorphisms (g* has a left adjoint, for example) and ¢ : L — N is a
monomorphism, so is gp[f’g] . L9l 5 Nlfdl

Proof. (1) We have E; 4(N) 7.0 (g* ()7 5.4(L)) = 59 by the definition of /9. On the other hand, it follows
from (1.4.3) that Ef,(N)pir.0(7se(N)f*(@lH9)) = olF9l. Since E; (N) i is bijective, the left diagram
commutes.

For ¢ € Fy (M, Ll ’9]), it follows from 1.4.3 and commutativity of the left diagram that we have

T (0)Erg(L)3f () = g*(0)m 16 (L) F* () = mpg (N) f* (DP9 f* (1) = 77, (N) £+ (0190)
= Epo(N) 3 (099) = By o (N) 3 o ().

Hence the right diagram commutes.
(2) The following diagram commutes by (1).

Fx(fA(LVal), go(L)) —ZD s Fo(p (L), g*(N)) — s Fo(po(LVal), g*(P)))

J{Ef,y(L)L[f.g J{Ef g(N) [f.g] lEf,g(P)L[ﬂg]
Fy(Llral plray 9 plnd Nlraly Y g ikl plrg)

Epengrgc df[f’%[f’g] SN Gid 1y ) = Epg(P) i (6% ()" (9)75.6(L)) = Ejg(P) o (9 () (L)) =
@)9l.

(3) is a direct consequence of (1). |

Remark 1.4.5 Suppose that f* : Fy — Fx has a right adjoint fi : Fx — Fy. For a morphism ¢ : L — N of
Fz, we have o9 = fig*(p) : L9 = fig*(L) — fig*(N) = N9l In fact, if we denote by n' :idr, — fif*
the unit of the adjunction f* = fi, we have o9 = Ex(N) 1.0 (g*(p)7s4(L)) = ad{[f’fl],g*(N) (g*(gp)e:;*(m) =

fig* (e )f‘( L))nf,g (L)~ = fig*(¢)-

Lemma 1.4.6 Let ¢ : f*(L) — g*(M), ¢ : f*(N) — ¢*(K) be morphisms in Fx for L, N € ObFy, MK €
ObFz. Let ¢ : L — N be a morphism in Fy and ¢ : M — K a morphism in Fz. We put { = E;qo(L)m(6)
and ¢ = Ef o(K)n(C). The following left diagram commutes if and only if the right one commutes.

32



F1(L) —— g"(M) 1 & ulte

lf () lg*(w) iga ] lw[f,g]

N) — g*(K) N — Klfdl

Proof. The following diagram is commutative by (1.4.4) and the naturality of E; ,(K).

Fx(f* (L), g* (M) —2 s Fe(£4(L), g*(K)) < F(f4(N), g*(K))
lEf (M) lEf,_c,(K)L lEf7g<K>N
Fy (L, M[fg]) L Fy (L, Kl P Fy (N, Klf-9])
Since € = By o(L)a(€), ¢ = By o(K)n(C) and Ey o(K)y is bijective, g* ()€ = g*(1). (&) = f*()*(C) = Cf*(¢)
if and only if ¢l/9l¢ = w“-"% £) = v*(C) = Co. O

For morphisms f: X =Y, g: X - Z, k:V — X in £ and N € Ob Fz, suppose that (f,g) and (fk, gk)
are right fibered representable pairs with respect to N. We define a morphism N¥ : N9l — NUF9K of Fy by

N* = Epp i (N) s (i (7,9(N))) € Fy (N9 NIR9K),

Proposition 1.4.7 (1) The following diagram commutes for any M € Ob Fy.

K K o (Trg (V)
Fx(f*(M), g*(N)) 2% Fy ()" (M), (gk)* () (fk)* (N19)) (gk)*(N)
Nk Tk,gk(N)
]—‘y(M,N[f’g}) S L SN }‘Y(M,N[fk,gk]) (fk)*(N[fk,gk])

(2) For morphisms f : X »Y,g9: X > Z, k:V =X, h:U =V and M € ObFy, suppose that (f,g),
(fk,gk) and (fkh,gh) are right fibered representable pairs with respect to N. Then, k:V — X andl:U =V
in £ N*h — NhNF,

(8) The image of the identity morphism of k*(N) by Ex x(N)n is N¥: N = Nlidxidx]  NIkE 45 X = 7.

*(N* Tk k
composition = idxyidx]y 227 2y N NRLLICIN
4) A ition k*(N E* (N lidx idx] k*(N") I+ (NEAA] ke (N)
k*(N) if X = Z.

k*(N) is the identity morphism of

Proof. (1) For ¢ € Fy (M, NU9l) it follows from the naturality of k?\/f,zv and (1.4.3) that we have

i nErg(N)af (9) = Ky (1,0 (N7 (9)) = Ky w7 (0)" (v (N)) = 5 (9) Klyiy.01 x (77,9 (N))
= () Erogh(N) gl (N®) = Tk, gh (N) f*(NF) () = T pr,gi(N) f* (N )
= Tpk,gk (N) [ (N%)2(9)) = Efrogr(N) 3/ (N¥)u ().

The commutativity of the right diagram follows from (1.4.3) and the commutativity of the left diagram for the
case M = Ndl,
(2) The following diagram commutes by (1).

f

h
Fx (f*(NU9D), g*(N)) Fu((FR)*(NU9D), (gk)*(N)) — 222 Fyp(fRR)* (NIF91), (gkh)* (N))
lEf d(N) n17.9] lEfk,gk(N)N[f,gl lEfkh gkh (V) N 1£,9]

Fy (N9l Nl * Fy (N9l NIfk.gk]) * Fy (N9l NIfkh.gkhly

N9l N

It follows the above diagram and (1.1.16) that

N'NF = Nfo@dN[f a) = Efkh,gkh(N)N[fng (hgv[f q] ng\f[f g, (7Tf g(N)))

= Eftkn,gkn(N) n fgl((kh)N[fg (mrg(N))) = N*-.

(3) Apply (1) for M =N, Z=Y =X and f =g =idx.
(4) Tt follows from (1.4.3) that Ej 1 (N)y : Fx(k*(N),k*(N)) — Fi(N, NFE) maps 7 . (N)E*(N*) to
N*: N — N+ Thus the assertion follows from (3). O
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Remark 1.4.8 Suppose that the inverse image functors f* : Fy — Fx and (fk)* : Fy — Fy have right
adjoints fi : .7-"X — Fy and (fk) : Fy — Fy, respectively.

(1) Since k(s 5 (75.9(N)) = g (NE* (1. () )erp (N9 71 by (1.4.2) and

Ejpogi(N) yir.o) = ady; Fu((fR)" (NF9), (gk)"(N)) = Fy (NU91, NIE9H)

.91 g% (N
maps ¢ € Fx((fk)* (N9 (gk)*(N)) to (fk)g(go)nﬁf:g], Nk . N9l — NUEIEL coincides with the following
composition.

nlk

N[fvg] "Inls.9) (fk) (fk) (N[th]) (fk')!(Cf,)g(N[f‘Q]))fl

(FR)k* f*(NY9)) = (Fk)k* £ fig™ ()

(fE)E"g"(N) (fk)i(gk)*(N) = N/k.gk]

We remark that N* is the adjoint of the following composition with respect to the adjunction (fk)* 4 (fk).

(e vty SO g vtaly e g g (0) S0, g () 2200, gy )
(2) The following diagram commutes by (1.4.7) if X =Y =7 and f = g = idx.
Fx(N, Nlidxidxly Nz ik
J{(adjﬁfdﬁ(u\,))*l J{(adf\,,k*(l\,))fl

Fy(id (N),idig (N)) — 5% 7 (b (), 1 (V)

Since id’% is the identity functor of Fx, so is idx). Hence N¥ : N = Nlidx idx] _y NkK] — ki\k*(N) is identified
with the unit n% : N — kik*(N) of the adjunction k* - ky by the above diagram.

Proposition 1.4.9 For morphisms f : X - Y, g: X - Z, k:V — X in & and a morphism ¢ : L — N of
Fz, the following diagram commutes.

L] L NLfdl
e [
rirkgkl 2T Nk gk

Proof. The following diagram commutes by the naturality of k.

#

Fx(f*(M), g*(L) — 0y Fo(fR)* (M), (gk)* (1))

L{f(s@)* . l(gk)*(w)*

kM,N * %
Fx(f*(M),g*(N)) ————— Fv((fk)" (M), (gk)*(N))
Then, it follows from the commutativity of four diagrams

Efg(L)m

Fx((M),g"(L)) Fr(MIV9)  Fy((fR) (M), (gh) (L)) —2B 7y (M, LUkoH)

lg*“o)* Lo&f'g] l(gk)*(w)* Lo&f’wk]

* % Ef ¢(N)m [£,9] " x Efp gk(N)m [fk,gk]

Fx(f*(M),g"(N) Fr(MNUS)  Fy (k)" (M), (gk)*(N)) 2200, 7y (0, NUkob)
Efq(L)m Erg(N)m

Fx(f*(M),g7(L)) Fy (M, LTy Fx(f*(M),g*(N)) Fy (M, Nl

# k # k
[¥6s |1 [Fin [

Fy ((Fk)* (M), (gh)* (L)) 220 7 (v, LUIRsM) - Fy ()= (M), (gh)=(N)) 22200 7 g, N1k

and the fact that Ey (L) : Fx(f*(M),g*(L)) — Fy (M, LI9]) is bijective that the following diagram com-
mutes for any M € Ob Fy.

34



[f,9]
Fy (M, LIT9]) e Fy (M, NF9])

[z [
[fk gk]

Fy (M, LUk9k] e Fy (M, NUk.9k])
Thus the assertion follows. |

Remark 1.4.10 We denote by o : L9 — NUFIE the composition N¥@lf9l = plR9kILE  For morphisms
W =T, W=Y,h:U—W in&, it follows from (1.4.9) that the following diagram commutes.
(NUal)lig] O

l(N[f,g])h l(N[fhyk])h

(NUalylimgn _OM g gh g

(NFE.gk])[i.]

Namely, we have (NUFgENh(NEYEIT = (NF) R (N9 which we denote by (N*)* for short.

For morphisms f : X - Y, g: X - Z, h: X — Win £ and N € ObFy, we define a morphism
efoh . (Nloh) 9l 5 NUHL of Fy to be the image of g, (N)wy o(N9H) € Fx (f*((No-h)H9l) p*(N)) by

Efn(N)vtonyiral : Fx (fF (NI p*(N)) = Fy (N10H)F9] NI,

Proposition 1.4.11 The following diagram commutes for any M € Ob F.

Tg,n(N)«
e,

Fx(f*(M),g*(Nloh)) Fx (f*(M), = (N))

J{Ef.g(N[g‘h])M J{Ef‘h(N)M
ehrah
Fy (M, (N[g,h])[f,g]) N ]:Y(MvN[f,h])

Proof. For ¢ € Fy (M, (No5:9]) by the definition of ef;*" and the naturality of Ef;(N), we have

71'gJL(N)*Ef,g(N[g’h])JT/Il(S") = Tgn(N)7y, g(N[g’h])f*(‘P) = f*(p)" By, h(N)(N ENER) (J\?g’h)
= Ern(N)pf 0" (") = Epn(N) 3/ el ().
O

We note that e{\}g’h . (Nlorhf9l 5 NP s the unique morphism that makes the diagram of (1.4.11)
commute for any M € Ob Fy .

Remark 1.4.12 If f* : Fy — Fx and g* : Fz — Fx have right adjoints fy : Fx — Fy and g1 : Fx = Fz,
the following diagram is commutative for any M € Ob Fy by the naturality of ad’.

Fx(F (M), g*guh*(N)) — 05 7 (7). h* (M)

f
ladM,g*gyh*(N) J/adM h*(N)

Ji(e s (ny)=
Fy (M, fig*gih*(N)) S Fi(M, fib*(N))
It follows that e§*" = fi(e4. x)-

Lemma 1.4.13 For morphisms f : X - Y, g: X - Z, h: X - W, k:V = X in & and a morphism
p: M — N of Fw, the following diagrams are commutative.

f.9,
(Mlomysa) D s (Vo gl N i)
l(wlg R1y[f,9] Jap[f’h’] l(N lNk
fk,gk,
(VoA gl N i (Nloknkl ikl N kg
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Proof. The following diagram is commutative by (1) of (1.4.4) for any L € Ob Fy-.

Fx(fo(L), g" (Mlonly) Ter e o pe(r) he(M))

lg*(w[g’h])* lh*(so)*

Fx(f(L),g" (Nloonlyy o2y o pe(r) ne(N))

Hence the following diagram commutes by (1.4.11) and (1) of (1.4.4).

6.7‘39;’1
Fv(L, (M[g»h])[f,g]) M. ]:Y(L7M[f,h])

lw[g,h])[*fwg] Lp[*f.h]
elah
Fy (L, (Nlomhlfa)y N 7 (L, NI

Thus the left diagram is commutative.
For M € Ob Fy and & € Fx(f*(M), g*(N9")), it follows from (1.4.7) and (1.1.15) that we have

Ttk (N) () (NFVES i (6) = Byt (o n (ND)ES 10y (€) = Ky (g n (N)).
This shows that the following diagram commutes.

g, n(IN)x

Fx (f*(M), g*(NloH)) Fx(f*(M),g"(N))
J{(gk) NFYVE lkg\“\,
Fu((FR)* (M), (gh) (Nlkhk)) T 00 7 (£ (M), ()" (V)
The following diagram commutes by (1) of (1.4.4) and (1.4.7).

#

ks wloon) (gk)* (N*).
Fx(f*(M), g~ (Nlohly) 222 7 (fhy=(M), (gh)* (Wloomlyy 20 7 (5= (M), (ghy (Nloknkl))
J{Ef,g(N[g’h])M J{Efk,gk(N[g‘h])M J{Efk,gk(N)IvI
(Nlg:hlyk [ (NF)Lf gkl

Fy (M, (Nhhifaly 2= 7y (M, (N9H)Fk9k])

cfy (M, (Nlgk:hE [k gkl

Since (N*)F = (NF)Fkgkl(N1g:hI)e "it follows from (1.4.11) and (1) of (1.4.7) that the following diagram com-
mutes for any M € Ob Fy.

b

Fy (M, (Nlo:h1)l5]) N Fy (M, N

l(N"')’i le
fk,gk,hk
Fy (M, (NlgkhkDFkgkly N p o NLFkRE]

Thus the right diagram is also commutative. O

Proposition 1.4.14 For morphisms f: X =Y, g: X > Z, h: X - W,i: X =V in £ and an object N of
Fv, the following diagrams are commutative.

%/ g hyi is[f.g
g (NIl laly R e gy (NTraylomyifl (NI galyirg)
J{”g,h(N[h’i]) Jﬂ'g,q‘,(N) J{ L f]h il Jf{v’g"i
fih,i
h*(N[h;L]) i (V) Z*(N) (N[hﬂ])[f,h] eN N[fﬂ]

Proof. Tt follows from the definition of €% and (1.4.3) that
N (V1) = By (N) o () = s (N} ()
Th,i\4¥)Tg,h 9,1\ ) (il la.n \EN gV )g (€n ).

Hence the following diagram commutes for M € Ob Fy.

36



Th,i ()«

Fx (f*(M), h*(N)) Fx (f*(M),i*(N))

Therefore the following diagram commutes by (1.4.11) and (1) of (1.4.4).

9,h,iN[f,g
Fy (M, (N1-il)lg.n]) (9] Jy ("D Fy (M, (Nlo:il) .91
el [ghhq] J{e{\,fl
el .
Fy (M, (N N 7 (M, NI

O

Proposition 1.4.15 For morphisms f : X — Y, g : X — Z in £ and an object N of Fz, the following
compositions coincide with the identity morphism of N91.

NlFal = (Nlfalyliayiay] YD rains N yira)

N9l :(N[idz7idz])[.f,g] (Nl (N[g,g])[f,g] el N9l

Proof. The following diagram commutes for any M € Ob Fy by (1) of (1.4.7) and (1.4.11).

e ™
Fy (idy (M), idjy (NU9l)) 500 (), pr(alyy B (e (0, g* (V)
J{Eidy,idy(N[f'g])IM J/Ef,f(N[f’g])N J{Ef,g(N)IVI
Fyp (M, (NUalylidwaasly DL Ntralyingly W o Niral)

It follows from (1.4.3) that el 9(NU9) . Fy (M, NP9y = Fy (M, (NU9)lidvsidely 5 B (M, N9 s the
identity map of Fy (M, NS> 9])
The following diagram commutes for any M € Ob Fy by (1) of (1.4.4) and (1.4.11).

* * 7 % F(N). * Tg,q(IN)x * *
Fx(f*(M), g* (Nlididvl)) 2 F(f(M), g* (N1o9h)) Fx (f*(M),g"(N))
J,Efvg(N[idY’idY])M J,Efﬂg(N[g‘g])M J,Efyg(N)M
Fy (M, (Nlidvidv1)f.g]) (V)] Fy (M, (Nlo-al)[f:9] L Fy (M, N9l

Since the composition of the upper horizontal maps of the above diagram coincides with the identity map of
Fx(f*(M),g*(N)) by (4) of (1.4.7), the composition of the lower horizontal maps of the above diagram is the
identity map of Fy (M, N[f:g]). :

Let f: X =Y, g: X — Z, h:X — W be morphisms in £ and L, M, N objects of Fy, Fz, Fw,
respectively. We define a map

XE9 e+ Fy (L, MU9) 5 Fp (M, N9y — Fy (L, N

as follows. For o € Fy (L, M) and o € Fz(M, N9 let x} ’g’ '~ (9, ) be the following composition.

L& plfal 220 (laay s ﬁfv"”h) NIFA]

Proposition 1.4.16 The following diagram is commutative.
Fx(J*(L),g"(M)) x Fx(g* (M), h* (N)) S22 Fye(f*(L), h*(N))
|Ers02x By ()0 |Ernann

Fy (L, M9y x Fy(M, No-H) Fy (L, N

XL, M,N
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Proof. For ¢ € Fx(f*(L),g"(M)) and § € Fx(g*(M),h*(N)), we put ¢ = Ey (M) (C) and ¢ = Eg n(N)n(8)-
Then, we have /-9l = Efq(N[g’h])L(g (¥)¢) by (1.4.4). Tt follows from (1.4.11) and (1.4.3) that

el plhalp = L9 By o (N (9" (1)C) = Efn(N) L(mgn(N)g™ ($)C) = E n(N)1(€C)-
Thus the result follows. O
For a functor D : P — £ and an object N of Fps), we put D(7;;) = f;; and define a morphism

QD(N) . (N[f247f25])[f137f14} —y Nlf1zfor,fasfo2]

of Fp3) to be the following composition.

] (Nf02)f01 f13fo1-f1afo1f25 fo2

(N[f247f25])[f137f14 (N[fufoz,fzsfoz])[fufm,fmfm] N N f13fo1,f25 foz]

Proposition 1.4.17 We assume that the inverse image functors fi3 : Fps)y — Fp1)s foa : Fpu) — Fp2),
(f13fo1)* : Fpy = Fpoy and (fiafor)* : Fpuy — Fpoy have right adjoints (fi3) : Fpay — Fps)y, (faa)r :
Fpe) = Fp) (f13f01). Fpy = Fpey and (fiafor)r : Fpoy — Fpay, respectively. Let el fi(fish —
idry ., and el : f3,(faa)r — ide(2> be the counits of the adjunctions fis 4 (fis) and fo, 4 (foa)1, respectively.
For an object N of Fp(s),

0P (N) « (NWeezshylns Pl = (f19), (£74((faa)r (£35(N)))) = (fisfor)1((fas for) " (N)) = Nl forfesfox]

coincides with the adjoint of the following composition with respect to the adjunction (fisfo1)* = (fisfo1)r-

1z, fo1 (13 (Fia((F2a) (f35(N)))) 7!

for(Fia((fra) (Fia((faa) (f25(N))))))

cr1a.fo1 (F20)1 (F35(N)))

(f13fo1)" ((f13)1 (fTa((faa)r(f35(N)))))

£ (e f14<(f24)1(f25(1\’))))

for (fia((faa)r(£35(N))))
ran o (f20): (f35(N))

(f1afor)"((faa)(f35(N)))
f02( f25(N))
—_—

= (f24f02)" ((f24)1(f35(NV))) Joo(f2a((f24)1(f35(N)))) Joa(f35(N))
Cfas5.f02 (V) (f25f02>*(N)
Proof. By the definition of 8P (M) and (1.4.12), §P (M) is the following composition.

Nlf24,f251)fo1
_—

(N[f24,f25])[f137f14] ( (N[f24,f25])[f13f017f14f01] — (N[f24,f25])[f13f01,f24fo2] — (f13f01)1(f24f02)*(N[f24’f25])

(o fon): (foafor) " (V102 (f13fo1)1(faafoo)* (NWraforsFesfozly — (£15 £01)1(faa for)* (Frafor )1 (fas fo2)* (N)

f1afo1
(f13for)r (E(f25f02>*(N))

(f13fo1)1(fas foz)*(IN) = Nl/1sfor:f2s foo]

It follows from (1) of (1.4.8) that the adjoint of (NUze-fss])for - (NUsasfasl)fsfual —y (NUassfaohylfisfor uaforl with
respect to the adjunction (f13f01)« 3 (fi3fo1) is the following composition.

C1s.fo1 ((N24,F25])[f13,f14]) 1

fglfl*s((N[f247f25])[f137f14]) :fa“lffg(f13)lfi"4(N[f247f25])

(f13f01)*((N[f24’f25])[f13’f14])

f01< f*4(N[_f24 f25])) [f247f25])

* * - Cfiq, I(N N i
Foufr (N fly e (frafor)* (NV2eS200)

It also follows from (1) of (1.4.8) that Nfoz : Nlf24.f2s] 5 Nlf1afor.frsforl coincides with the following composition.

f24 fo2

" ) . :
N2, fas] 2407250, (faafo2)1(foa foz)* (N W24 1251y
(f2afo2)1 f02( f25(N))

(¢ [f24,f251))—1
DRt D s (foafooh i Fa(N Voo P2

(f2afo2)1(csys, f02 (N))

(f24f02)!f6k2f;5(N)

= (foaSo2)1 fG2 f3u(f2a)1 f35 (N
(f24f02)!(f25f02) ( ): N[F24f02,f25 fo2]
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Hence if we put v = cpy5, g0, (N) fo (12 € () 1) Chan fon (NV20IN) T (foy foo)*(NU24:T28) 5 (fos foo) *(N), the
adjoint of O (M) with respect to the adjunction (fi3f01)* = (fi3f01)1 is the following composition.

((N[f24,f25])[f13,f14])71

(frafor)* (N V2efas]yfrsfraly ThaTon [ fra (N Tashle Pl — g 10 (frg)1 fra (N V20200
f, . faa f
01( ravlf2a f2"])) fglfﬂ(N[fM’f%]) Cfyq.for (V1209250 (foafo2)* (N [f24yf25]) (F2afo2)” ( 24f222f25])
* * f2af02)" (f2afo2)1 (¢ *
(faaf02)" (faafo2)i (faa foz) " (N2 7201 WALl AR (f24f02)" (f24.fo2)1(fo5 fo2) " (N)

f14f01

= (f1afo1)" (frafor)1(fas fo2)" (V) ZUzstotan, (f25.f02)" (V)

By the naturality of ef14/01 the composition of the last three morphisms in the above diagram coincides with

(3 {}ff;;l) N[f24,f25])(f24f02) (77]]:?4f£22f25 ) = v, which implies the assertion. O

Proposition 1.4.18 The following diagram is commutative.

(f13f01)*((N[f24’f25])[f13’f14]) (f1sfor)* (6P (V) (f13f01)*(N[f13f017f25fo2])
J/fgl (715,514 (NU24:7251)) lﬂflsfmvf%foz (N)

fg?,(’" 245 25(N)) %
(frafor)* (NUzafosl) ———= (foy fo2)* (N F24-F25]) T (fa5fo02)*(N)

Proof. By the naturality of Ef,; o, fas fon (N), 0P (N) is the image of

T fa4 fo2,f25 fo2 (N)Wf13f017f14f01 (N[f24f02’f25f02])(fleOl)*((Nfoz)fm) : (f13f01)*((N[f24)f25])[flg,fM]) — (f25f02)*(N)

bY Eftig for, fas for (N ) (Wls2a. fas))is13.5141 - Hence the following equality holds by (1.4.3).

T f13 fo1,f25 fo2 (N)(f13f01)*(9D(N)> = T fay foz,f25 fo2 (N)ﬂ—flsfm,fmfm (N[f24f027f25f02})(f13f01)*((Nf02)f01) T (*)

It follows from (1.4.7), (1.1.11) and (1.4.4) that we have

T Fusfon fra for (NV2F0R T8I0l (£ fo )= (N To2) For)
=T 1 for frafor (N[f24f027f25f02 )(fl&fOl)*(( f24f02,f25f02])f01)(f13f01)*((Nfoz)[flmfm])
)

:fgl(ﬂ.flg’fm(N[f24fo2,f25f02]))(f13f01 *((Nfoz)[h&fm])

= gy (NI i gy gy (NS0 oo g (N UseSon ool o ) 2L o) (011
(st i 30) 1, g (VU080 o 1 (015 g, (VS
(N I0n 20000 7 (N02) i (s (V2T (N0 T2
<f14f01>*<Nf°2>cfm,fm<N[f24vf25]>f51wm,fm<N[f24>f251>>cfm,fm((N[f%f%]ﬂfwfm]rl
)

= (faafor)" (NT02) f, (7 4y, o (NV20:T201))

Therefore we have

(*) = T fa4 foz,f25 fo2 (N>(f24f02)*(me)fgl(ﬂfm,fu (N[fM’fZS])) = f52<7rf247f25 (N))fgl(ﬁfls,fm (N[f247f25]))

which implies the assertion. O

=Cfra,for

Proposition 1.4.19 For a morphism ¢ : N — N of Fz, the following diagram commutes.

(M F24,f25])[f13,f14] 4>0D(M) M f1s for, f25 foz]
l(sa f2a, f25]) f13,f14] lw[flsfm«fzsfoz]
07 (N)

(N[f247f20])[f131f14] 7 Yo Nlfisforsfas foz]

Proof. The following diagram commutes by (1.4.13), (1.4.9), (1.4.4) and (1.4.7).
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(Mfoz)fm 6§/113f01»f14f01‘f25f02

(M[f247f25])[f13,f14] (M[f13f017f14f01])[f24f027f25f02] M [f1sfo1,f25 foz]
l(wlf24 f251)lf13.f14] l(tp[fwfmwf14f01])[f24f027f25f02] Lp[fl3f01vf25f02]
(NFo2)fo1 f13f01.f14f01.f25 fo2
(N[f24,f25])[f13,f14] (N[flsfm,f14f01])[f24f02,f25f02] N Nlf1sfo1,f25 foz]
Hence the assertion follows. O

Proposition 1.4.20 Let E : P — £ be a functor which satisfies E(i) = D(i) fori = 3,45 and A : D - E
a natural transformation which satisfies \; = idp(y for i = 3,4,5. We put E(7yj) = gi;, then the following
diagram commutes.

(N[gu,ggs] ) [913,914] ﬂ) Nl913901,925go2]

l(NAZ)/\l lNAo

(N[f24,f25])[f13,f14] % N [f1sfo1,f25 foz]

Proof. Since fi; = gijA\; for i = 1,2, we have fi3fo1 = g13A1.f01 = 913901 M0, f1afor = g1ar1for = 914901 A0 and
fosfo2 = gosAafo2 = ga5902 0. It follows from (1.4.7), (149) and (1.4.13) that

N902)901 913901-914901-925902

(N[g247925])[9137914] (N[924902,925502])[913501,914901] Ny Nl913g01,925902]
l(]\/%z)ﬁ l(NAO)Ao J/N)‘O
(Nfoz)fo1 f13f01 f1afo1,f25fo2
(N[f24,f25])[f137f14] —~ 7 (N[f24f02,f25f02])[f13f01,f14f01] N 0y Nlfisfor,fasfoz]

is commutative. O

For morphisms f: X Y, g: X 5> Z, h:V > Z,i:Vo>Winé&, let X &5 X x5 V2% V be a limit
of a diagram X 9, 7 ™ V. We define a functor Dighi:P —=EDby Digni(0) =X xzV, Digpi(l) =X,
Dy ni(2) =V, Dygni(3) =Y, Dygni(d) = Z, Dygni(5) = W and Dygni(to1) = prs Dygni(To2) = pry,
Dy g.ni(m13) = f, Dfl,g$h’i(7'14) =g, Dfgni(ma) = h, Dfgni(T25) = i. For an object N of Fy, we denote
gPs.a.ni(N) by §7:9¢(N). The following facts are special cases of (1.4.19) and (1.4.20).

Proposition 1.4.21 Let f: X =Y, g9g: X > Z h:V > Z,i: VW, j:5—=X,k:T—V be morphisms
in & and ¢ : M — N a morphism in Fz. The following diagrams are commutative.

(Milyfgl OTOD o ipry ] (NWlylrgl 00N ey ]

l(@[h«i])[fyy] LPU'PPXJPW] l(Nk)j JNJ'sz

(N 9] M N Prx ipry] (NPkE] [£5:97] (MQ Nfiprg,ikpry]

Remark 1.4.22 If X 22X x xy V PVo vV is another limit of a diagram X % Z & V', there exists

unique isomorphism | @ X X, V. — X xz V that satisfies pr'y = prxl and prj, = pryl. We denote by

prv

g'fohi(NY o (NIl NUPraery] the morphism in Fy obtained from X <= X x', V 2% V. Then,
Nb: NUprxoiervl oy NPyl s an, isomorphism and (1.4.20) implies 6'1:911(N) = N9/ 9:hi(N),

Definition 1.4.23 Let f : X =Y, 9g: X = Z, h:V = Z,i:V — W be morphisms in € and N an object of
Fz. We say that a quadruple (f, g, h,i) is an associative right fibered representable quadruple with respect to N
if the following conditions are satisfied.

() A limit X &% X xz V2%V of a diagram X % Z &V exists.
(i3) (h,%) is a right fibered representable pair with respect to N.

(zzz) (f,9) is a right fibered representable pair with respect to N, ;.

() (fprx,ipry) is a right fibered representable pair with respect to N.

(v gt (N (NIl 5 NIFPrxierv] s an isomorphism.

) 07
If (f,g,h,1) is an associative right fibered representable quadruple with respect to any object of Fy, we say that
(f,g,h,1) is an associative right fibered representable quadruple.
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Proposition 1.4.24 Under the assumption of (1.3.24), the following diagram is commutative.

R R s L

JOD‘l(N[j*k]) leDs(N)
(NURrris) 02N ffro )

(NIt k] (£.0]

Proof. The following diagrams are commutative by (1.4.14), (1.4.13), (1.4.9), (1.4.4) and (1.4.7).

(NU-]) ]y rg7]
((NU-FysyLfrgr]

J/((Nuw)s)[fr,gr]

((Nuwythesrelylfror] ((N[juw,kuw] ) [htw,itw] ) [frv,grv]

(NU-])hsis])[frg7]

efmgris frgriis
Nd:k] Nlivw, kuw]

(N[j,k])[fr,is] (Nuw)lFris]

(N[juw,kuw])[fr,is]

u N ht,it,ku s
(NTH) il ] (vl (NUwkul bt .0 (L (N IRkl (5.0
l((N[j,k])[h,i])r J/((N[ju,ku])[ht,it])rv (N[ht,ku])rvj/
k13 IRl 7] (v Gkl [kt it)[Fro.gro] (i HOUTom) [kt kuly[fro,g70]
(CA A Rt R (N YT (N )T
J/((Nu’w>s>[f7‘,g7‘] J/((N'w>u/)[f7‘1)‘g7‘u] (Nw>[f7"u,grv]J/

(htwsitw kuw)[fro,gro]

((N[juw,kuw])[hs,is])[fr,gr] ((N[juMquw])v)v ((N[juw,kuw])[htw,itw])[f’rv,grv] N (N[htw,kuw])[f'rv,g'rv]

J/e T o] lﬂﬁ[?fﬁéﬁﬁ Jrosare, kuwl
juw,kuw]yv frv,itw,kuw
(N[juw,kuw])[fr,iS] (Nluw,kuw]) (N[juw,kuw])[frv,itw] N v N[fTU’kuw]
Hence the asserion follows from the definition of 7! (N). O

For morphisms g : X = Z, h:V = Z,i:V =W, j:T > Win &, let X &% X xz V 22% V and
| FgRLAR N v xXw T P75 T be limits of diagrams X Sz Vvadv Hw L T, respectively. We also assume
that a limit X x5 V 622 X x, V xyw T 27 ¥ s T of a diagram X x5 V 225 v 20V o
exists. Then, X 6202y o Vs T LW s T and X x5V 62V X 5y Voxyy T 2w
are limits of diagrams X ENSA & VxwTand X xzV im—w> W T, respectively.

Corollary 1.4.25 Let f : X =»Y, 9g: X - Z, h:V = Z,i: VW, j:T—W,k:T — U be morphisms
in & and N an object of Fyy. The following diagram is commutative.

ehwivjvk(N)[fvg]

(N1 ]y 1f:9]

l@f,gﬁhvi(N[j,k]) J{gfvyvhp"lvkprT(N)

(Nthprav kprel)(f.0]

fprx,ipray i,k
gfrPrx 2v (N) N[ferPTXXzV7kperrV><WT]

(N[j’k])[fprx,iprzv]

Proof. The assertion follows by applying the result of (1.4.24) to the following diagram.

X xzVxwyT

priy PIvxw T

XXZV VXWT



O

Proposition 1.4.26 For morphisms f : X =Y, g : X — Z in £ and an object N of Fz, the following
morphisims of Fy are identified with the identity morphism of N9l

g7 9:idzidz (N) . (N[idzyidz])[f’ gl _ ]\][fidx,idzg]7 gidy,idy,fyg(N) . (N[f’ 9])[idy,idY] —y Nlidvf, gidx]

Proof. Since §7-9:¥42:1dz (N is a composition

olf. g Ffidx,gidx,idgg
N9l — (Wlidz iaz))if o WO liagg idsglyif i gidx) NN wfidyg iz o) _ sl

and @ ¥v.f.9(N) is a composition

f,.q])f idyf, fidx,gidx, N

N9l = (N aliayidy] YD1 iy gix) iy s iy € Nlidvf.gidx] _ Nlf.ol

the assertion is a direct consequence of (1.4.15). |

Lemma 1.4.27 For a functor D : P — &, we put D(7101) = j, D(702) = k, D(113) = f, D(714) = g, D(724) = h,
D(1o5) = i. For an object N of Fp(s), the following diagram is commutative.

3y g (NI1))

(£)" (Nl 0] () (VI
l(fj)*(eD(N)) lkﬁ(ﬂ'h,i(N))
(£3) (NU5i#) T2y (i) (N)
Proof. Tt follows from (1.4.7) and (1) of (1.4.4) that we have
B (0 (V)7 g (V1)) = g (V) () (N 503 (N ) ()7 (N0
= Tk, ik (N .05 (NVEHD (£ (NF)F29) (£5)* (N P)7)
= Tk (V)T 5,05 (NPEHD) (£5) 7 ((NF)7)
By the naturality of Ey;;,(N) and the definition of efvj’gj’ik,

Eyjin(N) vy : Fpoy(£3) (NP (k)" (N)) = Fps) (NP9 NIFTH)

maps & (mp, ;(N))jH (7 s.o(NP1)) to el 9% (N*)7 = §P(N). On the other hand, it follows from (1.4.3) that
Eyj.ik(N)(yinayira also maps 75 (N)(f£5)* (6P (N)) to 6P (N). ‘

For a morphism g : X — Z, let X 2% X x ;X 22X, X be a limit of a diagram X % Z <~ X. We denote by

Ay X — X xz X the diagonal morphism, that is, the unique morphism that satisfies pryx Ay = prox Ay = idx.
Proposition 1.4.28 For morphisms f : X - Y, g: X — Z, h: X — W in £ and an object N of Fw,
e{\}g’h : (N[g’h])[f’g] — NIA coincides with the following composition.

(Nloklylf.a) 220D g hpraxe] N2, n(for Ay hprax Ag) — \{FH]

Proof. Define a functor £ : P — & by E(i) = X for i = 0,1,2, E(i) = Dyg4n(i) for i = 3,4,5 and
E(r01) = E(r02) = idx, E(1ij) = Dy gn(ri;) if i # 0. Then, §7(N) = ei@" : (NloMhlh9l - NI and we
have a natural transformation A : E — D defined by A\g = Ay and \; = idg(; if i = 1. It follows from (1.4.20)
that N20g/9.90(N) = §F(N) = l9". o

Let D,E : Q — & be functors and N an object of Fg(3). We put D(7g;) = f; and E(7g;) = g; for
j = 1,2. For a natural transformation w : D — E, let wV : wi(Nlwo2l) — wi(N)U/2] be the image of
Tg1.9:(N) € Froy (g7 (N192:921) g5 (N)) by the following composition of maps.

Fro) (g1 (N992), g3 (N)) 4, Fp©)((9100)" (NE92)), (g2000)*(N)) = Fpo) (wifr)* (N9192]), (w2 fa)* (V)

Cory gy (NTOT921y 0 o (N)T! o *(wX
1,f1 2.2 fD(O)(fl (wl (N[QI’QZ]))a f2 (w2 (N)))

Ef .55 ("‘);(N))WI(N[!JLMI)

Fp(a) (i (N19421), i () 2]
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Remark 1.4.29 (1) If D(i) = E(i) and w; is the identity morphism of D(i) for i = 1,2, then w¥ coincides
with N“0  Nlo.9:1 —y Nlawosgawol — Nlfal|
(2) It follows from (1.4.3) and the definition of w™ that the following diagram is commutative.

cwl’fl(N[gLyz])*l frw Ny

(wn fr)* (Nlom22d) f (Wi (Nlomoel)) = f (@i (N) U 12])
H J/ﬂ-flva(w;(N))

whr Cwy, fo B
(greco)* (Nlovaly —=0Tons2 @) (N = (o) (N) —=22 705 ez (V)

Proposition 1.4.30 Assume that D(0) = E(0) and wq is the identity morphism of D(0). For an object M of
FE(1), the following diagram is commutative.

Fowy (g1 (M), g3 (N)) “22N5 2 o @r (), 5 w3 (V) =20 o (w0l (D)), £3 (w3 (V)))

J/Eglqu(N)M J/Ef1=f2 (WS(N))WT(M)

N

]:E(l)<M7N[91192]> e SN ]:D(l)(wik(M)’wT(N[glv_‘D])) SN ]:D(l)(wik(M)’w;(N)[fl,le)

Proof. First we note that g; = w; f; for i = 1,2. Tt follows from (1.4.29) and the definition of w¥ that we have
712 (WS (N) FT(WN) = g, (N) 7 7gy 6o (V) g (N1992]). (1.4.3) and (1.1.11) imply

Conr s (V) ™ By s (N) (), 1y (M) = a1 (N) ™ g 40 (V)5 () (M)
= Con o (N) g1 g (V) 1o (N1970) f 055 ()
— 74, (@ (N) i @N) Fwi (0) = T, (w3 (N)) 7 (007t ()
= By @3 (V) @i ()

for v € Fpay(M, N[-‘“*g?]), which shows that the above diagram is commutative. O

Proposition 1.4.31 For a morphism ¢ : M — N of Fg(g), the following diagram is commutative.

wi(Mlorgal) 2y x (Al fal

J{wr(wlm,yg]) J{"J;(W)[fl’h]

wi(Nlonoely 2% x (N fe)

Proof. Tt follows from (1.1.11), (1) of (1.4.4) and (1.1.15) that the following diagrams are commutative.

» Mlor,92] wh Tgq .95 (M
Froop(Mlovely ST ) pys (o) = (gyug)s (Mlonely 0T gy (a)
lffwf(wlgl 921 l(gm)*wlm]) l(fzwo)*(w)
. % Cuy,gq (N191:921) . . Wi (T 92 (N)) .
fiwi(Nlovoaly : (wifr)* (N192l) = (gyawg)*(Nlor o]y 2 (gawo)™ (IV)
* * Cuwg, (M)71 *, ok
(gawo)* (M) = (wa fo)* (M) —22——— frw3(M)
|warer o) |30
* * Cuwg, (N)71 *, %
(gowo)*(N) = (w2 f2)"(IV) 202 fw3(N)
By applying (1.4.6) to the following commutative diagram,
f*w*(M[gugz]) Casno o (M) T w0 (g1 g (M) sy, 5y (M191:92]) f ( )
Wy
lfi"wf(@[gl'”]) lfﬂ*’z
¢ 1t (n c [91,92]
fwT(N[gl,gQ]) wz,fQ(N) 0( gl,gz(N)) wl,f1(N ) f2 2( )
the assertion follows. |
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Proposition 1.4.32 Let D,E,F : Q — & be functors and M an object of Fpny. We put D(1o;) = fj,
E(705) = g; and F(70;) = h; for j = 1,2. For natural transformations w: D — E and x : E — F, the following
diagram is commutative.

wX5(N)

* * w*( N) * * * *
Wi (e (WIel)) 225w (3 (V) 092)) w3 (3 (V)2 S
J/Cxlv“fl (N[M,hz]) lcxzxn(N)[fl’h]
w N
(Xlwl)*(N[hhhz]) (xw) (X2w2)*(N)[f1,f2]

Proof. Tt follows from (1.4.3) and (1.4.29) that we have

B @5 OGS s iy @] () = 71,1, (@3 OGOV A @M (V)
= g (S OGO ) £ (] ()
= 12 OGN 1 (51 4 OB (V)1 (V)92 £ (w7 ()

Hence it suffices to show that the following diagram is commutative by (1.4.6).

Ca 5 O (V) 1w (mgy g5 (65 (N)))ewy 1y (5 (N) 9192 £ (] (V)

Fr (@i (g (Noaly)) f3 (w3 (x3(N)))
lfl*(CXqu (N[hl’hQJ)) J{fz*(cxz«wz(N))
Crow Nyt wo)t (m N))eyqw N1, kol
fik(xlwl)*(N[hl,hg]) xawafa (N) 77 (x0wo)* (Thy ,hy (N))exqwy, 11 ( ) fQ*(XQWQ)*(N)

It follows from (1.1.11) and (1.1.12) that we have

Cor, 1o OGN0 (T (X)) = (@1£1)7 O wor, 7o (GNP 2D)) = (g100)* (6 ) €won, 12 (6 (NP2 12]))
Cxaws, fa (N)fQ* (CX2,w2 (N))Cwmfz (X;(N))_l = Cxa,waf2 (N) = Cx2,92w0 (N)
CX1w17f1 (N[hl’hZ])fik (CX1,0J1 (N[hl’hz]))cwhfl (XT (N[hl’hz]))il - CX1,wlfl (N[hl’hﬂ) = ch,glwo (N[hl’ha])'

Hence the commutativity of the above diagram is equivalent to the following equality.
Cxargaion (V)6 (Tg1.00 O (N)) (g190) " () = (x0w0)* (T s (V) xy gniag (NT172T) - ()
The following diagram is commutative by (1.1.11) and (1.3.29).

wg (Xg(ﬂhl,hg (N)))

i ((haxo)* (NThsshal)) Wi (haxo)* (V)
| |
W (Oagr) (VEnl)) Wi (x292)" (V)
Tt e 21 Tw(t(cm,”uv))
i (g7 (e (NTshaly)y OO e (sl 0T OGTIN 5 (V)
lcgl,wo (x5 (Nh-ha2lyy lcgl wo (x5 (N)lo1:921) J{ng,wo(XZ(N))
(gr00)* (N ohaly) 20T Oy (g (N lowaly 0Toan OGN, e (s ()

Hence the left hand side of (x) equals

Cxarga0 () gz 00 (G (V) (x5 (V) ™15 (66 (s o (D)) (€1 0 (NT1R21) g,y (o (TR 2T)) =
= CX292,w0 (N)WS(X?)(Whl,h2 (N)))CXMMA)U (N[hhhz])_chhglwo (N[hljhﬂ)
= (Xowo)ﬁ(ﬂ'hh}w (N))Cthlwo (N[hl’hZ])
by (1.1.12) and (1.3.32) for M = NPvr2l and ¢ = m, 4, (N). ]
Proposition 1.4.33 For functors D,E : P — &, we put D(1;;) = fi; and E(7;;) = gi; and define functors
Dy,E;: Q— & fori=0,1,2 as follows.
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Do(0) = D(0) Do(1) =D(3) Do(2)=D(5) Do(t01) = fiafor Do(702) = f25foz
Eg(0) = E(0) Eo(l)=FE(3) Eo(2)=E(®’) Eo(to1) = 913901 Eo(To2) = 925902
Dy(0) = D(1) D:1(1) =D(3) Di(2)=D(4) Di(ro1) = f13 Dy (702) = fia
E(0)=E(Q1) Ei(1)=E@3) Ei(2)=E@4) Ei(r1)=43 Ei(102) = g14
D2(O) = D(Q) D2(1) = D(4) D2(2) = D(5) D2(7'01) = fo4 DQ(TOQ) = fos5
Ey(0) = E(2) Eq(1)=E(4) Ex(2)=E((») FEa(101)= g E(102) = gos

For a natural transformation v : D — E, we define a natural transformations ~v* : D; — E; (i = 0,1,2) by

W=r% N=1 W=r Y=m M= =1 W¥=" K=" H%B=7

For an object N of Fp,(2) = Fr(s), the following diagram is commutative.

[924,925] ,
7&"((]\]’[924,925])[g13,g14]) i (Vi (N[9247925]))[f137f14] (#)thaha) (v (N)[f247f25])[f137f14]
J{’Y;(QD(N)) J{eE(’Yg(N))
7;(]\[[913901,925902]) Y ,Vg(N)[lethfzsfoz]

Proof. By the naturality of Ef,, fo, . fas for (V2 (N)) and the definition of vV, 49N~x(9P(N)) is the image of the
following composition by E,; fo., f25 oo (73 (V) s (Nls2a.9251 1915014 -

Cvyg.f13 for (Nl913901,925902])

(ot SN (r1son)" (3 (0P (V) -
(f13f01) (73((]\[[9247920])[9 37914])) 13.f01)" (73 (fleOl) ('73 (N[g 39017920902]))

(,ygfwfol)*(N[9139017925902]) — (91390170)*(N[9139017925902}) 78(F913901’925902

= (s o o) () 2tz eV (e ()

On the other hand, 8% (y3 (N))(y?N)l/1e: /1l 1V 24925 45 the image of the following composition.

(N))

(92590270)" (V)

(f13fo1)* ((v2N)F13:f14l)

(Fiafo1)* ( 1N[9241025])
(flgf(n)*(,y;((]\]’[gzz;,gzs])[g13,914})) 13Jo1) ¥ (fldfOl)*(( *(N[924,g25]>)[f137f14])

0F (v (N
(f13f01)*(( *( )[f24,f25])[f13,f14]) (f13f01)™ (67 (75 (N))) (f13f01)( ( )[f13f01 f25f02])

™ f13f01.f25 foz (73 (N)) (f25fo2)" (75 (N))

We see that 67 (vz (N))('y2N)[f13’f14]'le[924'925] is the image of the following composition by applying (1.4.18) to
the last two morphisms in the above diagram.

o 1Nl ] . ,
(frsor)* (o (lossylosnslyy (S O 270, (g (o (Wlosesly Uy sl (DT )

fgl (”f13,f14 ((’Yg (N)[f24'f25] ))

(fl?,fol)*((’)/g (N)[f24,f25])[f13,f14]) (f14f01)*(’}/g (N)[f24’f25])

= (Faafor)* (12 (W) awsfoly T2t CROOD, g o)

Hence it suffices to show that the following diagram () is commutative.

(fizfor) (v (924 Q%])

(f13f01)*('7§((N[g24’925])[gIB’gM] )) (fisfo)*((vi (N[g24,925] ))[fla,fm])

l(flsfol)*(’Y*(oD(N))) l(flgfm)*((’YQN)[f13vf14])
[913901,925902] * (N [foa,f25]\[f13,f14]

(f13fo1)"(v3 (N ) (f13f01)" (73 (V) ) )

lc’Y3)f13f01 (N[913901 »925902]) lfgl (Tt15, 114 (72 (N)[f241f25]))
(3.f13.fo1)* (I 1913901-925902] diagram (7) (frafor)* (vE (N)f2a:f2s])
(913901,}/0)*(]\][913901,925902]) (f24f02) (75( )[f24,f25])

lvg(ﬂymgmyy%yoz(]v)) ) lfm(”fmyf%(’)’;(]v)))

* * Cs, for (N)™ .
(92590270)* (N) === (sf2s.fo2)" (N) =222 (fos5 f0)* (43 (N))

45



The following diagram (ii) is commutative by (1.1.11) and the definition of f%,.

(N'l924:9251)l913,914])

T (g3 (Voo lonsoanaly) _“N:ton 08 (f13for)* (75 (N loze.925))losa.ualy)

Pntszstomsmsy, Lrafon (ratozeszy
£ (fy (v (Nlo2e.g2s]) U Fra.fraly Ct1aofor (Vi (N1920:925])[F13. 14l ) (s for) (e (Nl s
[y |G oy (s e
Fir (s (o () oo F s faly) “aaton COOVRIRVIORE (g e (o () B i)
[ nataz vy I RCEIEEEEEN

14 for (,Yg(N)[fuyfzs])

T (fia(vs (N)[fM’f%])) (fiafor)* (v (N)[fsz%])

diagram (i)
It follows from (1.4.4), (1.4.3) and the definition of ’le[g%g%] that the following equalities hold.
T frafua (3 (N)U20250) fra (M)l = 3y (9PN ) gy g (i (N 102009200 )
s, fra (Vi (N[9247925] ))ffg(’VlN[924'g25]) = Coufia (N[g“’g%])_lfyf (Tg1n.0ma (N[gzz;,gzs]))c%’fls ((N[gzz;,gzs])[mmmd)

Hence the composition of the left vertical morphisms in diagram (iz) coincides with the following.

Jo1 (% s (G ()220 s (g ()00 Pl s (g (71872477
= f8<1(ff4(72N))f51(77f13,f14 (W’Z(N[924’g25])))f0*1(ff3(71N[g24‘g25]))
= o (a5 (o (N1209550) 1) fi (3] (710,900 (N19209250))) £ (4, i (N 1920020T ) 1300141 )
Since ¢y, fo, (72 (N)F2eF2sly g (£5.(v2N)) = (Frafor) (V2N )esya,for (4 (N192009231)) by (1.1.11), the commutativ-

ity of diagram (i7) implies that the composition of the upper horizontal morphism and the right vertical mor-
phisms in diagram (¢) coincides with the following composition.

(f13f01)*(’Y§((N[924’g25])[913’g14])) Cfis.fo1 (7§((N[9241925])[9131914]))—1

f&(%g f13((N[g24’925])[913’914]))

For(Fis (3 (Nlomegas])lons.aualy )

Fiu (s frs) " (Nlozvazehlosseanad)) — g (guaya)* (Voo 9ze]loss.anal)

b fin((guam) (N am0))) = g (g ) (Vlomeaealy) Sorlcrana P )
o CEOD, (o) (i (vl L) 070,

T (7 a2 (Y (V) * (o
02(Tfa4.£25 (75 (fa5f02)" (75 (N))

1o (,715(7‘-“3,914 (N'lo24-9251))

for(fia(va (N[g24’g25] )

(f14f01)*(’Y;(N)[fm’f%]) — (f24f02)*(’7; (N)[f24,f25])

diagram (4i%)

Next, we consider the composition of the left vertical morphisms and the lower horizontal morphism in
diagram (). It follows from (1.1.11) and (1.4.18) that the following diagram is commutative.

(fisfon)* (3 (Wlos92loss.0n2)) ) radon 0570 (frafon)* (3 (91303 9259021
J/C‘Y3’f13f01 ((N[924’925])[913’914]) Cvg. F13 for (N[g139011925902])l
(73f13f01)* ((N[g247925])[9137914]) (v3 f1zfo1)* (6P (N)) (’Y3f13f01)* (N[gl3g01,925902])
(91390170)* (6P (N))

(g1390170)" ((N[g247925])[9137914]) (913901,}/0)* (N[g139017g25902])
lCQISQOIv’YO ((N[924’925])[913’914]) Co15901:70 (N[glgg(]l ,g25g02])—lj/

76 (grsgon)* (Nlozo025))lors 914l 6o ) 74 (gr3gon ) (Nlawsson aasnal))
l’ya‘ (931 (Tg13.914 (Nlo24,9251y) 76 (Tg13901.925902 (N))l

* * 5 * * o ( ; (Tg94,905 (V) % %
75 ((912g01)* (V19289251 )) o = 4 ((g2000) " (V9209251 )) 1020027020020 000 e (g 00 )* (V)
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3 ﬁ * — .
Since 70(71-913901,925902 (N)) = Cga5902,70 (N)’YO (71-913901,925902 (N))nggm,’yo (N[913901,g25902]) 17 it follows from the
above diagram that the composition of the left vertical morphisms and the lower horizontal morphism of diagram

() coincides with the following composition.

Cvg. f13f01 ((INl924-9251)l913,914])

(v3.f13.f01)" ((N[9247925])[913,gl4])

N[924*925])[913v914]) . . r
’YO ((913,901) ((N[g24’g20])[9137g14]))

(f13fo1)* (73 ((N920:925]) [913,914])

= (g1390170)" (IN1920:925])[913.914]y “o13201:20 «

7% (932 (Tg24.925 (V)

*( # (Tgya. (N[924,g25])) N . N "
Y0 (901 (915,914 70((914901) (N[gz4,gzsl)) _ ,70((924902) (N[g247gz5]))

72 (g25g02) (V) 2220270, (0 0990) (V) = (s fas fon)* (V) 225702 b= (2 (V)
diagram (iv)

The following diagram is commutative by (1.1.11), (1.1.12) and (1.4.29).

. . Canara, fop (N1924:925]) £ (V8 (T gn4,005 (N)))
f32((g2472)* (Nlo2a:9251 ) ) 22072 o2 (92472 foz)* (IVloza-925]) =22 1 oz oz (75 f25.f02)* (V)

32 (V5 (W g34.025 (N))) oo toeston ()
foo((yafaa)* (No20:9251)) f32((g2572)" (V) fo2((v5.f25)" (V)
Tfsa(ers s avtomssssiy Fin(eg 125 (VD] €35 725 502 (V)
foal Fralri (Nlasamaly)y —JRIEBOTD) o (o (s fosly) L2t QRO o (o 0y
che%fmmzwlgw%])rl Tf oz (v (20725170 ep o (v (V)7
(foafoz)* (v (N lg20,925]) M (f25 fo2)™ (75 (IN)Vza-T23]) JMQ (f25fo2)* (75 (N))

We note that, by (1.1.12), 074’f24{02(M) : (faafo2)* (vi (M) = (vaf2afo2)* (M) coincides with a commposition
Cg24v2, fo2 (N[g247925])cf257f02 (’Yg(N) f247f25])cf257f02 (’Y;(N )_1' Hence the following diagram is commutative by

(1.1.12) and (1.1.16). Here we put M = Nl920:925] and [ = (Nlo21:925])l913:914] below.

% (% Cyz.f13fo1 (L) N
(fi3for)" (3 (L)) e (v3f13f01)"(L) (91390170)" (L)

lchsjm(%f(m)_l H V(981 (Tg15.914 (M) lcmsgmﬁo(L)
T (fis(v3 (L)) (91371 fo1)* (L) Y6 ((913901)* (L))

’Yg (ggl (ﬂ'y13~914 (M))l

fgl(’Yg(Trglswgm(M )l
c v (M) N
e 76 ((g14901)" (M)

(91490170)* (M)

J/fgl (Cv3.f13 (L))
f1((vsf13)*(L))

€91371.fo1 (L)

Caram.for (M) Cg24902,7v0 (M) *
(92490270)" (M) 75 ((924902)* (M)

f§1((91371)*(L))
lf&(vf(ﬂylg,gm(ﬂ/f H v (ggmm,m(zv)))l
fo1((gram)* (M) (yafiafor)* 75 ((925902)*(N))
Cyy f14,f01 (M)

73(952(7"57241925 (N))) J{Cg%g(’?”m ()

Cyy. Frafor (M)

fo1((yafra)*(M)) (Vaf2afo2)* (M) (925902770)" (IV)
| nsan™ H
fo1(fia(vi(M))) Cva.f24 foz (M) (75 fa5 fo2)* (N)
Crrantor (3 (M”l
(fiafor)" (vi(M)) (f2afo2)* (i (M) Crs f25 f02 (N)
|rasory ) |2asory )
(Frafor)* (V) F208)) e (fyufoa)* (3 (V) ool P T2 an CR OO e )

We see that the compositions of diagram (#7¢) and the compositions of diagram (iv) coincide, which implies the

assertion. O
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1.5 Two-sided fibered representable pair

Proposition 1.5.1 Let p : F — & be a normalized cloven fibered category and f : X =Y, g: X — Z
morphisms in €.

(1) Suppose that (f,g) is a right fibered representable pair. If a morphism ¢ : M — N of Fy is an
epimorphism and (f, g) is a left fibered representable pair with respect to M and N, then @z g : Mis g — Niy,q
is an epimorphism in Fz.

(2) Suppose that (f,q) is a left fibered representable pair. If a morphism ¢ : M — N of Fz is a monomor-
phism and (f, g) is a right fibered representable pair with respect to M and N, then olfol: Mlhdl — NIFl s g
monomorphism in Fy .

Proof. (1) The following diagram commutes by (1.3.4) and the naturality of E; ,(K).

Psg(N)K Efq(K)n

Fz(Nig.g) K) Fx(f*(N), g*(K)) Fy (N, K1)
Lp[f,gh lf*w)* J‘”*
Pr.g(M)x * * E¢ o(K)m
Fr(Miy g K) 22005 o (p2(M), fr(K)) 22252 7 (v, K150l

Since ¢* : Fy (N, K9y — Fy (M, K591} is injective by the assumption, it follows from the above diagram
that /91 + Ty (Nis 0, K) — Fz(Ms,g, K) is also injective.
(2) The following diagrams commute by (1.4.4) and the naturality of Py ,(K).

Efqg(M)K Pr g (K)m
TR v,

Fy (K, M9 Fx(f*(K),g"(M)) Fz(Kipg, M)

L&U‘”] ig*(sa)* lw*

Ey¢ o(N)k " . Py o(K)N
Fy (K, NWValy L0287y (F4(K), g% (N)) —2 Fz(K(f.q,N)

Since @, @ F1(Kg,g, M) — F1(Kjs,4), N) is injective by the assumption, it follows from the above diagram that
olFal . Fi (K, M9y — Fi (K, NF91) s also injective. |

Proposition 1.5.2 Let p : F — T be a normalized cloven fibered category and f : X - Y, g: X — Z
morphisms in E.

(1) Suppose that (f,g) is a right fibered representable pair and that (f,g) is a left fibered representable pair
with respect to objects L, M, N of Fy. If A\: N — L is a coequalizer of morphisms p,v : M — N of Fy, then
Airgl P Niggl = Liy,g 8 a coequalizer of morphisms o(s g1, V(1,91 * Mis,q1 = Nif,q)-

(2) Suppose that (f,q) is a left fibered representable pair and that (f,q) is a right fibered representable pair
with respect to objects L, M, N of Fz. If \: L — M 1is an equalizer of morphisms ¢, : M — N of Fz, then
NSdl o plfal 5 M9l s an equalizer of morphisms @91 qplF:al - prlfal 5 Lol

Proof. (1) The following diagrams commute for { = ¢, by (1.3.4) and the naturality of E ,(K).

Pro(L) K . .
Fu(Lis g, K) LB po(12(L), g (K)) Fy (L, K1F9)

l()‘[f,g])* lf*(k)* lx‘

By o(K)n
Fz(Nipg K) 25— Fx(f*(N), g*(K)) #, Fy (N, K9l

J,(E[f,g])* J{f*(&)* l&*
S JXx

Bral v, KU 9))

Ef>g(K)L

Since \* : Fy (L, KW9) — Fy (N, KI/9)) is an equalizer of maps ¢*,¢* : Fy (N, KF9) — Fy (M, KU9]),
it follows from the above diagrams that (Ajyq)* @ Fz(Lif,e, K) — Fz(Npq,K) is an equalizer of maps

(Pirg)"s (Wipg)" : Fz(Nigg, K) = Fz(Mizg), K).
(2) The following diagrams commute for £ = ¢, by (1.4.4) and the naturality of Py 4(K).
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* * P,g(K)L
Fy (K, LU-9) Fx(f*(K),g°(L)) —="= Fz(K(s),L)

lxif’f” ig*m* P*

Ef (M % * Prqg(K
Fy (), MUy (Z290DE p e (g, ge()) 22 E (K g M)

J{Eif'g] Jg*(é)* Jf*

Efq(L)K
%

By q(N) . . Py g(K)
Fy (I, Nl =222 Py (f7(K), g7 (N)) ——— Fz(Kif,q, N)
Since A, : fz(K[fg] ) — .Fz(K[fg] ) is an equalizer of maps (p*,w* : fz( [f,9] ) — Fz(K[fg] ), it
follows from the above diagrams that A, : Fy (K, LI/9l) — Fy (K, M/9]) is an equalizer of maps ¢ [hal ylhal
Fy (K, M9y — Fy (K, N9l O

Proposition 1.5.3 For a functor D : P — &, we put D(191) = j, D(102) = k, D(m13) = f, D(114) = g,
D(724) = h, D(7a5) = 4. For objects M of Fp(s) and N of Fp(s), we assume the following.

(1) (f,g) and (fj,ik) are left fibered representable pairs with respect to M.

(i3) (h,%) and (fj,ik) are right fibered representable pairs with respect to N.

(iii) (f,g) is a right fibered representable pair with respect to N,

(iv) (h,i) is a left fibered representable pair with respect to My, g).

Then, the following diagram is commutative.

Fo) (Mg n.i: V) 2o )" Foey (Mg, N) Prsin D oy (F3)* (M), (ik)* (N))
iph,i(M[f,g]);vl lEfj,ik(mM
Fp2)(h*(Miy,g),*(N)) F (M, NI
lEh,mef,g] » | TGD( ).
Fp ) (Miz.g, N) SALEN Fouy(F1(M), g7 (Nyy Lo 00y, (Vo))

Proof. For ¢ € Fpe)((Mig,g)n,i,N), we put & = Eni(N)ar, , Pi(Migg)n' (@) © Mg — NP and ¢ =
E;o(N) Py (M );ﬁh G () M — (N9l Tt follows from (1.3.2) and (1.4.3) that the following diagrams
commute.

. L. (M) . } i (Mg
(M) ! 9" (Miy,g)) WA (Mg g) ———L2% i ((Migg)(hi)
Jf*(f) lg*w) ih*w) Ji*(w)
*((Ni[f.gly 5 g (NI1) Nlhai] B (N 1] mh,i (V) (N
F(( Yoy TR D g ) ( ) i*(N)

By applying j¥ to the above left diagram and k* to the right one, we have the following commutative diagram
by (1.1.15).

3% (1p,9 (M) K (un,i (Mig,q7))

(f3)* (M) (95)* (Mis,g)) == (hk)*(M; ) (ik)* (Miyg) i)
l(fj)*(é) l(gj)*(w) l(hk)*(l/ﬂ) J(ik)*(w)
e i B (WD) T o Nl K (mns (N)) k)"
(f3) (NT)Ifgly 22T (g7)* (NV) == (hk)*(N1) ’ (ik)*(N)

Hence, by (1.3.27) and (1.4.27), the following diagram commutes.

(1K) (0 (M) e,k (M)

(f3) (M) (ik/’)*((M[fng[h,i])

l(fj)*(ﬁ) l(ik)*(w)

; TN OPN)
(f3)*((Vt)l7al) : . (ik)*(N)
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By (1.3.2) and (1.4.3), we have
Prar (M) () (2)(#8)° 00 (M) g (M) = Prsae M) (i) (2 0 (M) g5 (M)) = 90 (N)
Eyjin(N)ar (76 (N) (£3)7 (07 (N)) (£3)7(€)) = Ejik (N ) aa (7110 (N) (f5)" (07 (N) €)) = 07 (N) €.

This shows that Pp; (M) (9 0p(N)) = Epj.i(N)yf (0P (N)€), which implies the result. |

Definition 1.5.4 We say that (f,g) is a two-sided fibered representable pair if (f,g) is a left and right fibered
representable pair.

Remark 1.5.5 If(f,g), (h,i) and (fj,ik) are two-sided fibered representable pairs, (1.5.3) implies that 0p(M) :

Migjik) — (Mif,g))[n.q) 8 an isomorphism for all object M of Fp(sy if and only if 6P (N) : (N9l - Nlfik]
is an isomorphism for all object N of Fps).
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2 Examples of fibered categories

2.1 Fibered category of affine modules

Let K, be a graded commutative algebra. We denote by Algy the category of graded K,-algebras and
homomorphisms between them. We also denote by Modg, the category of graded left K,-modules and homo-
morphisms which preserve degrees. For an object R, of Algy , we denote by g, : K, — R, the unit of R, and
by pgr, : R« ®k, R« — R, is the map induced by the product of R,.

Let C be a subcategory of Algy and M a subcategory of Modg, .

Condition 2.1.1 We assume M satisfies the following conditions.

(x) If a morphism S, — R, of C and a right S,-module structure on M, € Ob M are given, then M,®gs, R,
is an object of M.

Definition 2.1.2 We define a category Mod(C, M) as follows. Ob Mod(C, M) consists of triples (R, My, )
where R, € ObC, M, € ObM and o : M, ®k, R« — M, is a right R.-module structure of M.. A morphism
from (R, My, &) to (S«, Ny, B) is a pair (A, @) of morphisms A € C(Rx,Sx) and ¢ € M(M,, N,) such that the
following diagram commutes.

[

Composition of (A, ¢) : (Ru, My, a) = (Si, Nk, 8) and (v,9) : (Sk, Nu, ) = (T, Ly, 7y) is defined to be (v, ).

Define functors p¢ : Mod(C, M) — C and paq : Mod(C, M) — M by pc(R«, My, ) = Ry, pe(A, ¢) = X and
P (R, M, ) = Mo, pra(A ) = .

For R, € Ob(, we denote by Mod(C, M)g, a subcategory of Mod(C, M) consisting of objects which map to
R, by pc and morphisms which map the identity morphism of R, by pc. Hence Mod(C, M) g, is a subcategory
of the category of right R,-modules.

Proposition 2.1.3 If C and M are complete, so is Mod(C, M).

Proof. For a functor D : T — Mod(C, M), we assume that limits of pcD : Z — C and ppD : T — M exist.

Let (A* ﬁ)pgD(i)) ot be a limiting cone of pecD : Z — C and (L* LI pMD(i)) onr limiting cone of
ic ic

pmD T — M. Fori € ObZ and (7:49 — j) € MorZ, we put D(i) = (Rix, Mix, ;) and D(7) = (A;, ¢, ). Since

the following diagram commutes for any (7 : 7 — j) € MorZ, there exists unique morphism X : L,®g, A, — L,

satisfying m;A = oy (m; @k, p;) for any ¢ € ObZ.

T QK Pi @i
M;, @k, Riw ——— M;,

T QK. Lj
N}pa J{‘PT@K*AT prr

Mj, @k, Rjy ————— M,

It can be verified that (A, L., A) is an object of Mod(C, M) and that ((A*,L*, A) Loim), D(z)) is a

i€ObT
limiting cone of D. O
Proposition 2.1.4 pZ” : Mod(C, M)°? — C°P is a fibered category.

Proof. For a morphism A : S, — R, of C and N = (S,, N,, ) € Ob Mod(C, M), let ix(N) : N, — N.®gs, R.
be a map defined by ix(IN)(z) =2 ® 1 and By : (N.®s, R«)®k, R« — R.R®g, N, the following composition.

1dN, @3, LRy
ooy

(N*®S*R*)®K*R* iN*@S* (R*®K*R* N*®S*R*

Since the following diagram commutes, (A,ix(IN)): (Sx, Ny, 8) = (Rs, Nu®g, R, Bx) is a morphism in Mod (C, M).
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li;(N)@K*x\ lm(N)

A map (>\77’)\(N))* : MOd(CvM)ORZl((R*vM*aO‘)a (R*7N*®S* R*aﬂ)\)) - MOd(C,M)ip((R*,M*7O[), (S*aN*aB))
given by (A, ix(IN))«((idr,,)) = (A, @ir(IN)) is bijective. In fact, if (A, ¢) : (Su Ny B) = (Ry My, ) is an
element of Mod(C, M) ((R., M, &), (Ss, Ny, ), since ¥ = a(y) @k, A) : Ny®k, Sy — M,, we have

oy @, idr,)(z ® Ay)z )= a(P(z) @ AMy)z) = ala(P(z) @ Ay)) ® z)
a(¥fy @ 2) @ x) = a(y k. idr,)(B(z @ y) @ z)

for x € Ry, y € Sy and z € N,. Hence there exists unique morphism 1[) N, ®g, R. — M, that makes the
following diagram commute. Here, ®) : N.®k, R« — N.®g, R, denotes the quotient map.

id
N*@K* R* m M*@K* R*

|&» ~ o

Then, a correspondence (X, 1) — (idg., ) gives the inverse of (X, ix(IN)),. In fact, since

ix(N)®k, idr, PRK, 1dR,
B b

&) lﬁx ) la

N,®s, R, M,

commutes for (idg, ,p) € Mod(C, M)} (R« M, a), (Rs N.®s, R, B)), the correspondence (A, 1)) — (idg. , 1))
is a left inverse of (X,i\(IN)).. For (A, ) € Mod(C, M)SP((Rx, My, ), (S, Ny, B)) and € N,, since

Pirn(N)(z) = Pz ©5.1) = p@x (¢ Rk, 1) = a(y @k, idgr,)(x @k, 1) = (),

it follows that the correspondence (\,t) — (idg.,®) is a right inverse of (\,ix(IN)),. Thus (), ir(IN)) is a
cartesian morphism and pZ’ : Mod(C, M) — C°P is a prefibered category. We set A*(IN) = (R, N.®g, Ry, 5)
and a)(IN) = (A, ix(IN)) : A*(N) — N in Mod(C, M)°P.

For morphisms A : S, — R,, v : T, — S, of C and L = (T, L.,v) € Ob Mod(C, M), there is an isomorphism
e A(IN) : Le®7, R = (Ly®71, S+ )®g. Ry given by ¢, A (N)(w®z) = w@l®x. Weput ¢, »(IN) = (idg,,cu 2 (IN)).
Then, ¢, A\(N) : X*v*(N) — (Av)*(IN) is an isomorphism in Mod (C, M) and the following diagram commutes.

XA (N) — M) )
J{CVYX(N) la,/(N)
(w) (V) —24 s N
Therefore pZf : Mod(C, M)°P — C°P is a fibered category. m]

Proposition 2.1.5 For a morphism X : S, — R. of C, \* : Mod(C, M)g’ — Mod(C, M)} has a left adjoint.

Proof. Define a functor A, : Mod(C, M)r, — Mod(C,M)g, as follows. For (R., M,,a) € Ob Mod(C, M)g,,
set Au(Rs, My, ) = (Si, My, alidy, @K, A)). For (idg,,v) € Mod(C, M)r, ((Rx, L«,7), (Rs, My, ), we set
Ai(idp,,¥) = (idg,,v). Tt is clear that (ids,, ) € Mod(C,M)s*((S*,N*,ﬂ),)\ (Ri, M, @)) if and only if
(A, ) € Mod(C, M)»((S«, Ny, 8), (Ry, My, )). Tt follows from the proof of (2.1.4) that we have a natural bi-
jection (A, ix(IN))* : Mod(C, M) g, (N (S«, N, B), (R, My, 0)) = Mod(C, M)x((Sx, N, 8), (Rs, M, ). Thus
a correspondence (idg,,¢) — (ids,, v ix(IN)) gives a bijection

Mod(C, M) g, (X* (S, Nu, B), (Ru, Mo, @) = Mod(C, M)s. ((Se, Nu, ), A (R, Mo, )

which is natural. Hence ), is a right adjoint of \* : Mod(C, M)s, — Mod(C, M)g,. a
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Remark 2.1.6 Let \: S, — R, be a morphism in C.
(1) The unit e(X) : id podc,Mm)s, — AA" is given as follows. For an object N = (S, N, 8) of Mod(C, M)s, ,
e(A)N : N = M *(N) is defined to be

(ids,,ix(IN)) : (S«, N, B) = (84, Nu®s, R, BalidN, 5. R. @K, N))

(2) The counit n(\) : XA — idapdc,Mmyp, 95 given as follows. For an object M = (R., M., a) of
Mod(C, M), , we put &' = a(idy, @k, X). Then, we have X*(A\(M)) = (Ry, M, ®s, Ry, a\). Let us de-
note by & : M, ®pg, R. — M, the isomorphism induced by . n(A)pg : X*(A(M)) = M s defined to be

(idgr,,a®),) : (Re, My ®g, Ry, ) = (Ra, M, ).
We assume that K, is an object of C in the following proposition. Then, K, is an initial object of C.

Proposition 2.1.7 Let M = (K,, M,,«) be an object of Mod(C, M)k,

(1) The cartesian section syg : CP — Mod(C, M) of p’ : Mod(C, M)°P — C°P associated with M s given
as follows. Put spr(R«) = 0 (M) = (R«, My @K, Ry, Q) for R € ObC. For a morphism X : S, — R. of
C?, spr(N) € Mod(C, M)SP (sn(Sy), saa(Ry)) is defined by

SM()\) = ()\,’LdM* RK., )\) : (S*7M*®K* Sy, O‘ns*) — (R*,M*®K* R., Oan*).
(2) For a morphism X : S, — R of C°P, Then, the morphism
(SM)A : SM(S*) = (S*aM*®K* S*a 04175*) — (5*7 (M*®K* R*)@R* S*, (a'qR*)A) = /\*(SM(R*))

of Mod(C, M)& coincides with (ids, , ¢y, A\(M)™'). Here, ¢y x(M)™': (M. ®k, R.) ®r, S« = M,®k, S, is
given by cpp A(M) Nz @1 ®s)=2® A(r)s.

(3) For morphisms A : S, — Ry and v : S, — T, of C°P, the morphism (spr)x, : N (spm(Ry)) = v* (s (T%))
of Mod(C, M)& is given by (ids, , cyp, (M) epp, A(M)).

Proof. The assertions follow from (1.1.22), (1.1.23) and the definition of pg” : Mod(C, M)°? — C°P. |

Proposition 2.1.8 Let A: R, — S, and v : Ty — S, be morphisms in C.
(1) For an object M = (R, My, ) of Mod(C, M)r,, My, is given by

My ) = vi(N(M)) = (Ts, Mu®R, Si, ax(idi, @5, 5, @K, V).

(2) For an object M = (R, M., a) of Mod(C, M)g,, we define iy, (M) : (M,®g, S«)Qr, S« = M.QRr, S«
by ir,(M)(z®@s®t) =x® st. Then,

L)\,I/(M) : V*(M[)\,V]) = (S*a (M*®R* S*)®T* S*7ﬁu) - (S*7M*®R* S*,Oé)\) = )‘*(M)

is given by ux (M) = (ids, ,ix,,(M)). Here we put f = ax(idpy, op, 5, QK. V) : (Mi®R,Sx)®k, Ty = M,Qg,S,.
(3) For an object M of Mod(C, M) g, and an object N of Mod(C, M)r,,

Py ,(M)N : Mod(C,M)s, (V*(N),\*(M)) = Mod(C, M), (N, M|y )

maps (ids*»sﬁ) to (idT*v(in(N))'

(4) For a morphism ¢ = (idgr,,¢) : M — N of Mod(C, M)r., ¢\, + M., — Ny is given by
V(A () = (idr., p ®r, ids.).

(5) For a morphisms v : S, — A, of C,

M., : M[A,u] = (T, M. ®g, S, OéA(idM*(gR* s, Qk, V)= (Ty, M, ®r, A, Oé’y)\(idM*(@R*A* RK,VW)) = M[w\,vu]
is given by M., = (idr, idn, ®R,7)-

Proof. (1) The assertion follows from (2.1.4), (2.1.5) and (1.3.3).
(2) Since tx,, (M) = (1) r=(n) by (1.3.3), the assertion follows from and (2.1.6).
(3) The assertion follows from (1.3.3) and (2.1.5).
(4) This is a direct consequence of (1.3.5).
(5) The assertion can be verified from (1.3.8) and (2.1.6). O
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Proposition 2.1.9 For morphisms A : R, — S., v : T, — S,, v: A. — S, of C and an object M = (R, M., )
of Mod(C, M)r., define a map ox p~.m : (MiQRr,S:)R7. S = M.Qg. S by Oxprm(xRsRt) = x@st. Then,

6/\7%% : (M[)\,V])[V,'y] — M[/\,’Y] 8 gwen by 6)\,u,’y,M = (idA*yg)\,u,’y,M)-

Proof. First we note that it follows from (1) of (2.1.8) that (M ), is given as follows.

7]
(M xu))ivy] = (T, Mu®R, Ss, @)1y = (As, (M ®R, Si) @1, Ss O (id(0, 05, S )01, 5. OK.Y))

Here we put & = a(idar, 5, 5. @k, V). Since 6x,4,01 = Y (n(¥)r=(ar)) by (1.3.12), the assertion follows from
(2) of (2.1.6). O

Proposition 2.1.10 For a functor D : P — C°P, we put D(i) = R;s (1 =0,1,2,3,4,5), D(1;;) = X\ij ((¢,7) =
(0,1),(0,2),(1,3),(1,4),(2,4),(2,5)). For an object M = (Rzs, My, ) of Mod(C, M)g,,, we define

éD(M) : (M*®R3* Rl*)®R4* RQ* — M*®R3* RO*

by éD( )( ®s ® ) =T )‘01( ))‘02<t)' Then, eD(M) : (M[)\IS,)\14])[)\24,)\25] - M[)\Ol)\ISa)\OZ)\25] is given by
O0p(M) = (idg,,,0p(M)). Hence if Rox = R1+®R,, Rax and Xo1 : Ri. — Rox, Aoz : Rax — Rox are given by
Aoi(s) =s®1, )\02( )=1®&¢t, then 0p(M) is an isomorphism in Mod(C, M)R,. .

Proof. Put & = ax,,(idy ®R3 Ri. @K, A14) and & = a5 (idar,@p,, Ro. @K, Ao1A14). Then, we have the
following equalities by (1) of (2.1.8).

(M x5 0000 Daahos] = (B (Mi® Ry, R1i) @Ry, Ross Qg (1M, 5y, Ry ) @R, Row @KL A25))
(M (201 213,001 A1) o2 daa hosdas] = By (Mu® Ry Rox) @Ry Rox, Orgonas (1Mo @5, R )@ R, Raw ©K. A25))
M 335 000005] = (Rss, M @Ry, Row, Oagyni5 (10, 0, Row @K, Ao2)25))
Since Op (M) is defined to be a composition

(M o1) 202 9201213, 01 A 14, A02 A25, M
EE——

(M[/\137/\14])[/\247/\25] (M[/\01/\137/\01/\14])[/\02/\247/\02/\25] M[)\01)\13,>\02>\25]7

the assertion follows from (3) of (2.1.5) and (2.1.9). O

Remark 2.1.11 For morphisms A : Ry, — Sx, v : Ty = Sy, 6 : Tx — Ay, p: By — A, of C, assume that maps
1128 = Su @1, Ax and 13 : A — S, @7, As defined by 11(s) = s®1, 12(a) = 1 ®a are morphisms in C. Then,
if we define Oy (M) : (My®Rr, S:)®1, Ax = M. ®Rr, (S« @1, As) by Or v wp(M)=(2Rs5) Rt =20 (s®@1),
Ox v p(M) = (idB*,éx,Ww(M)) is an isomorphism in Mod(C, M) 4, , namely (A, v, k, p) is an associative left
fibered representable quadruple.

* 7

Proposition 2.1.12 For functor D, E : Q@ — C°? and a natural transformation w : D — E, we put D(i) = R,
E(i) = Six (1=0,1,2), D(10:) = M\i, E(70:) = v; (i =1,2). For an object M = (S1., M., a) of Mod(C, M)s,,,
define a map g (Mi®s,.50+)Rs,, Rox = (M,®g,, R1+)®R,. Rox by oM (2 @507) =21 Q@wo(s)Aa2(r). Then,
wn Wy (M, 1,) = wi (M), 0, 8 given by wng = (idp,, , @M )-

Proof. Put & = ay, (ids,.@s,, M, ®k.v2). It follows from (1) of (2.1.8) that we have
WS(M[Vlﬂ/Q]) = (’U;(SQ*aM*@Sl* SO*a ) (R2*a( *®S1* SO*)®51*R2*aaw2)

Wik (M)[)\l,)\g] = (R1*7 M, @51, Ry, awl)[)\l,)\g]
= (Raox, (My®s,. R1+) ®R,. Rox, (Qw, ), (idM*®sl* R1.)®R,, Rox ®K, A2).

Define iy, 1y wo (M) 1 (M, ®g,, Sox) ®s,, Rosx = M.®s,. Rox BY 1) 0pwe (M) (2@ s®71) = @w(s)r. It follows
from (2) of (2.1.8) that wg(bl,lyl,z (M)) : (Mow2)* (M, 1)) = (wor2)* (M1, 1,)) = (wor1) (M) = (Mw1)* (M) is
given by w(ty, 1, (M) = (idRy. iy 1o (M)). Hence

Cuwi, A (M)wg(l/ulﬂlz (M))cwz,kz (M[Vth])_l : /\; (w; (M[VI’VQ])) — AT(MT(M))

is equal to (idpry, , Cwy (M )ivy vg w0 (M) Cuy g (M, 151) ). Thus, by the definition of waz, we have

Wh = (idRzr* y Cwi, Ay (M)im ,V2,W0 (M)cwzJQ (M[Ulwz} )711’)\2 (w; (M[thz] )))
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and it can be verified that
Cars Ay (M) s o (M) Caoy g (M [y 17) ™ Ving (w3 (M, 1))+ (Mo ®s,. Sox) @5, Row = (M ®s,, R1.)®@r,, Rox
maps £ ® s @71 to x ® 1 ® wo(s)Aa(r). O
The following assertion is a direct consequence of (2.1.8).

Proposition 2.1.13 For morphisms X : R, — S, andv : T, — S, of Algy_, [\, ]« : Mod(Algy , Modk, )r, —
Mod(Alg g, Modk,)r, preserves coequalizers. It preserves equalizers if X is flat.

2.2 Fibered category of functorial modules

Definition 2.2.1 For a functor F : C — Set, we define a functor Ug : Cp — C by Up(R«,p) = R and
Ur(A:(Rs,p) = (Ss,0)) = (A\:Sx = Ry). A functor M :Cp — Mod(C, M) is called an F-module if M satisfies
peM = Up. A natural transformation ¢ : M — N of F-modules is called a morphism in F-modules if @ satisfies
e (go(R*’p)) = idr, for (R.,p) € ObCpr. We denote by Mod(F) the category of F-modules and morphisms in
F-modules.

We put & = Funct(C, Set). For a morphism f : G — F of £, define a functor f:Cq — Cp by f(R*,p) =
(Re, fr.(p)) for (Ru,p) € ObCa and f(A 5 (Rep) — (5,0)) = (A : (Rey . (p)) — (Sus fs. (). Define a
functor f* : Mod(F) — Mod(G) by f*(M) = Mf and f*(P)(R..0) = Pf(R.p) = P(R..fr.(p)) 0T (Risp) €
ObCq. Note that (gf)* = f*¢* : Mod(H) — Mod(G) holds for morphisms f : G — F and g : FF — H of
Funct(C, Set) and that id}. is the identity functor of Mod(F).

We define a category MOD as follows. Objects of MOD are pairs (F, M) of FF € Ob& and an F-module
M. A morphism (G, N) — (F, M) is a pair (f, ) of a morphism f : G — F of £ and a morphism in G-modules
@: f*(M)— N. Composition of morphisms (f, ) : (G, N) — (F,M) and (g,%) : (F,M) — (H, L) is defined
to be (gf, o ().

Define a functor pg : MOD — & by pe(F,M) = F and pg(f,) = f. Then, for each F € Ob¢&, the
subcategory MODp of MOD consisting of objects of the form (F, M) and morphisms in the form (idg, ¢) is
identified with the opposite category Mod(F)°P of F-modules.

Proposition 2.2.2 pg : MOD — £ is a fibered category.
Proof. For a morphism f: G — F of £ and (F, M) € Ob MODp, it is clear that a map
(fridg«any)« : MODg((G,N), (G, f*(M))) = MODy((G,N), (F, M))
which maps (idg, ) to (f, ) is bijective. Thus (f,idsr)) : (G, f*(M)) — (F, M) is a cartesian morphism
and pg : MOD — £ is a prefibered category. We set f*(F, M) = (G, f*(M)) and ay(F, M) = (f,ids~(ar))-
For morphisms f : G — F, g : F — H of £ and (H,L) € ObMODyp, we note that f*¢*(H,L) =

f(F,g*(L)) = (G, f*(¢*(L))) = (G, (9f)* (L)) = (9f)*(H,L). Define ¢, y(H, L) to be the identity morphism of
f*g*(H,L) = (gf)*(H,L). Then, the following diagram commutes.

freE, L) 2L 1)
|e0str.0) Jotan)
(fo)r(H, 1) =20 (1, 1)
Therefore pe : MOD — £ is a fibered category. O

Remark 2.2.3 (1) For a morphism f : G — F of &, the functor f* : MODg — MODg is given by f*(F, M) =
(G, f*(M)) and f*(idr,p) = (idg, f*(p)) for M € Mod(F) and ¢ € Mod(F)(M,N).

(2) A morphism (f,) : (G,N) — (F,M) of MOD is cartesian if and only if ¢ : f*(M) — N is an
isomorphism in F-modules.

Proposition 2.2.4 MOD has coproducts.
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Proof. Let ((F;, M;))icr be a family of objects of MOD. Put F = ][ F; and we denote by ¢; : F; — F be
i€l

the canonical morphism. Define an F-module M : Cp — Mod(C, M) as follows. For (R.,p) € ObCr, we set
M(Rs,p) = M;(Ry,p) if p € F;(R,). If X: (Rs,p) = (Sk,0) is a morphism in Cr such that p € F;(R,), then
o=F\)(p) = F;(MN)(p) € Fi(S.). We define M(\) : M(R.,p) = M(S.,0) by M(A\) = M;()\) if p € Fi(R.).
We note that, if (R, p) is an F;-model, then of (M) (R, p) = M (R«, (ti)r. (p)) = M;(R., p). Define a morphism
ti:1f (M) — M; of Fi-modules by (¢i)(r, p) = td, (R, p) : ti (M)(Rs, p) = M;(Ry, p).

Let ((gi,7;) : (Fi,M;) = (G,N));er be a family of morphism in MOD. There exists unique morphism
g : F — G satisfying gi; = g; for any ¢ € I. Since g*(N)(Rx,p) = N(Rx,gr, (ti)r.(p)) = N(Rs, (9:)r. (p)) =
95 (N)(Rx,p) for (R.,p) € ObCr if p € F;(R.), we define a morphism v : ¢*(N) — M of F-modules by
YR..p) = (Vi) (R.,p)- Since i g"(N)(Ry,p) = N(R., gr, (ti)r.(p)) = N(Rs, (9:)r. (p)) if p € F;(R.), it follows
(Lit; N (Rap) = )R VN (Rarp) = V(R ()r, () = (Yi)(R.p)s thai is, ¢itf(y) = ~;. Hence we have
(9,7)(ei,ti) = (gi,7v;). Suppose that a morphism (¢’,v’) : (F, M) — (G, N) also satisfies (¢', ") (¢i, ti) = (9i,7;)
for any 7 € I. Since ¢g't; = gi; for all i € I, it follows ¢’ = g. Then, we have

V(R r () = 4 V) (Rep) = W) (o) (V) (Reip) = (Vi) (Resp) = (40 (Resp) & (V) (Rep) = V(Bar0) 1 (0)
for any ¢ € I and (Rx,p) € Cp,. Therefore v' = ~. O
The following assertion is straightforward.

Lemma 2.2.5 For R, € ObC, let (M;);cr be a family of objects of Mod(C, M) g, and put M; = (Ry, M;., ;).
Assume that a coproduct [] M. in M exists and we denote by tj r My, — 11 M;. the inclusion map to j-

i€l i€l
summand for j € I. Let « : (]_[Mz*) ®k, R« — [IMis be the unique map that makes the following diagram
icl i€l
commute for any j € I.
Mj* ®K* R* & ? Mj*

lLJ‘ QK. idR, J{L]‘

(H Mz*) ®k, R —>—— H M,
i€l i€l

Then (R*, 11 Mi*,a) is a coproduct of (M ;);cr in Mod(C, M), . Hence if M has coproducts, Mod(C, M)g,
i€l
has coproducts for any R, € ObC.

Proposition 2.2.6 If M has coproducts, f* : Mod(F) — Mod(G) has a left adjoint for any morphism f :
G — F of €.

Proof. Let N : C¢ — Mod(C, M) be a G-module. For (R.,p) € ObCr, we put
f!(N)<R*7P): H N(R*,l-@).
KEFRL(p)

Here, [] N(R., k) denotes a coproduct in Mod(C, M)g,. We also denote by
KEFRL(P)

b (N)y : N(Royv) — [ N(R.,r)
KEFRL(p)

the inclusion morphism into v-summand. If A € Cr((Rx, p), (S«,0)), then F(Ur(X))(p) = o and it follows that
k € frl(p) implies G(Up(N)(k) € fg'(0). For k € G(R.), let A\ € Ca((Rs, k), (Ss, G(Ur(N))(k))) be the
morphism satisfying Ug(A:) = Ur(A). Let

AN AN)Bep)= [T N@Bow)— J] N(S.,v) = A(N)(S.,0)

KEFR(p) vers (o)

be the unique morphism that make the following diagram commute for any x € f E*l (p)-
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N(R., ) — ) N(S,, GO)(k))

JL‘f(N)H J/Lf(N)G(%)(H)
Si(N)(N)
II N(R« k) ———— ][] N(S.v)

KEfRL(p) vefs o)

For a morphism ¢ : M — N of G-modules, we define a morphism fi(¢) : fi(M) — fi(IN) of F-modules as
follows. For (R, p) € ObCp, let

@)y s AM)(Rasp) = [ MRu,k) — [ N(R.,r) = ((N)(R.,p)
KEfRL(P) KEf7L(P)

be the unique morphism that makes the following diagram commute.

‘P(R* )

M(R., k) N(Rs, k)
lbf(M)n J/”f(N)m
[ M(R.,r) 2200 11 N(R.,x)
KEfr! () wEfr (p)

We define a map Ad : Mod(G)(N, f*(M)) — Mod(F)(fi(N), M) as follows. For ¢ € Mod(G)(N, f*(M))
and (R., p) € ObCr, let

t(lD(R*,p) f‘(N)(R*7p) = H N(R*"‘Q)_)M(R*,p)
wEFR (p)

be the unique morphism that makes the following diagram commute for every € f g*l (p).

P(Ry .,k
N(R*,H) S ) M(R*mfR* (K))
o |
[I N(R.,r) —L22 s M(R.,p)
KEFRL(P)

Then, the naturality of ¢ implies the naturality of %p. Put Ad(p) = “. The inverse of Ad is given as follows.
For ¢ € Mod(F)(fi(N), M) and (T.,7) € ObCq, let ¥y, ;) : N(Ti,7) = M(T%, fr. (1)) = f*(M)(Ts,7) be
the following composition.

v (N) - (T, o1, (1)
N(T.,7)—5 [ NTk) = fN)(T, fr.(7)) = M(T, fr.(7))
w€fp! (fr. (7))
Then, the naturality of @ implies the naturality of 'J) Put Adfl('(/)) = {p O

Remark 2.2.7 The unit 7/ : idpmoa(ay — f*Ji and the counit e fifr — id pmoq(ry are given as follows. For
N € Ob Mod(G) and (Tx,T) € ObCq,

@) NTor) — [ N(Tok) = ANNT fr.(7) = £ RN T 7)
KEfp ! (fr, (7))
is the inclusion morphism v¢(N), into T-summand. For M € Ob Mod(F) and (R.,p) € ObCr,
E) Ryt HF M) (Rsp) = [ MR fr. (k) — M(R..p)
KEFRL(P)
is the morphism induced by the identity morphism of M(R.,p).
Since MO Dp is identified with Mod (F')°P and the inverse image functor f* : MODpr — MO D¢ is identified

with the functor (f*)°P : Mod(F)°? — Mod(G)°P, (2.2.6) implies the following result.
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Corollary 2.2.8 If M has coproducts, the inverse image functor f*: MODgr — MODg¢g has a right adjoint
for any morphism f: G — F of £.

Remark 2.2.9 The unit nf : idppoq, — fuf* and the counit ef : f*fi — idpoa. of the adjunction f* 4 fi
are given as follows For M € Ob Mod(F), n(FM) = (idp,&l,) : (F,M) — (F, f*fi(M)) = f*fi(F,M). For
N € Ob Mod(G), el ) : fif (G, N) = (idg,n}) : (G, fif*(N)) = (G, N).

Proposition 2.2.10 Suppose that M is complete. For any morphism f : G — F of €, f* : Mod(F) — Mod(QG)
has a right adjoint.

Proof. Let N be a G-module. For (T,t) € ObCq, we put N(Ts,t) = (T, N(1, ), fi(1, 1))- Then, we have
pMNQ<a7 (T*at» :pMN(T*ﬂt) = N(T*,t)* for (R*,.I) € ObCp and < ( )> € Ob ((R*vx)\l/f) Let

N(Ro, ), =T 0 NQ(av, (T t ) )
( f( ) pm Q< ( )> (o,(T%,t))EOD ((Ra,z)L.f)

be a limiting cone of composition ((R., z)Lf) 9, ce Mod(C, M) B2 M. Let 7 : (a, (Ty, 1)) = (3, (Ss, )
be a morphism in ((R.,2)lf) and put NQ(r) = (7,7). Then, we have ppNQ(T)T (o (1. 4)) = (s, (S*,s))a
7Ur(a) = Up(B) and the following diagram commutes.

Nt aye @k, T —2— Nz, 1y

e !

Nes. oy Ok, S¢ —22 5 N, oy
Thus we have

PMNQ(T) e, o) (T (1. 1)) OK. UF(a)) = TU(T, 1) (7T<a (1) @k, Ur(a))
$.,9) (T @K, T)(T(a, (1, 1)) @K, Ur(a))
= s, )(PMNQ( T)T (o, (T, 1)) @K, TUR(c))
= W(s.,s)(T(s,(5..5)) @K, Ur(B)).

(T, t) (T (e, (T4 1)) OK L Ur (@)

Hence (Nf(R*w)* K, R N(T*,t)*> is a cone of ppNQ and

(,(T,t))EODb (R ,z) L f)
there exists unique map p(g, ) : Ny (R, )« @k, Ri — N¢(R., x), satisfying

T (o (T ) P(Ra) = (T t) (T (T, 1)) Ok, Ur (@)
for any object (av, (T, t)) of ((Ra,z)Lf). Let vy, : Tw ®f, Th — T, be the multiplication of T,. Then

(o (T, 1)) Ok, Ur(@))(p(R. 2) @k, idR,)
T (To ) P(Roz) DK, Ur (X))

T (a,(Te ) P(Res2) (P(R. ) Bk, 1dR,) = (T, 1) (
(
(1, 0 (T (a1, 1)) @K, Ur(a)) @k, Ur(a))
(
1 (
(

= K(T, ¢

= K(T, ¢
= (T,
= w1 t) (T (o, 1)) Ok, Ur(a@))(idn, (R, 2). K. VR.)

T, ) @K, 1d7, ) (T(a,(T, 1)) @k, Ur(a) @k, Up(a))

)
)
= (T t)
)
(1N, . OK. VT*)<7r(a,(T*,t)) ®k. Ur(a) @k, Ur(a))

= Ta,(Tu ) P(Re ) (1N} (R, ). RK. VR.)
for any (a, (T, t)) € Ob ((Ra,x)Lf). Therefore p(r, z)(p(r.x) K. idR.) = p(r..2)(idN, (R. z). Ok, Vr.)- For a
K,-module N, and a K,-algebra R,, let in, g, : N — N, ®k, R, be a map defined by in, g, (z) =z @k, 1.
Then, for any (a, (T, t)) € Ob ((R«,x)lf), we have

Ty (Te ) PR @) INJ (R s2) e\ Re = T ,t) (T (T2 0)) K. UR(Q))iN, (R, ). R.

= T ) N,y T T (0, (T ) = T (T t)
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Thus p(r, 2)iN;(R.,2). R = AN, (Ro2). A0 p(R, o) @ Ni(Re,7)e @k, Ri — Ny(Ri, ), is a right R.-module
structure of Ny(R.,).. We note that (Ur(a), a7, 4))) * (Ba; Np(Ru, 2)s, p(R.2)) — (T N1, )55 (T 1)) 18
a morphism in Mod(C, M).

Recall that a morphism v : (S.,y) = (R, z) of Cr defines a functor (vlidy) : (R, z)Lf) = ((S+,y)Lf) by
(vhidf){a, (T, t)) = (a, (T%,t)). Hence we have a cone

(NAR*,@ Tt A NQbid ) a ,<T*,t>>)

<a)(T*)t)>€Ob ((R*,I),Lf)

Since pMNQ(Wiidf)m, (T, t)) = pmN(Ty,t) for any («, (T, t)) € ((R*,x)if), there exists unique mor-
phism Ng(y) @ Ng(S«,y)s — Nj(Rs, ). such that m (7, 4 Ny(v) = T (ydidz) (o (T. ) for any (a, (Ty, 1)) €
Ob ((R.,z)Lf). Tt is easy to verify that this choice of Nf(v) makes Ny a functor. Since

(o (Ta 1)) P(Rurz) (N7 (V) @k, Ur (7)) = 1t ) (T, (1 1)) Ok Ur(a))(Nf(v) @k, Ur(7))
=K T*,t)(w (T st)) Nf( ) @k, Ur(ay))
= (T, ) (T(yLid ) (o, (T ) Ok Ur (@)

= T(ydid ) (ay(Te ) P(Sery) = Tlay(Te,t) IV (V) P(5. )
for any (o, (Ty,t)) € Ob((R.,z)}f), we have P(R..z)(Nf(7) ®k, Ur(y)) = Ng(v)p(s.,y), in other words,
(Ur(7), N¢ (7)) + (Se; Ny (Ss, ¥)s, P(5. ) — (Bu; Ny(Ra, )s, p(R, ,2)) 18 @ morphism in Mod(C, M). We de-
fine an F-module f.(N) by fo(N)(R., z) = (R*ny(R*yx)*,pm* ) and fi(N)(v) = (Ur(7), Ny (7).

For each (T%,t) € ObCg, we define a morphism & 4 : fu(V Vf(T,,t) — N(Ty,t) of Mod(C, M) by
T, ) = (idTwW(idf(T -t)’(T*’t))) We note that a morphlsm A (Ti,t) = (Ss, s) of Cq defines a morphism A :

(idfep, 4y (Test)) = (FN), (S, 5)) of (F(T, t)Lf). Tt follows from the definition of f.(N)f(X) : f.(N)f(T.,t) —
f+(N)f(S,,s) that
=5 £ (N FON) = (s, T o (5. Ur(FO)), N (FOD) = UV Ta e, (5..0n N7 (FO)))
= Uc(N),ias g, . (s0sn N (f(A)) = (UG()‘)vW(f()\)udf)@‘df(s*ﬂs),(S*,s)))
= (UG(/\)JT(f()\),(SMS») = (Uc(A), pmNQ(A )W(zdf(T t),(T*,t)>) = N(NE(r, 1)-
Therefore we have a morphism & : f,(N) f— N of F-modules.
Let M : Crp — Mod(C, M) be an F-module and ¢ : M f — N a morphism in G-modules. For (R,,z) € ObCp,
we put M(R*,Z‘) = (R*7M(R*,I)*7X(R*,I))' It P - <Oé, (T*at)> - </8a (S*a 8)> is a morphism in ((R*,J?)\Lf), since
NQP)(r. .y M(a) = {(s..9y M Q)M () = (5. M(F(Q()) ) = (5., M (B),

REULION NQ/{a, (T*,t)>> is a cone of NQ : (R, z)Lf) — Mod(C, M). We

(M(R*,x)
_ (o, (T 1)) €Ob ((Rs,@)Lf) _
have unique morphism (g, o) @ M(g, 2)» — Ny(Rs, ). such that 7, (1, )R, ) = PM(((r, M () for

any (@, (Ts,1)) € Ob((Rw,)Lf). Define (g, z) : M(Re,z) = fu(N)(Rs,2) by ((o2) = (idR., (R ) Let
v : (Ly,y) = (R, x) be a morphism in Cr. For each (a, (Tk,t)) € Ob ((R«,x)lf), since

o)) SR )P (M (7)) = Paa (G 1y M (@) ppa (M (7)) = prm (S iy M (7))
T (i) a(Te ) S(Lusy) = T (Te0)) NF (VL)
we have 5(R*,x)p/\/l (M(v)) = Ny (’y)C_(L*7y), which implies the naturality of ¢. Since diagrams

T, (T 1)) O K Ur ()

Ny(R.,2). @k, R. Nir, 1)« Ok, Ts

J{p(R*,m) J{M(T*,t)

T (o, (T 1))

Nf(R*,I')* N(T*at)*
M(a) @k, U (C(te.t)) O, ide,
Mg, o) k. R« PO Bete) Mgp, 4. Ok, Tx PR N Ok, T
lX(R*w) le(T*,t) lﬂ(T*,t)
Pm(M(c)) pm STy 1))
MR, 2)« Mgp, 1)+ Nz, 1)«
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commute for any (R.,z) € ObCp and (a, (T},t)) € Ob ((R.,z),f), we have

T (T ) P(Ru) (C(Ra2) B, GdR,) = (T, 1) (Ta, (m)) 2. Ur(@))({(n. ) O, idn.)
= 1T 1) (T (e (T21)) S( R o) @K, Ur(@))
= p(1, 0y (PMm ({1, 1) )PM(M( ) @k, Ur(a))
= . 0) (M1, 1) @k, idr, ) (pm(M(a)) @K, Ur(a))
= P (e ) M(Q)X(Re2) = T (o (Te ) C( R 2) X (R )
It follows p(r. o) ({(r..») ®K. idR.) = {(R. 2)X(R..z), that is, ¢: M — f.(N) is a morphism in F-modules. Thus

we have a map

adpsn : Mod(G)(Mf,N) = Mod(F)(M, f.(N))

which maps ¢ to C. R
Finally, we show that adys,n is the inverse of the map Mod(F)(M, f.(N)) — Mod(G)(M f,N) given by
§ > €. For ¢ € Mod(G)(M f,N) and (T%,t) € ObCg, we have

Etyadn Q) jer, 1y = (T, Thid; g, (o) Cfir, ) = (1T, DA (Cer, 0y M (id o, 1)) = S )

For £ € Mod(F)(M, f«(N)) and (Ry,z) € ObCr, we put E(R*,I) = pM(g(R*,w)) pm(M(Ry,x)) = Ny(Ry, x)s

and E(R*’z) = pM(adM’N(éff)(R*yz)) :pm(M(Ry,x)) = N¢(Rs, x)«. For each («, (T%,t)) € Ob((R*,x)Lf), by
the naturality of &, it follows that

Tt (R 2) = PMET 0, 0y M(@)) = P E () e (NI Q&R 2)) = Wi (Tt N ()€ (R, )
Taidg) (idf g, ) (R 2) = T a0 PMER. )

and this implies pr(adar,n (E§7) (R, 2)) = PM(§(R, 2)) for any (R, z) € ObCp. Therefore ady,n(E§;) =€ O

Corollary 2.2.11 pg : MOD — & is a bifibered category if M is complete.

Remark 2.2.12 The unit 7(f) : idpyoary — fof" of the adjunction f*  f. is given as follows. Let M
be an F-module. For an object (R.,z) of Cr and a morphism X\ : (R.,x) — (S.,y), we set M(R.,z) =
(Ru; M(R, 2)%> (R, ) and M(X) = (A, My) : (R, M(R, 2)%, Q(R..x) — (Sw; M(s, y)r s, y)). Suppose that

7 {a, (S, 8)) = (B, (Ty,t)) is a morphism in ((R*,x)Lf), then the following diagram is commutative.
(Ry, @)

(.. f5.(5)) Q) (T, fr. (1)

It follows that

Mp(a,(Ty #)) =Ma
%

(M(R*@)* M(T*,fT* (t)* — pMMfQ<OZ7 (T*7 t)>>

(0, (T. ) €Ob (R, 2)Lf)
is a cone of composition ((R.,z)|f) N Ca ER cp L Mod(C, M) 225 M. Since

* M R*;x (o (T ) M T*at 3
(f( ) (Ra, @) =2 o MFQ(ar, ( )>><a,(n,t)>e0b<(m,x)¢f)

is a limiting cone of pp M fQ, there exist unique morphism (77]{/[)(3*7@ M(RM« — f*(M) (R, ), that makes
the following diagram commutative for every (a, (Ty,t)) € Ob ((Ry,z)Lf).

(ﬁwa)(R* , @)

WW& MV

pMMfQ< (T*vt)

M(R*,m)* ) (R*7CE)
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2.3 Associativity of the fibered category of functorial modules

Suppose that M has coproducts. Let f : F — G and ¢g : F — H be morphisms in £ and (H, N) an object
of MODpg. It follows from (2.2.8) and (1.4.2) that the presheaf F(J;’IQN) : MODY — Set on MODg is
representable. For an object (H, N) of MODp, it follows from (1.4.2) that we have

(H, N)V9) = fig*(H,N) = (G, fi(Ng)).
Since §(Rs, k) = (R, gr, (k) for (Ry, k) € ObCh, fig*(N) = fi(Ng) € Ob Mod(G) is given by
AN (Rep)= [ NiRew = ][] N(R..gn.(x)
KEfr, (P) KEfn. (P)

for (R.,p) € ObCq.
Let o : N — M be a morphism in H-modules. It follows from (1.4.5) that

(idw, @)« (H, M)V = (H, fi(Mg)) = (H, fi(Ng)) = (H,N)I"4
is given by (idg, )9 = (idy, 9" (¢)). For (R.,p) € ObCp and v € f7'(p), if we denote by
1 (g"(N))y : N(Ru,gr. (V) = N§(Ru,v) — [ Ng(R..r) = fi(NG)(R.,p)
KEFR (p)

the inclusion morphism to r-summand, the following diagram commutes

P(Ru,gp, (1))

N(R.,gr.(v)) M(R.,gr.(v))
Jista . |t .
FiNG) (R, p) — 280 (M) (R, )
Let h: L — F be a morphism in £ and N an H-module. For (R,,p) € ObCq, we define a morphism

Nig. o (FEN(NRG)(Rusp) =[] N(Rugr.br.(8) — [ N(R.,gr.(5) = A(NG)(R..p)
KE(FM)RE(p) KEFRL(p)

of Mod(C, M) g, to be unique homomorphism that makes the following diagram commute for any v € (f h)l_%i (p).

N (R, (9p, bR, ) (V)

N(R.,(gh)r.(¥)) N(Ry, gr.(hr.(v)))
L,«h«gh)*(zv))u be(g*(fv»m(y)
h

(FR)(Ngh)(R.. p) N A(NG) (R p)

Let A : (R.,p) — (Ss,7) be a morphism in Cg and v an element of (fh)z" (p). Since H(A\)gr, = gs,F()\)
and F(Ahg, = hg,L(\), Ug(A) : R. — S defines a morphism

At (R, grahir, (V) = (Se, H(A)(gr. PR, (V) = (S, 95.hs, (L(A)(v)))
of C. We also note that

(fh)s. (LA (V) = fs.(hs. (LN () = fs. (F(N)(hr.(v)) = G (fr. (hr, (V) = G ((fh)r. (V)
=GN (p) =7 € G(5)).

By the definition of N, (hR

0) and N, (hs*ﬁ), we have the following equalities.
N, pyesn(@h)* (V) = t5(9* (N)ng, )5
Nl ern((gh) (N) Loy = (0 (N hs, (o)

Hence the left rectangle of the following diagram commutes by the definition of (fh);(Ngh)()) and the outer
rectangle of the following diagram commutes by the definition of fi(Ng)(A\). Thus the right rectangle of the
following diagram is commutative.
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N(Ro, grehn. () (FRO(NGR) (R, p) — 220, f(NG) (R, p)

lN(Au) l(fh)z(Nﬁ)(A) lf!(N.ﬁ)(/\)
tin((gh)" (N )hg, (L)) h
N (S, gs,hs. (L(N) (1)) .

tin((gh)* (N))w

-~ N ki ~
(FIUNGR)(Ss,7) —=— fiNG)(S.,7)
Hence we have a morphism N" : (fh),(Ngh) — fi(N§) of G-modules.

Proposition 2.3.1 Let f : F - G, g: F — H and h : L — F be morphisms in € and (H,N) an object of
MODy. The morphism

(H,N)": (H, NV = (G, fi(NG)) = (G, fi(NG)) = (H,N)/ "o
of MODg is given by (H,N)" = (idg, N").
Proof. Tt follows from (1) of (1.4.8) that (H, N)" is the following composition.

fh
My g* (H,N)

(H,N)9) = fig"(H, N)

b (el )

(fR)(fR)*((H,N)V9l) = (fh)h* f* fig* (H,N)

(fhnh*g*(H,N) = (fh)(gh)*(H,N) = (H, N)[.fh,gh]

We recall from (2.2.9) that
iy = (ida, 8 (G ING)) — (G, (FRW(A(NG)FR))
(R (). 1 ny) = G, (PR (g)) = (G, (FRYBT(FNG)F)) — (G, (fR)(Ngh)).

It follows from (2.2.7) that

(Ehing) r. ) - IIHAND R (Rep) =TT ANG(Res (fR)R. (5)) — [iNG)(R, p)
KE(Fh) . (P)
is the morphism induced by the identity morphism of fi(Ng)(R., p) for (R.,p) € ObCq and that

W (71k5) (. w) © (NgR)(Rs,v)=N(R.. gr. (hn. (v))) — 1T N(R.,gr. (k) = fiIlNG)fh(R., p)
KEFR L (fr. (hR. (P)))

coincides with the inclusion morphism ¢y (N§)s () to hg, (v)-summand for v € (fh)l_%1 (p). For (R, p) € ObCq,
we have

(fhp(Ngh)(Re.p) =[]  N(Be.(gh)r.(v))
ve(fh) gt (p)

FINANG IR (Rep) =TT AWNG)(Res (fh)g. ()

ve(fh)qe (o)
and the following diagram is commutative for v € (fh)5! (p).

h* (ﬁjf\.rg)(R*,y/)

N(R.,(gh)r. (v))
J{th(Nﬁ)V
(fh)1(Ngh)(R-, p)

Thus a composition

LING)(Rs, (fh)R.(v))
th(f!(Ng)ﬁl)ul

(Rs.p) (fh),(f'(Ng)ﬁl)(R*ap)

idj (N§)(Rx.p)

((rrnn* () (G

H(NG)(Rx, p)

((fh)’h* (ﬁlf\fé)))(R*,p) (éj:!h(/Nfi))(R*,p)

(fh)(fi(NG)fR)(R., p) A(NG)(R., p)

maps v-summand of (fh);(Ng;fL)(R*, p) to hg, (v)-summand of fi(Ng)(Rx,p) and this implies the assertion. O

(fh)i(Ngh)(R., p)
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Lemma 2.3.2 LethFl—>F3,gZF1—>F4,hZF2—>F4,iZF2—>F5,jZG1—>F1 andk:G2—>F2 be
morphisms in E. For an Fs-module N, a morphism

((Fs, N)®YT « ((F5, )9l = (B3, fi(hi(N7)g)) — (Fs, (fi)((Rk)(Nik)gg)) = ((F5, NIk f3.01]
is given by ((F5,N)¥)7 = (idp,, fig" (N*)((hk)i(Nik))?).

Proof. Since (Fs, N)Pkik] — (Fy (hk)(Nik)), we have ((Fy, N)hk-ikl)i — (zdp3,((hk) (Nik))7) by (2.3.1). W
also have ((Fs, N)*)I59! = (idp,, N*)/9l = (idp,, fig"(N*)). Hence ((F5, N)*) = ((F5, N)PRik1)i ((F5, N)F)lF9 »1
implies the assertion. O

We investigate the morphism Fig* (N®Y(hk)W(NiE) = (f3)1((hk)(Nik)gj) — fi(h(N7)§) below. If we
put M = (hk)(Nik), the following diagram is commutative for (R.,p) € ObCp,, k € (fh);i(p) and v €
(hk) g ((99) R, (K))-

AN (R, (i) R, (1)) AN (R, (ik) R, (1))

N(R., (ik)r,(v))
lbhk(NiNk)V

N(R., (ik)r, (v)) N(R., (ik)r. (v))
Lhk(ka)u J/Lh(N)k'R*(u)

. * k
Wdar(Ry,(95) R, (R) I (N*) (R ig, ()

M(R., (97)r.(x)) M(R.,gr.jr. (K)) hy(Ni) (R, gr. ir. (k)
J{ij(IV[g}),.i J/Lf(Mg)jR*(m) J/Lf((h!(NZ))g)jR*(n)
. ~, M %P ~ flg*(Nk) ) N~
(fi)(Mgj)(R.,p) e F(MG)(R., p) oy A(hi(NT)G) (R, p)

We note that the following equalities hold for (R.,p) € ObCp,.

(f((hk)(NiR)gj)(Resp) = [T (k)(Nik)(Re, (7). ()

wE(fh) 7L (p)

- I [I VR )

KE(fR) gL (p) vE(RK)R! ((9) Ra (K))
A(NDG)(Re,p) = [ m(Ni)(R.,gr. (k)

KEFRL(p)

S | S | ()

KEFR (p) vERR! (gR. (K))

For k € (fh);-ii(p) and v € (hk)p
“rk-v-summand” of (f7)1((hk) (Nzk
“ir, (K)-kgr, (v)-summand” of fi(h(N

£9°(NF) e (RN g = (NN TR)G)) (R, p) — i(a(NDG)(R.. p)

maps “k-v-summand” of (f7)i((hk)(Nik)gj)(Rs, p) to “jr.(k)-kr. (v)-summand” of fi(h(N3)§)(R., p).

Y((95) R, (K)), tp;((hk) (Nik)gj)xtne(Nik), is the inclusion morphism to
94)
i)

R,
)95)(R., p) and 15 ((hn(Ni))g )ir, (5)eh (N ) kg, (v) 18 the inclusion morphism to
3)(R., p). Hence it follows from the above diagram that

For morphisms f: F —- G,g: F — H, h: F — L of £ and an L-module N,
G{Lg,}il/) (L, N)ohh)lfal (1, N
is described as follows. First of all, recall that
(L, N HEsl = fg*gh* (L, N) = (G, fi(g.(ND)3))
(L, )M = fin*(L, N) = (G, fi(Nh)).

It follows from (1.4.12) and (2.2.9) that
{nge) f'( h (L,N)) = (idGafl<ﬁZ*(N))) : (G>f!(g!(Nil)§)) — (G,f'(NB))

Since (ﬁZ*(N))(R " (NR)(R,,v) — ]_[ N(R.,hg,(kK)) = g*gh*(N)(R.,v) is the inclusion mor-
’ rEgp! (9. (1)
phism ¢,(Nh), to v-component of g*gh*(N)(R.,v) for (R.,v) € ObCp and the following diagram commutes.
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(ﬁi*<N>> (B )

g*9(Nh)(R.,v)
1y (Nh), B lLf(g*gz(Nﬁ))u
Alg*a(Nh))(R., p)

Since fi(gi(Nh)G)(Ra,p) = 11 I N(R.,hg,(v)) and t7(g*g((NB)) (5. 1) (- (n)) (&, ) i the in-

KEFR(P) vEGR . (9R. (K))

clusion morphism to “v-v-summand”, fi (ﬁz* ( N)) maps v-summand of fi(N B)(R*, p) to “v-v-summand” of

fi(g(Ng)g)(Rs, p).

Proposition 2.3.3 Suppose that M has coproducts. Then, for any morphisms f : F} — F3, g : F1 — Fy,
h:Fy— Fy,i:Fy— Fs of &, (f1, f2, f3, f4) is an associative left fibered representable quadruple. Namely,

(Rx,p)

0190 (Fy, N) ¢ (Fs, N) 59 = fig%hyi* (Fs, N) — (fprp i(iprp, )" (Fs, N) = (Fs, N)UPreoiPre]
is an isomorphism for any Fs-module N.

Proof. We recall that 0/:9:"%(F5, N) is defined to be the following composition.

frn"F1 9PTF SiPTFy
€(F5,N)

[f.9] w ((Fs, N)PPregipre, [y [fPrry 9Pt | s (Fy, N)/Pregipre,]

((Fs, N)t-)lr:

Note that we have the following equalities.

((Fs, N)PH19) = fig*hi* (F5, N) = (Fs, fi(l(N©)g))
((F5, N)PPres re ) Preg 90ren] = (fpr ) (gpr g, ) (hpr g, )1 (ipr s, )* (F5, N)
= (F3,(fprp, 1((gpre, ) (NgﬁFl)iPTTFQ))
(F5, )Pl = (fprp ) (iprp, )" (Fs, N) = (Fs, (fprp i(Nipry,))
= (
(

JPrp 9P R iPT R,

(F5,N) forg )i(e f;:; )* (Fg,,N)) = (idr,, (forp ) (n(gzl;rl; )* (N)))

((Fs, N)P'e2)P'ry = (idp,, fig" (NP*P2 ) ((hpr g, )((Niprg, )P )

The following diagram (i) is commutative for any (R.,p) € ObCrg, and (k,v) € (ferl)Ri(p).

prrpl(NierZ)(n,u)

(Niprp,)(Rs, (5, ) (fpre i (Niprp, ) (Rs, p)

gprp; . _gprp,
l(n(zp”ué) (N))(R* (R} l(ferl)!("uerz)*(N))(R*,,,)
tipep, ((9PT Ry )1 (NPT g, )G g ) (1)

(gprp, )(Niprg, )gprp, (R, (5,v)) (fprp )1((gpr e, )1 (NipE s, ) gD g, ) (Rec, )

_ o ((hDT ) (N 1 G 1, ) ) .
(hprpz)!(Nlprpz)gprpl(R (K, v)) — : 5 (fprp, )1((hpr g, 1 (Nipr g, )gpt g ) (Re, p)

(her2)'(N1er2)qer1(R* (r:v)) l((hPrF )!(N&Fﬂ)?;il,p)
Lf ((hPTFQ)! (NiPer )g)prpl Ry (Fov)
(hpr, )1 (Niprp, )gDT gy (R, (K, 1)) A((hpr g, ) (Nipr g, )3) (R, p)
PrF * PT
l BT py (R, (5,1)) lf!y (N"F2) (R, )

g (b (Ni)g)erlR* (kyv)

hi(Ni)gptp, (R, (#,v)) A((ND)G) (R p)
diagram (4)

( (g;:r}:) (N ))(R*,(mv))

(gerl)!(N{l;i‘Fg>ﬁF1 (R, (k,v)) = H (NZFTFQ)(RM (v, X))

(r:X)€(gpr ey ) gt (9P ) ) (K1)

is the inclusion morphism to (k,v)-summand of
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and N;;;(R*,(N,y)) : (herz)!(N&Fg)@fFl(Rm(’@V)) - h!(NE)QﬁFl(R*>(“7V)) maps (k,v)-summand of

(herz)g(Nz'p?er)ger1 (R, (k,v)) to v-summand of

h(N)gpr g, (Re, (k,v)) = 1T N(R.,ir, (X))
XELE! (9. (K))

which is mapped by Lf(h!(NE)g)erlR*(m,,) : hi(Ni)gprp, (Re, (k,v)) = fi(i(N1)§)(Rs, p) to “k-v-summand” of

A(NDG) (Rasp) = 11 [T N(Rein.(x)). Moreover, we note that (+,x) € (fpry, )7 (p) if and
vefr! (p) xERR! (gr. (7))

only if “(y,x) € (F1 xXp, F2)(R.) and v € fg*l(p)” which is equivalent to “x € hEi(gR* (7)) and v € f}gj (p).

Hence the following diagram is commutative and the composition of the right vertical morphisms in diagram

() is an isomorphism.

tfprpy (NPT 1y ) (1,0

(Nipry,)(Rs, (5,1)) IT (Niprp,) (R, (v, %))

(vX)E(FPre ) Al (P)
AN (Ra ig, (v)

the composition of the right vertical morphisms in diagram (i)J{

N(R.,ir.(v)) Il I N(R.,ir.(x))

vEfr(p) XERR! (R, (7))

inclusion to k-v-summand

_9PT Ry

Thus 0794 (F5, N) = (idry, fig* (N?72) (hprs, )i (NiDr s, P51 (£prs (T . vy)) is an isomorphism. O
2

Proposition 2.3.4 Suppose that M has coproducts and is complete. For morphisms f : F1 — F3, g: F1 — Fy,
h:Fy— Fyandi: Fy — Fs5 of €, (f,9,h,1) is an associative left and right fibered representable quadruple.

Proof. Clearly, £ has finite limis with terminal object 1 = hg,. It follows from (2.2.8) and (1.4.2) that the
presheaf FJ(,’g on F¢ is representable for any morphisms f : F — G, g: F — H of £ and N € ObFy. It
follows from (2.2.11) and (1.3.3) that the presheaf F 4 as on F;7 is representable for any morphisms f : F — G,
g:F — H of £ and M € Ob F¢. Then, assertion follows from (1.5.5) and (2.3.3). |

2.4 Fibered category of morphisms

Let £ be a category with finite limits. Suppose that X L Exy X I, B is a limit of a diagram X Ly~ E
in £. For morphisms ¢ : V — E and ¢ : V — X of £ which satisfy mp = f1, we denote by (p,9) : V — Exy X
the unique morphism that satisfy fr(p,1) = ¢ and 7¢(p, 1) = 1. Suppose moreover that Z L FPxw X E
is a limit of a diagram Z % W < F. If morphisms « : E — F, h:X — Zandi:Y — W in € satisfy pk = in
and gh = if, we denote (kfr,hms) by £ x; h. If Y = W and ¢ is the identity morphism idy of Y, k x; h is
denoted by k Xy h.

Lemma 2.4.1 Under the above setting, (k x; h)(p,v) = (kp, h)) holds.

Proof. The equality follows from the commutativity of the following diagram.
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O

Proposition 2.4.2 For morphisms f : X - Y, g:Z — X of £ and an object F = (F 2, Y) of EP) | consider
the following cartesian squares.

Fxy X L5 F  (FxyX)xxZ 25 FxyX  Fxyz39%F
lpf lp l(pf)g lpf lpfg lp
X%Y Z——9 4 X ZLY

The unique morphism (idp Xy g, prq) : F Xy Z — (F xy X) X x Z that makes the following left diagram commute
is an isomorphism whose inverse is the unique morphism (f,g,,,(ps)g) : (F xy X) xx Z — F Xy Z that makes
the following right diagram commute.

) idrpXyg
Nil-‘xx/gmfg)

(Fxy X)xx Z -4 Fxy X

o
\(fﬂgpf (pr)g) \
(f9)p

FXyZ

(Fxy X)xxZ U pxyx 22 p Fxyz 9% L p
o J(Pf)y pr Jp (p1)s lf’fs J”
Z g x—L vy z— 19y

Proof. Since the outer rectangle of the following diagram is cartesian, the assertion follows.

(Fxy X)xxZ 5 Fxy X 22 s F

bbb

z—— 9 . x_ T .y

O

Let A! be a category given by Ob Al = {0,1} and Mor A! = {idy,id;,0 — 1}. For a category &, we set
£ = Funct(A', ). Then, an object of £?) is identified with a morphism E = (E = X) of £ and a morphism
from E = (E 5 X)to F = (F 2 Y) of £2 is identified with a pair (¢, f) of morphisms ¢ : £ — F and
f: X =Y of € satisfying pp = fm.

Proposition 2.4.3 (6], p.182, a)) Suppose that £ is a category with finite limits. Let p : £?) — £ be the
evaluation functor evy at 1. Then, p: £3) — & is a fibered category.

Proof. For a morphism f: X — Y of £ and an object F = (F' LN Y) of 55,2 )7 consider the following cartesian
square.

FxyX 24 F

lpf Jp
x I 4y

For an object E = (E 5 X) of Eg?), a morphism (f, f,) : (F' xy X 25 X) = (F 5 Y) of €@ induces a
bijection
(2) ™ Pf (2) g P
Ex (B = X),(Fxy X = X)) = &7 (E—=X),(F=Y)).
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In fact, the inverse of the above map is given by (¢, f) — ((¢,7),idx). Hence (f,, f) is a cartesian morphism
and we have a functor f* : 5')(/2) — 8)((2) which is given as follows. f*(F) = (F xy X £, X) for an object
F=(F2%Y)of &2, For a morphism (p,idy) : F — G of £, f*({g,idy)) : f*(F) — f*(G) is defined to
be (¢ Xy idx,idx), where G = (G A Y).

Under the settings of (2.4.2), we define cy ((F) : g*f*(F) — (fg9)*(F) by cs4(F) = ((fo9p;:(Pf)g),idz)

which is an isomorphism in 8;2) by (2.4.2). Hence p: £?) — £ is a fibered category. |

Since 51(? is identified with € by a correspondence (X 2% 1¢) « X, it follows from (1.1.22) that cartesian
sections of p: £?) — £ are given as follows.

Proposition 2.4.4 For an object X of £, define a functor sx : £ — E@ by sx(Y) = (X x Y Py, Y) and
sx(f:Y — Z) = (idx x f,f). Then, sx is a cartesian section of p : E?) — E. If s is a cartesian section of
p:EP = & put X = s(1g), then s is naturally equivalent to sx.

Remark 2.4.5 (1) We define a functor sg : £ — £3) by sg(X) = (X dx, X)and se(f : X =Y) = (f, f).
Then, s¢ is a cartesian section, in fact, sg is naturally equivalent to si,. We call s¢ the canonical cartesian
section of p: E?) — £.

(2) For an object X of £, we consider the cartesian section sx : £ — E? of p: £?) — € defined in (2.4.4).
For a morphism f:Y — Z in &, the lower rectangles of the following diagram are cartesian.

fprZ

XxY

(XxZ)xzY XxZ

wa’er) idxX f wxfprz,(prz)f) iprx
(XX Z)xzY Jorz XxZ X Xxy X o x
pr r
v l(l)rz lprz lOX (prz)s lpry lOX
/ Z 0z 1e Yy — 1,

Since the morphism (sx)y¢ : sx(Y) = (XxYpr—Y>Y) ((XXZ)XZYMY) f*(sx(2)) in 5( ) defined
in (1.1.23) coincides with c,, (X)), it is given by ((idx x f,pry),idy). Hence the inverse (sx) of (sx)s
is given by (prx for,, (Prz)f), Zdy> For a morphism g : Y — W in &, since a composition

(X XZ)xzY X xY (X xW)xwY
coincides with (01 for, » 901 2) 1), (0r7) 1), @ morphism (sx) g = (5x)g(5)7" + £*(5x(2)) = g (5x(2) in
&7 is given by (((0rx for,» 9(0r2) 1), (Prz)s),idy).

(erfprza(prZ)f) (idxxg, pry)
_— _—

Lemma 2.4.6 Let f: X —-Y,9:Z > X, h: W =Y,i:Z — W be morphisms in & which satisfy fg = hi.
For an object F = (F LN Y) of 5}(,2), suppose that each rectangle of the following diagrams is cartesian.

(Fxy X)xxZ -5 Fxy X 5 F  (FxyW)xwZ —25 Fxy W 24 F
l(ﬂf)g lﬂf lp l(ﬁh)i lph lp
g x5 Ly Z i w—" Ly

ch,i(F)~1
AN

Then, a composition g*(f*(F)) L XICHN (fg)*(F) = (ht)*(F) *(h*(F)) is given as follows.

(pn)i

8y 7y 5 (Fxy W)xw Z 225 7) = i* (0" (F))

((Fo9os-i(ps)g) (pf)g)yidz) : g7 (f*(F)) = (Fxy X)xx Z
Proof. Consider the following cartesian squares.

(f9)» (hi),

FxyZ —5F FxyZ ——F
lpfy l lphi 14
z 1 Ly z M Ly
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Since ¢f,g(F) = ((fo9p;- (pf)g)sidz) and cp;(F)~' = ((idp Xy 1, ppi),idz), we have the following equality

eni(F) epg(F) = ((idp Xy i, pni) (folps > (0f)g)s idz) = (((idr Xy 0)(foGps: (P1)a)s PHi(Fobpss (P5)g)sidz)
= <((fpgpf ) i(Pf)g), (Pf)g)» Z‘dZ>

by (2.4.1). O

s

Letf:X—>Y,g:X—>Z7k:V%XbemorphismsingandE:(E—>Y)7F:(Fﬁ>Z)objectsof
53(,2 )7 & (ZQ), respectively. Consider the following cartesian squares.

k
ExyX T3 E ExyvUI'mE P, X 5 F (FxzX)xxV -2 Fxy X

O S O
x I 4y v I Ly X 2 .z vk X

Then, there exists unique morphism idg Xy k : E Xy V — E xy X that satisfies fr(idg xvy k) = (fk), and
m¢(idp Xy k) = kmpg. The natural transformation k* : Fy ; — Fyi, gr defined in the paragraph before (1.1.15)
is described as follows.

Proposition 2.4.7 kf, o : EQ (f*(E), " (F)) — £ (Fk)*(B), (gk)* (F)) maps (p,idx) € £ (f*(E), g" (F))
0 <(gp<p(7’dE Xy k)7ﬂ-fk)7idV>'

Proof. By the proof of (2.4.3), ¢ x(E) = ((idp Xy k,mp),idy) and cqx(F)™' = ((gpkp,, (pg)k),idy) hold.

Hence we have k%’F(@o,idX)) = ((9pkp,, (pg)r) (¢ Xx idy)(idg Xy k,Tf1),idy). It follows from (2.4.1) that the
following equalities hold.

(9okp,, (Pg)k) (@ X x idy)(idE Xy k,Tsr) = (9pkp,, (Pg)k)(0(idE Xy k), Tsr)
= (9pkp, (p(idE Xy k), mr), (pg)k(@(idE Xy k), Tsi))
= (gpplidp Xy k), ms1)

(fF)=

’idEka
NEka 7Tfk)

(E xy X) ><XV4>E><YX*>E

[ Pk
k

x 1 vy

EXyV (FXZX)XXvﬂFXZX

Tfk

Proposition 2.4.8 The fibered category p : 2 — £ given in (2.4.3) is a bifibered category.
Proof. For a morphism f : X — Y of £, define a functor f. : 5&2) — Eg) by f.(E) = (E ELN Y) for
E=(EL X)e Obé‘g) and fi.({p,idx)) = (¢, idy) for a morphism (p,idx) : E — F of S)(?).

For F=(F2%Y)e Obf,’l(f), let F <2 F xy X 253 X be a limit of a diagram F 2 Y Lx. Then, for an
object E = (FE 5 X) of £, we have
& (f(B).F) = {{p.idy) | ¢ € E(E.F), pp = fr}, £ (B [*(F) = {{,idx) | v € E(E.Fxy X), pso) = m}

and define a map W : E2(E, f*(F)) — £ (f.(E), F) by U((1b,idx)) = (f,1,idy). Since the inverse of ¥ is

given by U= ((p,idy)) = ((¢,7),idx), ¥ is bijective and f, is a left adjoint of f*. O

Remark 2.4.9 The counitey : fof* — idg(2) of the above adjunction is given by (e5)r = (fp,idy) : fou f*(F) =

(F xy X ELIN Y) — F for an object F = (F 2 Y) of 5(2). The unit 1y = idg2) — f*fi is gwen as follows.
X

For an object E = (E = X) of €0, tet E < E xy X Y20 X be a limit of E 15 Y & X. Then,
(’I]f)E = <(idE,7T),idx> B — (E Xy X .> X) = f*f*( )
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E idp

r Exy X — 3" 3 g

. JW
l(f ) f f

X ———Y

We consider the bifibered category p : £(2) — £ for the rest of this subsection. The following fact is a direct
consequence of (1.3.3) and (2.4.9).

Proposition 2.4.10 Let f : X =Y, g: X — Z be morphisms in € and F = (F LN Y), G=(G 25 7) objects
of 53(/2), 522), respectively. Suppose that the following diagrams are cartesian.

J

Ygpy

FxyX —=2— F Gxz X —¥ @ (Fxy X)xz X FxyX
lﬂf l" lﬂg l” J(gpf)g lgpf
x— 71 Ly X—*% 4z X g Z

(1) (f,g) is a left fibered representable pair, namely, Fs g = g.f*(F').
(2) Pro(F)a:EQ (f*(F),g%(G)) = EF (Fis 01, G) maps (p,idx) : (Fxy X 25 X) = (GxzX ™ X) to
(grp,idz) : (Fxy X 2255 7y 5 (G 5 7).

(3) t5.g(F) = (ng)g-r) : [*(F) = 979+ f*(F) = 9" (F{y,g)) is given by

((idpxyx,pp),idx) : (F xy X LN X) = ((F xy X) xy X (9pf)q X).

%yxw) ey X

(Fxy X)xz X —2 S FPxyX — 2 L F

FXyX

lp‘f J”

(991)g x— 1 Ly
lg
X l A

(4) Pry(F)G :ED (Fis4, Q)= EL (F*(F), 0" (G)) maps (1,idz) to (1, ps),idx), where ¢ : Fxy X —G.

We have the following result from (1.3.5) and (1.3.8).

Proposition 2.4.11 Let F = (F 2 Y) be an object of 53(/2) and f: X =Y, g: X — Z morphisms in £. Let
X Fxy X% Foeatimitof X Ly & F.

(1) For an object E = (E 5 Y) offg), let X &L Exy X I B be a limit of X Ly & B Fora
morphism ¢ = (p,idx) : E — F ofé'i(f), Pir.a  Blrg = Flg s given by @y g = (¢ Xy idx,idz).

(2) For a morphism k : V — X of £, letV(pinYV%F be a limit ofV&YﬁF. Then,

Fy . F[fk,gk] — F[f,g] 1S given by Fy = <idF Xy k’,idz>.

I

Exy X E FxyV (fK)p
\\\@fyidx ‘Pi pf’“l \\\\iiij:x\/k
FxyX s |r 1% Fxy x L3
| /| \ [ |
Z g x I .y Z g x .y

It follows from (1.3.12) and (2.4.9) that we have the following fact.
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Proposition 2.4.12 Let F = (F % ) be an object of 5(2). For morphisms f: X =Y, g:X = Z,

heX 5 W of& let X &L Fxy X 2% Foealimitof X &5 2 & F, X &2 X xy X ™5 X a limit
of X % 72 & X and X <277 (F xy X) xz X 205 Fxy X alimit of X % 7 &2 F xy X. Then,

Sp.g.nF = ha((g)p+ () : Fipn = haf*(F) = hug* g f*(F) = (F1,9))g.n] i given by

(idpsyx, pp)sidw) : (F xy X 225 W) = (F xy X) xz X 12eeroid,

Fxy X ey x
w)yxmf)
9apy fo

(FXYX) XzX

X z1id

w).

(9p5)g Xxy, X — 2 4 x Y
pra lg
147 h X g A

For a functor D : P — £ and an object F = (F £ D(3)) of 51(72()3), we put D(7;;) = fi;; and consider the
following cartesian squares.

FXD(g)D(l) (f13)p F FXD(g)D( ) (f13fo1)p
lpflg P lpfmfm Jﬂ
D) — T D) D(0) — =l p(3)
(f14f01)f14f01ﬂf13f01
(F'xp(3)D(0)) x pay D(0) Fxp(3)D(0)
J{(f14f01ﬂf13f01)f14f01 J{fl4f01l’f13fo1
D(0) fiafor D(4)

Then, we have uniuge morphisms idr X p(3) for : ' Xp)D(0) = F xpyD(1) and (idFXD(g)D(O)vpfl:;fol) :
Fxp(3D(0) = (Fxp(3)D(0)) X pay D(0) that make the following diagrams commute.

F XD(3) D(O)

(f13f01)p

~~<__ WrXps)for

s
Pfizfo1 F XD(3) D(l) (T?))p) F
lphs P
fo1 fis
D(0) D(1) D(3)

ideD(a)D(O)

(f24f02)f14f01pf13f01

D(0)) x p4) D(0) F'xp(3)D(0)
l(f14f01pf13f01)f24f02 lfl4f01pf13f01
D(O) f2afoz2 = f1afo1 D(4>

(F'Xp(3)

Pfizfo1

Then, it follows from (2412) that 6f13f017f14f017f2§f027F : F[f13f01>f25f02] - (F[f13f017.f14f01])[f24f027f25f02] is given
by 6f13f017f14f017f25f02,F = <(ZdF><D(3)D(0)7pf13fo1)aZdD(5)>7 where

) fas fo20115 f01 D(5))

Jas fo2 (frafo1Prys fo1) fau fo D(5))

F[f13f01,f25f02] = (FXD(3)D(0

(F[f13f01,f14f01])[f24f02,f25f02] = ((FXD(3)D(0)) ><D(4)D(0)

Consider the following cartesian squares.
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(f24)f14f01pf13f01
—>.

(F X D(3) D(0)) X pD(4) D(2)
J/(fl4f01pf13f01)f24 J{fl‘lf()lpflsfol
D(2) fu D(4)

(f24f02)f14f01pf13f01

F xp3) D(0)

(£ xp(3) D(0)) x pay D(0)
l(fl4f01pf13f01)f24f02 lf14f01pf13f01
D(O) f24 fo2 D(4)

F XD(?)) D(O)

Then, we have uniuge morphism idpy ,, , p(0) X D(4) fo2 * (F' X p(3)D(0)) X p(ay D(0) = (F' X p(3) D(0)) X p(a) D(2)
that makes the following diagram commute.

(f24f02) £14 fo1 Pfisfol

(F' xp(3) D(0)) xp(ay D(0)

S~ ideD(3)D(O)XD(4)fO2

T (f24) f14
(fraforpsigro) faatee  (F X p(3) D(0)) X pray D(2) el g x p(3) D(0)
l(f14f01pf13f01)f24 lfl4f01pf13f01

It follows from (2) of (2411) th'at (F[f13f017f14f01])f02 : ‘(F[f13f017f14f01])[f24f02;f25f02] - (F[f13f017f14f01])[f24,f25] is
given by (F(f,5 fo,, f1af01)) for = (idFx sy D(0) X D(4) fo2,idp(5)), Where

fa5(f1afo1Pf153501) foa

(F'(f15 for, frafor]) [faa.f25) = (F' X (3)D(0)) X p(ay D(2) D(5)).
We also consider the following cartesian squares.
(f24) fra04,,
(F' xp() D(1)) xpa) D(2) ——— F xp) D(1)
l(fml)flg)fu lfmphg
D(2) f21 D(4)

(F %oy DI0)) x pia) D(2) s e 008, o) (o)

J/(f14pf13(idFXD(S)f01))f24 lf14pf13(idF><D(3)f01)

f24

D(2) D(4)

Then, we have uniuge morphism (idrx p(3)fo1)X pyidpe) : (F'X pEyD(0))X pa)yD(2) = (F'X p3yD(1))X pa)yD(2)
that makes the following diagram commute.

(f24)f14Pf13 (idp X p(3)fo1)

(F' xp3y D(0)) X py D(2)

F XD(3) D(O)
==~ _lidrxp@) for) X pyidp) Jide @ for
~—~a_ D(3

) (f24) 414
M F xps D(1)

(F' xpy D(1)) xpy D(2)

J/(f14pf13)f24 J{f14ﬂ_f13
D(2) f24 D(4)

(f1apf15(1dr X p(3) f01)) fou

It follows from (1) of (2.4.11) that (Ii—‘fol)[fu_,fzs] : (F[f13f017f14f01])[f24,f25] - (F[f13,f14])[f24,f25] is given by
(Ff01)[f24,f25] = <(ldF X D(3) fOl) X D(4) ZdD(Q)aZdD(5)>7 where

) fo5(f140815) fou D(5)).

(F[fla,f14])[fz4,f25] = ((F X D(3) D(l)) X D(4) D(2
Proposition 2.4.13 The morphism 0p(F) : Fit,, 501 fas foo] = (Ffis,f1a]) [foa,fos] 15 given by

GD(F) = <(7«dF X D(3) fot, f02pf13f01)’idD(5)>'
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Proof. The following diagram is commutative by (2.4.1).

(F X D(3) D(0)) X D(4) D(0)

(idpx 3y D) P13 fo1)
lideD(s)D(O) X p(4) fo2

(idpx 1y 5y D(0)+ f020 115 101)

F xp() D(0) (F' % p(s) D(0)) X pey D(2)
J/(idFXD(S)f()l)XD(‘l)idD(Z)
(idr X p(3).fo1, f020 513 f01)
(F xp(s) D(1)) X py D(2)

Since (Ffm)foz = (Fffn)[f24»f25](F[f13f01,f14f01])f02 and eD(F) is a composition

(Fro1)s
(F[fISf()l7f14f01])[f24f021f25f02] S (F[f137f14])[f247f25]’

15 f01,f14 fo1,F25 fo2 . F

F[f13f01,f25f02]

the assertion follows from the argument above. O

Remark 2.4.14 Suppose that the outer trapezoid and the lower rectangle of the following diagram are cartesian.
There is unique morphism py,, X p(ay idp(2) : (F Xpy D(1)) Xpu) D(2) — D(1) X py D(2) that makes the
following diagram commute and the upper trapezoid is cartesian.

(f24)f P
(F xp() D(1)) xpy D(2) - F xp3) D(1)

s _PrzXp@idpe) me
S, :

D(1) xpu D(2) — 2 D(1

(f14P.f13)f24 ( ) D(4) ( ) ( )

J{Prz f1a

D(2) f24 D(4)

Thus the following diagram is commutative. Since the upper trapezoid of the above diagram is cartesian and
(F14Pf15) f20 = Pra(Pfis X D) 1D (2)), (idr X p(3) for, forpfisfor) * F X3y D(0) = (F X ps) D(1)) X pay D(2)
coincides with (idp X p(3) fo1, (for, fo2)Pfis501). We also note that since pry(fo1, foz) = fo1, the left parallelogram
of the following diagram is cartesian . Hence if (fo1, fo2) : D(0) = D(1) X p(a) D(2) is an isomorphism, so is
(idr X p(3) for: fo2pfis for)-

F XD(3) D(O> idF X p(3) fo1

idp X for,foz2p
lprBfﬂl (idr X p(3) fo1,f020f15 f01)

(f24)f14pf13

(f13fo1)p

D(0) (o1, foz) (F X D(3) D(1)) X D(4) D(2) F XD(3) D(1) (F1s)s F
\ J{pf13XD(4)idD(2) J{pha J{p
fos D(1) x pay D(2) D(1) —— D3)
lpfz f1a
D(2) f24 D(4)

Proposition 2.4.15 For any morphisms f : X =Y, 9: X = Z, h:V > Z,i: V=W in€&, (f,9,h,i) is an
associative left fibered representable quadruple.

Proof. Let V &YX %, VB X be a limit of V L 7 & X and define a functor D : P — & by
D(0)=XxzV,D(1)=X,D(2)=V,D@3)=Y, D4) = Z, D(5) =W and D(791) = pry, D(702) = pry,
D(mi3) = f, D(m14) = g, D(724) = h, D(725) = i. In other words, fo1 = prx, fo2 = pry, fizs = f, fuu =9,
Joa = h, fos = i. Then, (fo1, fo2) = (prx,pry) : D(0) = X xzV = X xz V = D(1) x p3y D(2) is the identity
morphism, hence an isomorphism. For an object F' = (F 2 Y) of £@), it follows from (2.4.13) and (2.4.14)

that 07 g.p.4(F) = ((idp %y D, DUy prory )sidw) + (Fxy (Xx 7V W) = (Fxy X)xzV 220 yry g

an isomorphism. O

) IPry Pfpry
— e
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Remark 2.4.16 For an object F = (F LN Y) of £, consider the following cartesian squares.

T r h.qp
FxyX 0 P XxyV 225 X Fxy (XxzV) —IP5 o p (pa X sV =2 Py X

lpf lﬂ lprv lg prprx 2 J{(gpf)h J{gpf

x ' vy vV _—h 7z Xxy,V —Ix Ly Vo h Lz

Then, we have the following commutative diagrams.

Rgp h
(Fxy X)xzV —5 Fxy X (FxyX)xzV SEA Fxy X
l sso__ (Fohgppiprxzidv) idpxypry X‘
przidV J/pf \\\\\
~3
T (fpr )p
(9pf)n XXzV* X pyx gidy FXy(XXZV) X F
[ | [ Pl
V—" sz XxzV prx x I vy

Hence the inverse of O g.1,.(F) is given by ((fohgp,,py Xz idy),idw).

Let D, E : Q@ — & be functors and w : D — E a natural transformation. We put D(7y;) = f; and E(79;) = g,
for j = 1,2. For an object F = (F £ E(1)) of 8;2()1), we consider the following cartesian squares.

(91)p (gz)ygpgl

( W )p
FxpmBEO0) =25 F  FxpuyD(0) 222 F  (FxpayB(0)) X gy E(0) Fx gy E(0)

lpyl P lpgwo =Pwify Jp J/(_‘ngl)gg lgwm

E(0) —2— E(1) D(0) —2*  E(1) E(0) 92 E(2)

Lemma 2.4.17 The image of 1g, g,(F) by the map

W+ 4y (07 (F), 05 (F g, 0a1)) = €y ((9190)" (F), (9200) (Fgy 1)) = Ey (w1 /1) (F), (w2 f2)* (Fg, )
. . . Pwq f1 (92p91)w2f2
18 <(ZdF XE(l) wo,pgle),de(0)> : (F XE(I) D(O) —_— D(O)) — ((F XE(I) E(O)) XE(2) D(O) e D(O))
Proof. We recall from (2.4.10) that ¢y, g,(F') : g1 (F) = g5(F'[g, 4,7) is given by
. . g ( g )y
(idpx oy, B0) P2 )sidim(0)) + (F X g1y B(0) 25 B(0)) = ((F x gy B(0) x pay B(0) 22222 E(0)).
Hence (2.4.7) implies the following.
wg(bghgz (F)) = <<(92)gng1 (idFXE(l)E(O)7pgl)(idF XE(1) W0)7pglwo>7idD(0)>
= (((92) g2p,, (idF X (1) Wo, pg, (idF X B(1) W0)); Pgiws ), 1dD(0))
= <((92)gng1 (ZdF X E(1) w07w0p91W)7 pg1w0)a 7'dD(O)> = <(ZdF X E(1) Wo, p_thwo)’ ldD(0)> O

We consider the following diagrams, where the left one is cartesian and the both rectangles of the left one
are cartesian.

(w1f1) (f1)pw, (w1)
F xpay D(0) 2% F (Fx a1y D(1)) % pay D(0) F xpay D(1) — F
J/p“’lfl P l(pwl)fl J/p“’l J/p
D) — 1 p(1) D(0) f D) — 5 BQ1)

Thus we have an isomorphism ((w1),(f1)p., s (Pwi) )+ (FXga)yD(1)) X pa)D(0) — F X ga)D(0) which make
the following diagram commute.
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(wl)p(fl)pul
((wl)ﬁ(fl)Pwl s (pw1)f1)

(FXE(l)D(]_)) XD(l)D(O)

FxpayD(0) — 0 % p

J{pw1f1 P

D) —= v By

(Pwy) f1

Suppose that each rectangles of the following diagram is cartesian.

(fZ)(gzﬁgl)u (w2)92P91
—

(Fxga)E(0)) X g2 D(2)) X peyD(0) ———— (Fxga)E(0))xp@)D(2) FxpuyE0) —= F

(92041 )w) 12 (92091 ) E(0) —2— E(Q1)
g2
D(0) f2 D(2) w2 E(2)

We also consider the following cartesian square.

(w2f2)gngl

(F X E(1) E(0)) X E(2) D(0) F XE(1) E(0)

l(gngl ws fo lgngl

D(0) w2l E(2)

Then we have an isomorphism
(idpx poy E©O) XB@2) f2, (9209, )wafs) + (F X m1) E(0)) X 5(2) D(0) = (F X pa) E(0)) X £(2) D(2)) X p(2) D(0).

Hence cu, f, (F)*Cus g, (Flgy 02)x " ¢ Eig) (@11)*(F), (@ f2)* (Flgy ga1)) = Eppoy (1w (F), 5 (@3 (Flgy 401)))
maps wf(tg, g,(F)) t0 ((idpwy B0) XE@) f2r (9209 s £2) G X B(1) W0, Pgrn) (@1)p(f1)pu, + (P ) 1)1 D (0))-
On the other hand, since
(f2) (02091 )y (AP x 1) E0) XE(2) f25 (92091 o £2) (1dF X B(1) W0, Pgre00) (W1)p(F1) pury > (P ) 1)
= (idpx gy B0) XE(2) [2)(idF XB(1) W0, Puw 1) ((W1) (1) pey s (P ) £1)
= (idp X p) wo; f2Puw1 £,)(W1)o(f1) oy (Pur) 1)
= ((idp x pa) wo)(W1)p(f1)puy s (Pwr) £1)s F2Pwr 1 (W1) p (1) puy > (Por) 1))
= (((w1)p(f1) puy » w0 (P ) £1)s f2(Pur ) 1)
((QQPgl)m)fz (ideE(l)E(O) X E(2) f2, (92P91)w2fz)(idF X E(1) Wo, Pglwo)((wl)p(fl)pwl ) (pwl)fl)
= (92991 )wa f2 (idF X B(1) W0, Pur 1) ((W1)p(f1) iy 5 (P ) 1)
= P £ (@1)p (1) puy s (P ) 1) = () 15

we have Cuwr,fr (F)*CW2,f2 (F[ghgz]);l(wg (Lgl,gg (F))) = <((((w1)l)(f1)pw1 » Wo (pw1 )f1 )7 f2 (pw1 )f1 )7 (pw1 )f1 )7 ZdD(O)>
Since the following diagram is commutative, it follows from the proof of (2.4.8) that the the image of the above el-

ement by a map P, 7, (@ (F))us (ry, ) ¢ €ty (@), £ (@5 (Flgr ) = €20 @i (B, 113 (Flgy )
is given by ((((@1)p(f)puy» @0 (P )1 ): fo(un) 1) idpia)).

((((wl)p(f1)0w17 "JO(pwl )f1 )7f2(pwl )fl )7(pw1 )fl)

(F'xpayD(1))xpa)D(0) (F'xp)E(0)) X g2)D(2)) X p2)D(0)

l(pwl)fl \ J/(f2)(92ﬁgl)w2
D(O) (((wW1)p(f1)puwyr w0 (Puwy ) £1)5f2(Pusy ) £1)

(FxpayE(0))xpe@)D(2)

(92Pg1 )w2

lfz
D(2)
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Recall that wr @ Wi (F)(f, 5] — w3 (Fg,,g,)) is the image of ¢y, 4,(F) € Eg()o)(g{(F),gé‘(F[gl’gﬂ)) by the
following composition of maps.

wh . . ) )

ey (93 (F): 95 (Fig 0.1)) = €5 ((91690)" (F): (92600)" (Flg 1)) = oy (@112)" (F), (w212)" (g 1))
Cwl’fl(F)*CW2,f2(F[91-,92]):1 K[k w0, %

ESy (F (@i (F), £3 (w5 (Fig, 4.)))

192]) 2 X *
e gé()Z) (wl (F)[f17f2]7w2 (F[g1,g2]))

Hence the above arguments imply the following result.

Pry 5o (W] (F))ME(F[

Proposition 2.4.18 Let D, E : Q — & be functors, w: D — E a natural transformation and F = (F 2 E(1))
an object ofé'g()l). Put D(1y;) = f; and E(1o;) = g; for j = 1,2 and suppose that each rectangle of the following

diagrams s cartesian.

(f1)pw, (w1)
(FXE(l)D(l))XD(l)D(O) — v F XE(l) D(l) *p> F

J/(pwl)fl lp“’l J/p

D(0) h D(1) —— E(1)

Fxpo B(0) ~22

e

(92091 e E(0) —2— EQ1)
D(2) = E(2)

Then, wi(F)is,, 1.1, W3 (Fg,,9,) and wp : Wi (F)[f, 5.] = w3 (Fg, g,]) are given by

* f2(pwy),;
Wy (F)[fl,fg] = ((FXE(I)D(I))XD(UD(O) M AL

* (92p91)w2
w3 (Fg1,9.) = (FXpa)E£(0)) X g D(2) ——— D(2))

D(2))

and wr = ((((W1)p(f1)po, » W0 (Pwr) £1)s f2(Pwr) 1) + (FX pa)D(1))xp1yD(0) = (Fxp1)E(0)) X g2)D(2),idp(2))

respectively.

(f1)pw,

(F'xga)D(1)) X p1)D(0) F xpay D(1)

(@0 @0 (P 1) F2lp) ) o \<Wf<fl>wwo<pm>h> [
-7 wi)p
-

(W2)g Pgq ( 1)
(F'xp1)E£(0)) X pe2)D(2) : Fxpa)E(0) — 2 L F

J(pwl ) f1 lpgl lp

(92941 )y D(0) 0 E(0) = E(1)
/ lgfz
D(2) = E(2)

2.5 Locally cartesian closed category

In this subsection, we assume that £ is a locally cartesian closed category. For a morphism f: X — Y in &, we
denote by fi: 5)((2) — 5}(,2) a right adjoint of the inverse image functor f* : 5}(,2) — 5)((2).

For objects E = (E & X), E' = (E' L X) of £F and a morphism ¢ = (p,idx) : E — E’, we put
- . _ ,
f(E) = (Bf == Y) and fi(¢) = (¢f,idy). Let us denote by n/ : id.o — fif* and €/ : f*fi — id. ) the
Y X

(0]



unit and the counit of the adjunction f* - fi, respectively. For an object F = (F 2 Y) of 85(/2) and an object
E=(ED X)of Eg?), we put

mh = (ko idy) : F = (F 5 Y) = (F xy X)f 225 v) = fip7(F)

eh = (b idx) : [*(f(B)) = (B xy X 25, x) 5 (B 5 X).

HereF(—FXYX—)leahmltofF—>Y<—XandEf EfoXLleahmltofEf —>Y<—X

The following fact is a direct consequence of (1.4.2).

Proposition 2.5.1 Let f : X — Y, g : X — Z be morphisms in €& and F = (F 5 Y), G = (G 5 2)
ob]ects of Ob 5(2), Ob 5(22); respectively. Suppose that F (f_,, Fxy X 255 X is a limit of F Ly <—f X and that
G~ Gxy X 1% X isalimit of G5 Z <L X.

(1) (f.9) is a right fibered representable pair, namely, G¥9 = fi(¢*(G)) = (G xz X)/ —> Y).

(2) Epy(G)r : £5 (1 (F). g (@) = &7 (F. GV maps o = (p.idx) to fi()ny: = <90an>Zdy>-
(B)Let(GxZX)f<f—(GXZX)foX—>Xbeahmztof(GxZX) i Ty Lox. Then, 7¢,4(G) :
D
N

. ) (7}
GV = g*(Q) is given by Eg*(G) = <€g*(G),de> (Gxz X)) xy X —25 X) = (Gxz X T2, X).
We have the following result from (1.4.5).

Proposition 2.5.2 Let G = (G 5 Z) and H = (H £ Z) be an object of S(ZZ) and g : X — Z a morphism in

£. LetX&GXZXg—WGbealimitofX&Z(lGandX<p—hH><ZXh—p>GalimitofXgZ&H.
For a morphism ¢ = (p,idx) : G —- G ofS(Z2), plf9 . Gl HIPI s given by @19 = ((p xy idx)!,idy).

GxzX I G

A

X —92 47

Let G = (G = Z) be an object of 5;2) and g: X — Z, k:V — X morphisms in £. Consider the following
cartesian squares.

kr
Gxz X 5@ (Gxz X)xxV —5 Gxz X G Xz V(gk) G

[ [eo v ]

There exists unique morphism (grkx,,mgx) : (G Xz X) xx V — G xz V that makes the following diagram
commute and (grkr,, Tgx) is an isomorphism.

kx
(Gxz X)xxV —5 Gxz X L3 G

[

Vv—* x99 47

GXZV

Consider the following cartesian squares.
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i for X )
(G xz X) xy X —5 (Gxz X)  ((GxzX) xyX)xxV Sy (G xz X) xy X

l(ﬂg)f lﬂg J((wg)m l(ﬂg)f
X Y 1% k X

(fk) s
(G xz X) xy X —% (G xz X)f

l(ﬂ_g)fk lﬂg

v Fk Y

There exists unique morphism (id(gx,x)s Xy k, (7 )fk) (G xz X) xyV = (G xz X)f xy X) xxV that
makes the following diagram commute and (id(cx, x)r Xy k, (7 ) k) is an isomorphism.

X fX .
(G xz X)! xyV id gy XY E
chzx)fXYk’(ﬂ—g)fk)
= k

. fos
(G xz X)) xy X) xxV % (G xz X)) xy X —5 (G xz X)f

Lo | |

v k X f Y

(fk) s
9

We also have the following result from (1.4.8).

Proposition 2.5.3 Let G* : (G xz X)/ — (G xzV)#* be the following composition.

) fk
fk (ui(GXZX)f ka,(ﬂ'g)fk)

(G xz X)! @((GXZX)J‘XYV) (G xz X) xy X) xx V)/*

g ((G><ZX)><XV)f’“—>(G><ZV)f’c

Then G* : GF9) — GIR9K is given by G* = (G, idy).
It follows from (1.4.12) that we have the following fact.
Proposition 2.5.4 For morphisms f: X =Y, g: X = Z, h: X — W of £ and an object G (G5 W) of

5(2) letX(—GxWX—>G bealzmztofXﬁWeGandX(i(GxWX)g XZX—>(G><WX)

limit of X % Z & (G sy X)9. Then, o = fi(&2. ‘@) (Glamirg = hg"ah*(G) = fib*(G) = G[f,h] is
given by

((e5. @) vidy) : (G xw X)? xz X) (s, Y) = (G xw X)' ™ ).

For a functor D : P — & and an object G = (F = D(5)) of 51(32()5), we put D(7;;) = fij. We have the
following result from (1.5.5) and (2.4.15).

Proposition 2.5.5 Suppose that the following diagram is cartesian.

D(0) -2 D(2)

lfm lfu

D) L D(4)

Then, 0P (@) : (GW24:f25]\ 15, 11a] —y Glhsforfesfozl s o isomorphism.

It follows from (1.4.17) that

67(G) : (GUeFel) o lial = (fr) (f13((foa)i(£35(G))) = (frzfor):(fasfoz)"(G)) = GlIrafonsaaoe
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is the following composition.

f 13f01
(f13)|(f14((f24)l(f20(G))))

(fia) (f1a((faa)1 (f35(G))))
(fr3fo1)1(crrs.f0r (F18) (Fra((F2a)i (£35(GNN)™H)

(frafor)1((frzfor)" ((fra)i (f1a((f24)1(f35(G))))))
(fi3for)r(fo1 (fi3((frah (f1a((f2a )1 (f35(G)))))))

(Frafo): (162 (2 iy crsaom)) (s for): € rason (P2 (F35(G)))

(f13for)r(for (F1a((f2a)1 (f55(G)))))

(B Jo((Frafon)" (T35 (G)) = (s Jor)((foafon)” (foa) (f3(G))))
(f13for) (foz( 25(G)))

(f13fo1)i(Cfay, foo ((faa ) (f35(GH)N™)

(fisfor)i(esas, 02 (G))

(f13fo1)1(foa (f24((f24)1(f25(G)))))
(f13fo1)1((f25f02)" (G))

We describe each morphism which appears in the above composition below. First, consider the following
cartesian squares.

(fiafor)i(fo2(f25(G)))

(f14) fo4
f )7r T 5
Gxp(5)D(2) SUELNYE (Gxp(s)D(2))"2* x pay D(1) — (Gxp(syD(2))72
J{"'fzs J{ﬂ J{ ”Zg)fm J{”Zg
D©2) — . D(5) D(1) Jua D(4)

f24

Then, we have GU2725) = (£,,),(f35(G)) = ((Gx p(s) D(2))2 2225 D(4)) and

(G Fesl)ioofusl = (fi3) (f14((foa) (£35(G)))) = (((GXD(5)D(2))f24 X p(ay D(1)* ——%
Put H = (Gxp(5D(2))724 x payD(1) and p = (71'}3‘5*) . Suppose that the following diagram is cartesian.

H s XD(S)D(O) (f13f01) f13> H s

f13 f13
lpfm foi Jp

D(O) f13f01 D(?))

Hence ((GU20/2s]) s fual)Fiaforfraforl = (fg for )i ((Frsfor)* (Fra) (Fia((faa) (f35(G)))))) is

( f13 )f13f01

((HflS XD(3)D(0))f13f01 Prizsor D(g))
and nfé;[ff;i aslyie (G[f247f25])[f13,f14] - ((G[f241f25])[f13,f14])[f13f01,f13f01] is given as follows.
({8 ooty = HI® = (HT® % gy D(0) 7550 id ) (2.5.1)

Consider the following diagram whose rectangles are cartesian squares.

(fOl) f13
(H''5 % p3)D(1)) X pay D(0) s, i X p(3)D(1) Hha

flS) f13 fi3
l(pfl?» fo1 lpfm P

D(O) fo1 D(l) fi3 D(3)

(f13)pf13

( ;ig)hsfm

We have (fus for)i(fi1 (fs (GU2T2eh)fisnfial))) = (' x psy D(1) x pay D(0) 50 <220 p(3)) and
an isomorphism (13 fo1)1(Csy, gy, (GH2 722 Fraifial)=1) of £3) from (fus fo)i((fis for)* (G Py o
(Fizfor ) (fi (fis (G2l 18 hal) )y = (fy for )i (foy (Fis((Fra)r (fia (G2 7221))))) is given below.

((idgss X D(3) fors Pfiafon) 272 1 (HT12 X o) D(0)) 13700 — ((HT12 x p(3) D(1)) x p(1y D(0))570idps))  (2.5.2)

Consider the following cartesian square.
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HxpayD(0) —L2 p

lﬂfol P

D) — " p(1)

f13fo1

Then (fi3.for)1(fo1 (fia(GV2+72]))) = ((HXD(l)D(O))f13f01 SN D(3)> and

(F15 o) (J31 (€72 (@ursasan))) = (Frsfo(For (Fs((Fra(Fia (G ))))) = (fus fo)r (6 (fra( GV 1))
is given as follows.
<(€;}i(G[f24,f25]) X p(1yidp())# : (H* x p3) D(1)) x p1y D(0))13/00 — (H x p(1y D(0)) /13701 idp3)) (2.5.3)

Suppose that each rectangles of the following diagrams are cartesian.

(fOl)( ?24)f (f14) f24
14
((Gx p5)D(2))24 x pay D(1)) X p(1y D(0) ——=- (G X p(5)D(2))2* x p4y D(1) — (GXpz) D(2))F2
J{((ﬂ'g:)fm)fm J((ﬂ']{;?,)fm J{ﬂ']{;?,
(f02)( «} 4)f (f24) f24
24
((GXD(s)D(2))f24XD(4)D(2))XD(2)D(O) — (GXD(5)D(2))f24XD(4)D( ) — (GXpyD(2 )) /2
J{((ﬂ';’;g)fm)foz J/(ﬂ',{;g)fu J{ ,{ié

Then, we have

(Fra oG (G ) = (G sy DY x piay D)) piry DO sl LB )

f13fo1

f24q
(s o) Fia (B3 (G 50) = (G sy D)2 piay D)) % piay D(O)) o 2208 7, )

and it follows from (2.4.6) that an isomorphism ( fi3fo1)1(¢a., f02((f24)g(f§5(G)))_1cfl4,fm ((f2a)1(f35(G)))) from
(f13f01),(f01(f14(G[f24 f25]))) to (f13fo1)(fo2(f34(G Gl f%]))) is given by

<(((f24) s (fo2) Y 7f02(( }cj;‘)fm)fm), ((m E;‘)fm)fm)flsfm,idD(3)>. (2.5.4)
Suppose that the following diagrams are cartesian.
(GxpsyD(2)) x 2y D(0) % G xp5)D(2) G X p(5)D(0) (fosfo2)y o
J{(ﬂ'fzs ) fo2 J{ﬂf25 J{Wf% fo2 J{
D(0) foz D(2) D(0) —22 5 p(s)

Then, we have the following.

(Pl F(G)) = (€ piey D@)x pioy D)7 T2 2, )

f13fo1

(f13for)1((fa5fo2)" (G)) = ((GX1)(5)D(0))fmf°1 Drastoz, D(3))

We note that (fi3fo1)i(fia(f32(GY* 7)) = (i3 for )1 (foa(f3:((f24):1(f35(G))))) and that

(frafo)r (foo (€} f24 @) + rafo)r(foa(f3a((f2)r(£35(G))))) = (fuzfor)(foa(f35(G)))
(fizfor)i(ctss foz( )+ (fisfor)i(fo2(f35(G))) — (fizfor i ((f25f02)" (G))
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are given as follows, respectively.

fisfor
(Fiafor(Foa (€72 ())) = (1 (@ X D@ idpioy) ™ ida)) (2.5.5)
(f13f01) (Cf25,f02( )) <((f02)7"f20 (fQJ)TH (ﬂ—f25)f02)f13f017idD(3)> (256)
Here, the sources and the targets of ( f* (@) XD(2) de(O))flsfm and (fo2)r,. (f25)r; (T fs) fon ) /12701 are given as
follows.
(e }t } (@) %@ idD(0)) 7 (G % p(s) D(2))72* X p(ay D(2)) % p2) D(0))47 = (G % p(s) D(2)) X p(ay D(0)) 12701
(fo2)m sy, (F25)ms (T a5) 02 ) 1270 ((G X 5y D(2)) X p(2) D(0))712700 — (G % p5) D(0)) 12701
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3 Representations of internal categories

3.1 Definitions and basic properties of representations of internal categories

We first recall the notions of internal categories and internal functors.

Definition 3.1.1 Let £ be a category with finite limits. An internal category C in £ consists of the following
objects and morphisms.
(1) A pair of objects Cy (the object-of-objects) and Cy (the object-of-morphisms) of £.
(2) Four morphisms o : C1 — Cy (source), 7 : C1 — Cy (target), € : Cy — Cy (identity), p: C1 x¢, C1 — C4
(composition), where Cy L C1 x¢c, Ch Pz, C\ is a limit of diagram C; = Cy <~ C4, such that oe = 1 =
tdc, and the following diagrams commute.

uXcgidey (eo, zdcl)

pry pr,
Ci «—— Ci1 x¢, C1 —= C1 Cix¢g, C1%x¢,Ch C1x¢,Ch Ci1xc,C1 4———

AT N A ey
o T |4 "dcl

Co Cq Co Ci1x¢,C1 Ch

Here, C1 x¢, C1 X¢, C1 B, Cy (i = 1,2,3) is a limit of diagram C; = Cy <= C; = Cy <= C,. We denote
by (Co,Cy;0,7,e,1u) an internal category C whose object-of-objects and object-of-morphisms are Cy and Cy,
respectively, with structure morphisms o, T, €, p.

A morphism f : C — D of internal categories (internal functor) is a pair (fo, f1) of two morphisms
fo:Co— Do and f1 : C1 — Dy of £ such that the following diagrams commute if D = (Dg, D1;0',7',¢',1).

CO —7— Cl — 00 Cl Xy Cl &
lfo lfl lfo lleCOfl lﬁ lfo
Do(LD1L>DO D1XDOD1*>D1<;D0

If both fy and f1 are monomorphisms, D is called an internal subcategory of C.
An internal natural transformation ¢ : f — g from an internal functor f = (fo, f1) : C — D to an internal
functor g = (go,91) : C — D is a morphism ¢ : Co — D1 in & making the following diagrams commute.

D()(;CO*}DO Cl%DlxDoDl

N [

Dl XDoDl — >D1

We denote by cat(E) the category of internal categories in E.

Let p : F — &£ be a normalized cloven fibered category over £ and f : X - Y, g9: X - Z, k:V - X
morphisms in €. For objects M of Fy, N of Fz and a morphism £ : f*(M) — g*(N) of Fx, we denote k:?w N (&)
by & for short. That is, & is the following composition.

cp (M)t N)

(fR)™ (M) ke (0) S kgt () 2 (ghyt (V)

Definition 3.1.2 Suppose that p : F — &£ be a normalized cloven fibered category and that £ is a category with
finite limits. Let C = (Cy, C1;0,7,e,) be an internal category in E. A pair (M, &) of an object M of Fe, and
a morphism & : o*(M) — (M) of Fe, is called a representation of C on M if the following conditions are
satisfied.

(A) Let Cy % Cy x ¢, Cy 225 Cy be a limit of diagram Cy = Cy <= C. Eu it (op)*(M) — (Tp)* (M) coincides
with the following composition.

(op)* (M) = (opr,)* (M) 2 (7pr,)" (M) = (0pr;)* (M) 225 (rpry)* (M) = (72)" (M)

(U) & - M = (0e)* (M) — (te)*(M) = M coincides with the identity morphism of M.
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Let (M, &) and (N, () be representations of C on M and N, respectively. A morphism ¢ : M — N in F¢, is
called a morphism in representations of C if p makes the following diagram commute.

o (M) ——— (M)

lﬂ*(w) lf*(w)

ot (N) ———— T"(N)

We denote by Rep(C ; F) the category of the representations of C.

We denote by Z¢ : Rep(C;F) — Fe, the forgetful functor which assigns (M,£) € ObRep(C;F) to
M € ObFe, and (¢ : (M,€) — (N,()) € MorRep(C; F) to p: M — N.

Definition 3.1.3 Let ¢ : (M,&) — (N,() be a morphism in Rep(C'; F).
(1) If Zc(@) : M — N is a monomorphism in Fc,, we call (M,€) a subrepresentation of (N, ().
(2) If Zc(p) : M — N is an epimorphism in F¢,, we call (N,() a quotient representation of (M, €).

Proposition 3.1.4 Let ¢ : (M,&) — (N,{) be a morphism of representations of an internal category C =
(Co,Cy50,7,e,1) in E.

(1) Suppose that Fc(p) : M — N is a monomorphism in Fo,. For a representation (M,E&') of C and a
morphism ¢’ : (M, &) — (N, () of representations such that Fc () = Fc(¢'), if one of the following conditions
is satisfied, we have &' = &.

(1) ™ : Fo, = Fo, preserves monomorphisms. (#) (o,7) is a left fibered representable pair with respect to M.

(2) Suppose that Fc(p) : M — N is an epimorphism in Fco,. For a representation (N,(') of C and a
morphism ¢’ : (M, &) — (N, (") of representations such that Fc(p) = Fc ('), if one of the following conditions
is satisfied, we have ' = (.

(1) 0* : Fo, = Fo, preserves epimorphisms. (i7) (o,7) is a right fibered representable pair with respect to N.
Proof. (1) Since 7*(p)¢’ = Co*(p) = 7*(¢)€ by the assumption, it suffices to show that
(@) : Fey (6" (M), 7" (M)) = Fe, (0" (M), 7"(N))

is injective. If (7) is satisfied, then 7*(¢) is a monomorphism, hence 7*(¢). is injective.
Suppose that (i7) is satisfied. Then the following diagram is commutative.

* * Por (M)
Feo, (o (M), 7(M)) " Foo (M1, M)

lr*(tp)* l@o*

* * Por (M)
Fe, (o (M), 7(N)) ~ Foo (Mg 0, N)

Since both ¢, and P, (M) are injective, so is 7% (p)..
(2) Since ('oc*(¢) = 7*(¢)€ = (o*(¢) by the assumption, it suffices to show that

a" ()" : Fo, (0" (N), 7°(N)) = Fo, (07 (M), 7(N))

is injective. If (i) is satisfied, then o*(¢) is an epimorphism, hence o* (). is injective.
Suppose that (i7) is satisfied. Then the following diagram is commutative.

Ay Eo.r(N) o
./—"CI(O' (N)7T (N)) - ‘FCO(N7N[,])

L’*W le

* * E“vT(N) o.T
For (0% (M), 7(N)) —="= Fo,(M, N7
Since both ¢* and E, (N)x are injective, so is o*(p)*. O

Proposition 3.1.5 Let M, N be objects of Fc, and & : 0*(M) — 7*(M), ¢ : *(N) — 7*(N) morphisms in
Fc,. We assume that a morphism ¢ : M — N of Fc, makes the following diagram commute.
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o (M) ——— (M)

lﬂ*(w) lf*(w)

ot (N) ———— T"(N)

(1) Suppose that (N, () is a representation of C on N and that ¢ : M — N is an monomorphism. If

(T1)"(9)« = Forxa,on ()™ (M), (rp) (M) = Fey sy 0 ((0p)* (M), (Tp)"(N))

is injective, & is a representation of C on M.
(2) Suppose that (M, &) is a representation of C on M and that ¢ : M — N is an epimorphism. If

(ap)™ ()" : Ferxe o (o) (N), (tp)* (N)) = Feyxeye ((0p) (M), ()" (N))
is injective, € is a representation of C on N.

Proof. The following diagrams commute by the assumption and (1.1.15).

* * Epr * * Epr * *
(op)* (M) == (opr)*(M) —= (rpr;)*(M) (opry)* (M) =2 (7pry)* (M) == (Tp)* (M)
l(zw)*(w) l(oprl)*(sa) l(fprl)*(so) l(aprz)*(w l(fprz)*(cp) l(m)*(sO)

(o)*(N) (opry)*(N) —2s (rpr,)*(N) (opry)*(N) —225 (7pry)*(N) (712)*(N)
(o) (M) ——s (rp)*(M) (0) (M) ——— (re)*(M)
l(ﬂu)*(w) l(m)*(w) yas)*(@) — l(”’* (@)=
(o)* (V) —— (rp)*(N) (08)*(N) —— (re)*(N)

(1) Tt follows from the commutativity of the above diagrams that we have

(T“)*(So)fpr2§pr1 = CprICprz (Uﬂ)*(‘P) = C;L(U/“)*(QO) = (7—/‘)*(90)5# and @& = (.o = .

Hence we have {6, = &, and & = idps by the assumption.
(2) It follows from the commutativity of the above diagrams that we have

Cprggprl (U:u)*(@) = (TprQ)*(QO)gprzgprl = (TM)*(QO)fu = CM(O'M)*(@) and (.o = & =@
Hence we have (pr,Cpr, = (u and (. = idy by the assumption. O

Proposition 3.1.6 Let ¢ : M — N be a morphism in Fc,.
(1) If ¢ is a monomorphism and one of the following conditions is satisfied, the condition of (1) of (5.1.5)
is satisfied.

(@) (tp)* : Foo, = Forxe,ci Preserves monomorphisms.
(ii) (op,Tw) is a left fibered representable pair with respect to M.
(#31) (op, ) s a right fibered representable pair with respect to M, N and the following map is injective.

QT Foo (M, MR THYY o5 Fo (M, N1owH)
(2) If ¢ : M — N is an epimorphism and one of the following conditions is satisfied, the condition of (2) of
(3.1.5) is satisfied.

(@) (op)* = Foy = Feyxg, 01 preserves epimorphisms.
(i) (op, ) is a right fibered representable pair with respect to N.
(#i1) (op, 7)) is a left fibered representable pair with respect to M, N and the following map is injective.

(prgu,q—u] : fco (N[U/,J,,T/J,]a N) - JT"CU (M[UH,TH] s N)

Proof. (1) If () is satisfied, (7u)*(p) is a monomorphism. Assume that (i) is satisfied. Then, we have the
following commutative diagram by the assumption.
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% * Pop,ru (M)
‘FC1><0001((U/1’) (M)7 (T[L) (M)) N ‘FCO (M[GM,TH]7M)

GRS Jw*

* * Pop,ru (M)
fcl Xcocl((o—:u’) (M)’ (TILL) (N)) a FCU (M[O';,L,TM]?N)

Since both ¢, and P, -, (M)n are injective, so is (7p1)*()«. Assume that (i7) is satisfied. The following
diagram is commutative by (1.4.4),

Eop,rn(M oW, T
Forxo,cn (o) (M), (rp2)* (M) WM, Foy (M, Mlonmaly

l(w)*(w)* Lpiw,m]

Eop,ru(N)m o,
Forno, e (o) (M), (r)*(N)) WM, Foy(M, Nlowrsly

Since both ¢l7™ and Eypuru (M) are injective, so is (7u)* (p)*.
(2) If (4) is satisfied, (op)*(¢) is an epimorphism. Assume that (i¢) is satisfied. Then, we have the following
commutative diagram by the assumption.

EUH»"#(N)N

‘FClXCocl((U'u)*(N)’(TM)*(N)) fCo(N,N[g%T#])

l(tw)*(w)* J‘P*

E‘W'T“N oW, T
Forxoycn (o) (M), (r1)* (N)) PO, Foy (M, Nlowl)

*

Since both ¢* and E,, .,(N)n are injective, so is (op)*(¢)*.
diagram is commutative by (1.3.4),

Assume that (iii) is satisfied. The following

* * PUIMTH(N)N
Ferxeycr (o) (N), (tp)*(N)) Fco(Niopru)s N)

l(w)*(so)* l%"[*ou,m

* * Pﬂﬂwf/t(M)N
‘FCIXCOCI((UM) (M)> (T[J,) (N)) ‘FCO(M[G/_L,T;L]>N)

*

Since both Clopira]

and P, -, (N)n are injective, so is (ou)*(¢)*. O

Proposition 3.1.7 Let D : D — Rep(C ; F) be a functor.
(1) Let (m; : M — ZeD(i))icobp be a limiting cone of FeD : D — Fe,. Assume that

(7" (mi)s : For (0™ (M), 7(M)) = Fe, (07 (M), 7" FcD(i)) ;e on 1

is a limiting cone of a functor D — Set which assigns i € ObD to Fe, (0*(M), 7*FcD(i)) and o € D(i,7) to
T*FeD(a) : Fo,(0*(M), 7*FcD(i))) = Fo,(0* (M), 7*FcD(j))). We also assume that
((T1)*(m0)s 2 Forxe, 00 ((om)* (M), (r11)" (M) = Foyxe, 00 (o) (M), (t10)" Fe D(0)),cop p

is a monomorphic family. Then, there exists a unique morphism & : o*(M) — (M) such that (M,§) is a
representation of C on M and (m; : (M,&) — D(4))icobp s a limiting cone of D.
(2) Let (1; : FeD(i) = M)icobp be a colimiting cone of FcD : D — Fe,. Asuume that
(" (ti)* : Fe (o (M), 7*(M)) = Fe, (U*ﬁcD(i),T*(M)))iGObD

is a limiting cone of a functor D°P — Set which assigns i € ObD to Fe,(0*FcD(i), 7*(M)) and o € D(i,5)
to T*FeD(a)* : Fo,(0* FcD(j), 7" (M)) = Fe,(0*FeD(i), 7*(M)). We also assume that

((ep)" ()"« Ferxgyen ((0p)" (M), (Tp)" (M) = Feyxe, e ((0p) " FeD(i), (1) (M), o p

is a monomorphic family. Then, there exists a unique morphism & : o*(M) — (M) such that (M,§) is a
representation of C on M and (v; : D(i) — (M, §))icobp is a colimiting cone of D.
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Proof. For i € ObD, we denote by &; : 0*FcD(i) — 7" FcD(i) the structure morphism in the representation
of C on FcD(i).
(1) Since {;0*D(a) = 7*D(a)§; for any morphism « : ¢ — j of D,

(ix0™ (mi)s + Fey (07 (M), 0" (M) = Fe, (0™ (M), 7" FeD(i)))conp

is a cone of a functor D — Set which assigns i € ObD to F¢, (0*(M),0*.FcD(i)). Hence there exists a unique
map x : Fo, (0*(M),0"(M)) = Fe, (0 (M), 7*(M)) satistying 7 (m;)sx = &x0™*(m;)« for every i € ObD. Put
§ = x(ids-(ar)), then we have 7%(m;)§ = ;0™ (m;) and

f f * _ * _ *
fo o) 700w &) for(a) 0+ 700 (07 (1) = fou (r1) 1 26 p(0) (&0 (M) = Fou(ap) 7o 76 D) (T (Ti)E)
_ st * #
= Jr-ne 76 (T T fo- ()2 (1) (€)

for f = pry,pry,pt : C1 xg, C1 — C1. We note that p#(7*(m;)) = (tp)*(m) = (7pry)*(m) = pra(t*(m)),

prf (7% () = (7pry)*(m:) = (9pry)* (m)) = pri(o* (m) and p#(0* (m)) = (o41)* (m:) = (opry)*(m:) = pri(o* (m:)).
Since &; satisfies (A) of (3.1.2), we have

pE(r () ) () = (&) (0™ (1)) = pr(&)pr} (&)prf (0" (i) = pr

= pr (&)pr’ (7 (mi))prf (€) = prb (&:)prh (o (mi))pr}

= pri (7" (m)€)pri (&) = pra (7" (i) Jpr (€)pri (€) =

v (€)pri (€07 (m)) = pré(&)prd (7 (m:)€)
(€) = prh(&o™ (m))prf (€)
P (" (i) pra (€)prd (€)
for any ¢ € ObD. Since uﬁ(f),prg(f)prti (&) € Forxe,n ((op)* (M), ()" (M)), the second assumption implies
that ¢ satisfies (A) of (3.1.2). Since €#(¢;) is the identity morphism of #cD(i), we have

mieh (€) = (re)" (mi)e*(€) = & (77 (mi) )EF(§) = & (7 (m)€) = €¥(&io™ (m))
= e (&)ef (07 (m)) = €¥(0" (mi)) = (o€)"(m:) = m;

for any ¢« € ObD. Since (m; : M — ZcD(i))icobp is a monomorphic family, £ satisfies (U) of (3.1.2).
(2) Since §;0*D(a) = 7" D(v)¢; for any morphism « : i — j of D,

(& ()" Fo (T (M), 7" (M) = Fo, (0" FcD(i), 7 (M))).conp

is a cone of a functor D°? — Set which assigns i € ObD to Fe, (6*FcD(i), 7*(M)). Hence there exists a
unique map x : Fe, (7%(M),7*(M)) = Fe, (0¥ (M), 7*(M)) satisfying o*(1;)*x = & 7*(1;)* for every i € ObD.
Put § = x(id-~(ar)), then we have §o*(1;) = 7" (1;)&; and

fﬁ*?cD(i),r*(M)(T*(Li))fg*?cD(i),r*ﬁcD(i)(gi) = fg*ycp(i),r (M ( "()&) = fg *FoD(),m* M)(EU*(%‘))
:fg*(M),T*(M)(g)ff'*(?cD(i),a*(M)( "))
for f = pry,pry, pu @ C1 x¢, C1 — C1. We note that pf(7(1;)) = (7p)* (1) = (7pre)*(1;) = prg(T*(Li)),
0*(¢;)) = (opr

pri(o* (1)) = (9pr2)* (1)) = (7pry)* (i) = pri(r*(1)) and pri (0™ (1)) = (opry)* () = (op)* (1) = p*(0" (13))-
Since &; satisfies (A) of (3.1.2), we have

A1 (0™ (1)) = (7 (1)) ¥ (&) = prb (7™ (1)) prh (€0)pr} (&) = pri (7™ (1)€)prh (&) = pri(&o™ (u:))prf (&)
= prb(€)prh (o (:))prl (&) = pri(€)pr} (7" (o) prh (&) = pra(&)prl (7 (1)&:)
= prh(&)pr} (€07 (i) = prh(€)prt (€)pri (o7 (i) = pri(€)pr} (E)u (0 (1))

for any 7 € ObD. Since M(ﬁ),prg(@prg(g) € Foyxe,c: ((op)* (M), (Tp)*(M)), the second assumption implies

that ¢ satisfies (A) of (3.1.2). Since *(¢;) is the identity morphism of #cD(i), we have

(&) = (&) (o) (1) = F(€)eF (07 (1)) = (€™ (w)) = €X(7" ()&s)
= (77 (w))ek (&) = €8 (7" () = (re) () = ui

for any ¢« € ObD. Since (¢; : FcD(i) = M);cobp is an epimorphic family, £ satisfies (U) of (3.1.2). O
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Remark 3.1.8 (1) If 7 : F¢, — Fc, preserves limits and p* : Fo, — Feyxe,cy Preserves monomorphic
families, the assumptions of (1) of (3.1.7) are satisfied for any functor D : D — Rep(C'; F) such that FcD :
D — Fe, has a limit. This case, Fc : Rep(C; F) — Fe, creates limits in the sense of Mac Lane ([11], chapter
V). In particular, if p: F — £ is a bifibered category, Fc : Rep(C; F) — Fe, creates limits.

(2) If o* : Fo, = Fc, preserves colimits and p* @ Fo, — Feixe, 01 preserves epimorphic families, the
assumptions of (2) of (3.1.7) are satisfied for any functor D : D — Rep(C'; F) such that FcD : D — Fe, has
a colimit. This case, ¢ : Rep(C; F) — Fe, creates colimits.

(3) If (o, 7) is a left fibered representable pair with respect to M, then the first assumption of (1) of (3.1.7) is
satisfied. In fact, (m* : Foo (Mg, M) — Fe, (M[UaT]’g\CD(i)))ieObD s a limiting cone of a functor D — Set
which assigns i € ObD to Fe,(Ms ., FcD(i)), a € D(i,j) to FcD(a). and the following diagram commutes.

T () x

Fey (0" (M), 77 (M) ————— Fe, (0" (M), 7" FcD(i)
J{PG,T(M)IM J{PU,T(M)L@CD(U
‘FCO(M[O',T]7M) # fCo(M[U,T]ijD(i))

Similarly, if (op, Tp) is a left fibered representable pair with respect to M, then the second assumption of (1) of
(3.1.7) is satisfied. In fact, (Tix)icobD : Foo (Migpru, M) = 1 Foo(Miguru, FcD(i)) is injective and the

i€Ob D
following diagram commutes.
X X ((rp)" (i)« ) X X .
Ferxeyer ((op)* (M), ()™ (M) - e gﬁfclmocl((fw) (M), (Tp)*FcD(i))

1€

JPW,TAM)M l [1 Popru(M)sgni

i€ Ob D
(mix)i .
-FCO (M[ap.,'ru]vM) cobP H ]:Co (M[a,u,‘ru]vch(Z))

i€Ob D

(4) If (o,7) is a right fibered representable pair with respect to M, then the first assumption of (2) of (3.1.7) is
satisfied. In fact, (1} + Foo (M, M) — Feo (FcD(i), M["’T]))ieObD is a limiting cone of a functor D°P — Set
which assigns i € ObD to Fo,(FcD(i), M=), a € D(i,5) to FcD(a)* and the following diagram commutes.

o (1)

Fe, (0"(M),7"(M)) ———— Fo, (0" FcD(i), 7" (M))
lEG,T(M)IW lEU.T(M)J?’CD(i)
Foo(M, M)y — % Fo (FeD(i), M)

Similarly, if (op, i) is a right fibered representable pair with respect to M, then the second assumption of (2)
of (3.1.7) is satisfied. In fact, (1})icobD : ]:CO(M,M[‘”‘*T“]) - 11 ]-"CU(,QZCD(Z'),M["“*T“]) is injective and

icObD
the following diagram commutes.
* % (o)™ (i)™ )4 " . "
Ferxe,0n((op)* (M), (Tp)*(M)) ’ = gmfclmocl((fw) FcD(i), (tp)* (M))
1€
lEG;L,Tu(M)M l H EUHYT;L(M)?CDU)
i€Ob D

(t7)icobD 11 ]—"CO(,?CD(Z'),M[”“’T“])
i€eOb D

Feo (M, M[oumt])

Proposition 3.1.9 The forgetful functor Z¢c : Rep(C ; F) — Fe, reflects isomorphisms.

Proof. Let ¢ : € — ¢ be a morphism in Rep(C ; F) such that Zc(y) is an isomorphism. Since 7*(¢~1)¢ =
(@ HCo*(p)o* (¢~ 1) = 7 (e DT ()" (p~1) = €o* (1), o~ ! is also a morphism in Rep(C'; F). Hence ¢
is an isomorphism in Rep(C'; F). O

Proposition 3.1.10 Let & : 0*(M) — 7*(M) be a morphism in Fc,.

(1) If € is a monomorphism or epimorphism which satisfies (A) of (3.1.2), then £ satisfies (U) of (3.1.2).
(2) If C is an internal groupoid in € and & satisfies (A) and (U) of (3.1.2), then £ is an isomorphism.
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Proof. (1) We put 1 = (id¢,,e7),e2 = (¢0,idc,) : C1 — C1 x¢, C1. Since ue; = pey = ide,,, we have maps

el Feuxoyca((0p)* (M), (Tp)* (M) = Fe, (0" (M), 7 (M)

for i = 1,2. Then, we have the following by (1.1.15) and (1.1.16).

)t 1=
= (1)) =1 (1(€) = Hpri € (€)) =<3 (prb ()= (pnd (€)= (o) b0 ()= {é(ff i

Hence (e7)%(£)¢ = &(e0)#(€) = € which implies (e7)%(£) = id«(ar) if € is an epimorphism, (£0)*(§) = idy-(ar)
if £ is a monomorphism. In the former case, since £* : Fe, (7*(M),7*(M)) — Feo(M, M) maps id,(ar
and (e7)8(€) to idy and (e7e)f(€) = eb(€) = €. respectively, ¢ satisfies (U) of (3.1.2). In the latter case,
since f : Fe, (0% (M),0*(M)) — Feo(M, M) maps id,-(nr) and (0)*(€) to idy and (ece)*(€) = *(§) = &
respectively, £ satisfies (U) of (3.1.2).

(2) Let us denote by ¢ : C; — Cp the inverse of C. Since ov = 7 and 7t = o0, we have a morphism
& =€) : (M) — 0*(M) Fe, and morphisms ¢; = (idc,,t),t2 = (1,idc,) : C1 — C1 X, C1 of €. Since
(prata)*(€)(prya)? () = i (pré(€))c (prf (€)) = E(PrE(©)pri (€)) = ek (W(€)) = (uea) (&) for i = 1,2 and puy = o,
iz = e, we have &€ = £ (€)€ = (pryin)H(€) (b1 () = (uer ) (€) = (20)F(€) = 0 (H(€)) = 0¥ (idar) = iy ar)
and €€, = E4(€) = (prata)? () (pry1a)?(€) = (112)H(&) = (e7)H(E) = T#(=4(€)) = *(idar) = idre ary- 0

Proposition 3.1.11 Let C = (Cy, Cy;0,7,e, 1) be an internal category in € and s : € — F a cartesian section.
Then, sq,r : 0*s(Co) — 7*s(Cy) defined in (1.1.23) is a representation of C' on s(Cp).

Proof. By (3.1.10), we only have to verify the condition (A) of (3.1.2). Since we assumed that £ has finite limits,
we may assume that s = sy for some T € Ob F; by (1.1.22), here o¢, denotes the unique morphism Cy — 1.
Then, s, = COCO,U(T)_l, Sy = COCO7T(T)_1 and we have the following equalities by (1.1.12) for f = p, pry, pry.

cr,1(8(Co)) f*(sr) = cr (0g, (T))f*(co%,‘r (T)_l) = Cogy,7f (T)_lcOCO (1) = Cocy,f (T)_lcoc1 4(T)
F (55101 (5(C0)) ™ = [*(Cocy.o(T))eo,1 (05, (T)) ™ = Cocyo, 1 (T) ™ ogy o i (T) = Cogy 1 (T) ™ oy o (T)

Hence we have f*(sy+) = ¢ (s(Co))f* () f* (55 )co.r(s(Co)) ™t = COOO)Tf(T)_lcOCOJf(T). Since Tpry = T,
opry = 7pry and opr; = ou, above equality implies

prg(smr)prﬁ(sgﬁ) = Cocy,7pry (T)7100c070pr2 (T)COCO,Tprl (T)ilcOCoﬂprl (T) = COCO,TH(T)ilcOCO,O'H (T) = Uﬂ(saﬁ)-
Thus s, satisfies the condition (A) of (3.1.2). |

Definition 3.1.12 Let C = (Cy,Cy;0,7,&, 1) be an internal category in € and s : E — F a cartesian section.
(1) We set s¢ = sq,r and call (s(Co), sc) the trivial representation associated with s. In the case s = st for
some T € Ob Fy, we also call (s7(Cy), (sT)c) the trivial representation associated with T
(2) Let & : o*(M) — 7*(M) be a representation of C on M and T an object of F1. We call a morphism
v : (M,&) — (s(Co), (sT)c) a primitive element of (M, ) with respect to T.

Let p: F — &, ¢ : G — C be normalized cloven fibered categories and C = (Cy, Cy;0,7,&, 1) an internal
category in £. Suppose that functors F : &€ — C and ® : F — G are given such that ¢® = Fp and ®
L) ey xe, ) 22 p(e) is a limit of

F(Cy) £, F(Cy) +—— L) F(C}). Then, (F(Cy), F(Ch); F(o), F(1),F(¢), F(1)) is an internal category in C. We
denote this internal category by F(C).

preberves cartesian morphisms. We assume that F(Ch)

Proposition 3.1.13 Let M be an object of Fc, and & : 0*(M) — 7*(M) a morphism in Fe,.

(1) If (M,€) is a representation of C on M, (®(M), ®3/,(£)) is a representation of F(C) on ®(M).

(2) If @ is faithful and (®(M), ®F;,,(€)) is a representation of F(C) on ®(M), (M,§) is a representation
of C on M.

Proof. (1) Tt follows from (1.1.19) and (1.1.17) that we have the following equality.

(I)ZZM (E)F(prQ)(I)g/;:M (S)F(prl) = (I)crprz TP (fprQ) ‘IT\/ES\I/I’TPH (gprl ) UPTQ ™ (fprQ) 7\/;!,7]\/(7[1)1"2 (gprl) U# v (fpr2 €pr1 )
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Thus 371 (&) P(pry) P07 ar (§) Fory) = @0rar (§) = 37 a1 (§) (i) Dy the assumption and (1.1.19). We also have

(I)‘X/’[TM(g)F(g) =070 75(55) = ;j)cjf\’/j’ldco( idnr) = idg(ary by (1.1.19) and the assumption. Hence (®(M), (I)K/’[TM(g))
is a representation of F(C) on ®(M).
(2) By (1.1.19), the assumption and the equality of (1) above, we have

q)a-”ﬂ—u (g}l«) ‘I)XZM (g)F(u) = (I)(]{Z—M (g)F(pr2)(I)(]Ty7[7:M (g)F(prl) (I)O-Hﬂ—u (gpr2 fprl)
id ,zd oe,T o.T . idc, ,id .
o (&) = @i (&) = O m (O pe) = idaary = O (i)
Since <I> is‘faithful, Qs+ Ferxe o ((op)* (M), (Tp)*(M)) — Gr(cixey0n) (F(op)*(@(M)), F(tp)*(2(M)))
and (I);\a/l[)c;\)/[,zdco s Foy(ide, (M), ide, (M) = Gr(co) (i) (R(M)), idy o, (2(M))) are injective, which implies
§u = Eprypr, and & = idyy. O

Proposition 3.1.14 Let ¢ : M — N be a morphism in F¢, and (M,§), (N, () representations of C.

(1) If  : (M, €) — (N, C) is a morphism representations of C, ®(y) : (®(M), ®F;,(£)) — (®(N), TN (¢))
is a morphism representations of F(C).

(2) If @ is faithful and ®(p) : (P(M), @7/ ,,(€)) = (P(N), @Y N (C)) is a morphism representations of F(C),
w: (M,&) — (N,C) is a morphism represent’ations of C. 7

Proof. Tt follows from (1.1.13) that the left and the right rectangles of the following diagram (x) are commutative.

Flo) (®(M)) <27 g0 () — 2O a(rr(ar)) —20, p(ryr(@(a1))
lm)*(@(w)) ﬁ(o*(w)) }bw(w) lFm*(@(m) (%)
N coa(N)! " 2(¢) " cr,a(N)

F(o)*(®(N)) B(o* (V) —2 s a7+ (N)) —=2 8 p(r)s(@(N))

(1) Since O3, (&) = cra(M)P(E)co.a(M)™, DTN (C) = cr.a(N)P(()cra(N)~! and the middle rectangle
of (%) is commutative, the assertion follows.
(2) Since the outer rectangle of (k) is commutative, we have

cra(N)®(T*(9)€)cra (M) ™! = cra(N)2(Co™ (9))coa(M) "
Thus ®(7*(p)§) = ®(Co*(¢)) which implies 7*(p)§ = (o*(p) by the assumption. O

Under the above situation, we can define a functor ®¢ : Rep(C;F) — Rep(F(C);G) by ®c(M,§) =
(®(M), @5/ 1,(£)) and c(p) = D(p). It follows from (3.1.14) that ®c is fully faithful if ® is so.

3.2 Restrictions, regular representations

Let C = (Cy,Cy;0,7,e,1) and D = (Dg, Dy;0',7', &', 1)) be internal categories in &, f = (fo, f1) : D — C
an internal functor and p : F — £ a cloven fibered category. Suppose that a representation (M,€) of C on
M € Ob Fg, is given. We denote by &5 : o’ (f3(M)) — 7" (f§(M)) the following composition.

. ¢ro0r (M) . D © . e DTt
o (f5(M)) == (foo')* (M) = (o 1)" (M) ——"2= (7 f1)"(M) = (for')" (M) ———— 7" (f5 (M)
Proposition 3.2.1 (f;(M),&y) is a representation of D on fi(M) € Ob Fp,.
Proof. (prg)fg(M)ﬁfg(M)(ff) is the following composition for ¢ = 1, 2.
. ox RN 1 6.7) I pr(csy o (M) . . ; pry ((f1)hy e (€)
(0pry)* (f5 (M) == prio’" (f3 (M) ——"""— pr} (fo0")" (M) = pr} (o f1)* (M) ——""—
. ) pr; (¢ YT/(M)fl) 1% w CT/,pri(f*(M)) %/ px
pry (7 f1)* (M) = pr; (for')" (M) ——""——= pr; 7" (5 (M)) ———= (7'pr,)" (f5 (M)

It follows from (1.1.12) and foo' = o f1, for’ = 7f1 that (prg)fo*(M),fg(M) (&5) is the following composition.

- t0,0pr; (M) . N (P8 ar,ar ((F1)5,20 (6) N
(0'pry)* (f5 (M) = (foo'pr;)* (M) = (0 fipr;)* (M) == (1) f(M)

CfO,T’pr~(M) !

= (for'pr;)" (M) ———— (7'pr;)"(f5 (M))
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Moreover, since (pr)asat (1)1 (€)) = (F1r), 0 (€)= (or: (f1 X F1))arar (€)= (f1 0o 1) g0 (071 €))
by (1.1.16), (prg)fg(M”g(M) (&#) is the following composition.

Ch olors 1Xcg 1 Aear ((Pro)is
(o'pry)* (Fe (M) 2272 (hotpe ) (M) = (oprs(fi Xy fo)) (M) LT s P10 s )
(rprs(fr %o 1)) (M) = (for'pry) (M) 22780y oy (13 (M)

Hence the composition
(Prh) g5 vy, 5. () (€)
(01" (3 (M) = (o'pmy)*(f (M) 2800

(Prg)fg(M),f(’;(M) (&5)

(7'pry)" (f5 (M) = (o"pry)" (5 (M)

(7'pro)"(f5 (M) = («'u)" (f5 (M) -+ (%)

coincides with the following composition since o'pry = o'/, 7'pry = 7'1'.

(o) (f3 (M) 227 (oo i) (M) = (opry (f1 X f1))* (M)

. ; (F1x 00 1), 20 (PP2) s 20 ()
(Tpry(f1 X f1))" (M) = (opra(f1 X e, f1))* (M)

(rpa(fi Xy F1)) (M) = (for' iy (3) 207 oy (e ()

Since ¢ satisfies (A) of (3.1.2), it follows from (1.1.15) that we have

(f1 Xc, fl)g\/[,M((pr2)§\/[,M(€))(f1 XCo fl)g\/[,M((prl)g\/[,M(g)) = (f1 ¢y fl)%\/[,M((pr2)§\/[,M(€)(prl)g\/l,M(g))
= (f1 %o F)hnar (Har e ().

Therefore the above composition (x) coincides with the following composition.

(f1 Xcofl)if,M((Ph)gw,M(E))

(o) (f5 (M) L0 ooy (M) = (ol fr Xy £1)) (M)

= (o' (M) 2o 0y (g3 ()

(fl Xcofl)ng,M(H’}w,M(f))

(rp(fr o 1)) (M)

On the other hand, u'i}J(M) fg(M)(ff) is the following composition.

oty (F5 (M) ™! 1" (egy,0r (M) W) 0 ()
R B B

W (foo) (M) = i (0 1)" (M)

(e - (M 71) [P [ (M
2L B0, (g5 vy D,

Wa" (f5 (M)
P (T f) (M) = @ (for')* (M) (r'u)"(f5 (M)

It follows from (1.1.12) and foo' = o f1, for' = 7f1 that P‘/gfg(M),fg(M)(gf) is the following composition.

(o' ')* (f5 (M)

. g .07 w (M) . . 14 ar (P ()
(o' 1) (f5 (M) =275 (foo /)" (M) = (o frp')* (M) — 22202

St OO oy (M)

By (l-dl~16)7 /ﬁ%,M((h)?\LM(ﬁ)) t(op(fr X [1)) (M) = (o frp')* (M) — (7 fup)* (M) = (tu(f1 % ¢, f1))" (M)
coincides wit

(Vo0 () = (i fr % o F1))hr (€)= (1 X o F1)r ar (Bar g (6)) = (o fr Xy f1))* (M) = (Tp( fr % ¢ 1)) (M).

Thus we have verified that {7 satisfies (A) of (3.1.2).
5l§fg(M),fg(M)(€f) CfE (M) = (o) (fF(M) — (T (f5 (M) = fi (M) is the following composition.

(rf1p") (M) = (for'u)"(M)

* * 7% f # ¢
& (foo' ) (M) = & (o )" () TR,

Pegy (MY L orter (o (M
SO, e (g aay) D, ey (g )

Cor o (FE(M))™H 5/*(0,;"0,0/(]\/1))

"o (f5 (M)

e (rf) (M) =" (for')" (M)

(0"e")"(f5 (M)
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It follows from (1.1.12) and foo' = o f1, for’ = 7f1 that 5 Fr (M), £ ( (§f) is the following composition.

e zw M((fl)]\/[ M(é))

(0'e")" (f5 (M) o, (foal ) (M) = (0 fie') (M) (rf1€')" (M) = (for'e')" (M)
ot (e (5 (M)
Since /%, M((fl)g\/[,M(f)) = (f1ehrn(€) = (€f0)hr e (€) = () aaa (g0 (9) = (S§) e (idar) = id s (ar) by
(1.1.15) and (1.1.16), the above composition is the identity morphism of f§(M). O

Proposition 3.2.2 Let (M,&) and (N,() be representations of C and f : D — C' an internal functor. For a
morphism of representations ¢ : (M,&) — (N,C) of C, fi(p) : f&(M) — f5(N) defines a morphism f§(p) :
(f6 (M), &) = (f5(N),Cy) of representations.

Proof. By the naturality of ff, we have (mf1)*(¢)ff(€) = fi(7*(#)€) = f{(Co*(9)) = FH(C)(0f1)*(¢). Then,

the following diagram commute.

1% px fo o (M * fl(E) I\ cf()-,ﬂ"(l\/1)71 1% px
o f3 (M) —— (foff) (M )— (ofi)" (M) —= (t/1)"(M) == (for')" (M) ———— 7" (M)
lol*f" () l(foa )*( l(aﬁ)*(w)ﬁ l('f'fl)*(ﬁa) l(foT )" () 7' 5 (#)
o! 1 0.7/ N)~! 1% px
o 1 (V) 22 (o) () (@£ (N) 2 () (V) —— (for)r (V) 2N e ey

Hence fi(p) : fG(M) — fi(N) defines a morphism f§(¢) : (f5(M),&f) — (f{f(N),Cf) of representations. O

Definition 3.2.3 We call (f5(M),&f) the restriction of (M,E) along f. It follows that we have a functor
f*:Rep(C'; F) = Rep(D; F) given by f*(M,§) = (fg(M),&¢) for an object (M, &) of Rep(C'; F) and f*(¢) =
15 (@) for a morphism ¢ of Rep(C'; F).

Let p: F - &, ¢ : G — C be normalized cloven fibered categories and F' : € — C, & : F — G func-
tors such that ¢® = Fp and ® preserves cartesian morphisms. For internal categories C and D of &£, we
assume that F(Cy) Ller) F(Cy x¢, C1) Flora), F(Cy) is a limit of F(Cy) £, F(Cy) Fo) F(Cy) and
that F(D1) <P p(Dy xp, D1) 2% (D)) is a limit of F(D1) 2% F(Dy) <2 F(D)) Then,
(F(Cy), F(Ch); F(o),F(T),F(e), F(n)) and (F(Dy), F(D1); F(o'), F(7"), F(¢'), F(1')) are internal categories in
C. We denote these internal categories by F'(C) and F(D), respectively. For an internal functor f : C — D,
(F(f0), F(f1)): F(D) — F(C) is an internal functor and we denote this by F(f).

Proposition 3.2.4 For a representation (M, &) of C, the isomorphism cyy.0 (M) : O(f5(M)) — F(fo)*(D(M))
defines an isomorphism (q)(f{)"(M)) <I>U (TM) f2 () (Ef)) — (F(fo)*(CI)(M)),@KZM(QF”)) of representations
of F(D). Thus we have a natural equwalence Opf = F(f) Pc.

Proof. The upper and lower rectangles of the following diagram is commutative by (1.1.14). The left middle
rectangle is commutative by the definition of £ and the right middle rectangle is commutative by (1.1.19).

F(a')"(csy,0(M))

F(o)*(®(f5(M))) F(o")*(F(fo)*(2(M)))
Jeoratss ) Jernrpon @)
Ty é(cfo,a/(M)) N\ Cf(]a’,‘l)(M) N\
(0" (f5(M))) ———— 2((foo')"(M)) ————— F(foo')"(2(M))
|oter) |etrzcen | @
1% ey '@(Cfo.T’(M)) I\ CfOT’,q>(JV[) I\ %
(" (f5(M))) ———— 2((for')"(M)) ————— F(for")"(2(M))
lcr’,cb(fJ(M)) J/CF(fo),F(T’)((b(M))71

F(r')" (cy,@(M))

F(r)"(2(f5 (M)))

Since the left vertical composition of the above diagram is o7,

F(r')"(F(fo)" (2(M)))

I (M) fi (M)(ff) and the right vertical composition
0
is @51/ () r(s), the assertion follows. |

If g = (g0,91) : D — C is an internal functor and x is an internal natural transformation from f to g, let us
define a morphism x(as.¢) : f5 (M) — g5(M) in Fp, to be X%LM(@ Cfe (M) = (ox)* (M) = (tx)* (M) = g§(M).
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Proposition 3.2.5 x(¢) is a morphism of representations from (fg(M),&y) to (95(M),&g) and the following
diagram in Rep(D ; F) commutes for a morphism ¢ : (M,€) — (N, () of representations of C.

(Fo (M), &5) — s (f2(N),¢5)

lx’}w,M(f) lxﬁwos)
x (o) x
(95 (M), &) ——"— (g5(N). ()
Thus we have a natural transformation X" : f* =g

Proof. Since ¢ satisfies the condition (A) of (3.1.2), it follows from (1.1.15) and (1.1.16) that we have
(O )HE) = (pra(f1,x7)HE) (or (1. x7'))H(E) =

= (f1,x7)* ((pr2)*(€) (pry)*(€)) = (fr, x7)*(1*(€)) = (u(f1, x7)) (&) =
= (xo’, 91) (1 (€)) = (x0”, 91)*((pr2)* (€) (pr1)*(€)) = (x0”, 91)* ((pr2)*(€)) (x0’, 91)* ((pr1)*(€))
= (pr (xcf L)) () (pry(xo’, 91)) (€)= (91) (&) (xa")* (£).

Hence the middle rectangle of the following diagram is commutative

(1 xm)E(pr2) (€)) (frs x7)F(pr1)F(€))
(n(xo’s 91))*(€)
'

o 3 (M) —— 0" (o)* (M) — 82O e () —— o g5 ()
lcfo,(,«M) i e O i o (M) JCQO,MM)
(foo")* (M) (oxo’y (M) — 22D ® e (ar) (go0")* (M)
(o f1)* (M) (0g1)* (M)
lm)&l,M(s) jgl)L,M(o
(r 1) (M) (rg1)* (M)
(for)* (M) (oxr) (M) — XTImO o0y —— (g0 | (M)
lcfo.mM)*l l oz l (M)~ lcgg,ﬂ(M)*l
P (M) = ()" (M) D

1% %k

" (mx)* (M) 7 g6(M)
Since the upper and lower middle small rectangles of the above diagram also commutes by (1.1.16) the outer

rectangle of the above diagram is commutative. Since the left (resp. right) vertical composition of the above is
&5 (resp. &g), we see that x(pr¢) is a morphism of representations from (fg(

The following diagram commutes by by (1.1.11) and (1.1.12)

M), &) to (g3(M), &).
o fi () — oM

I\ % (foo')*( Cto.0r (N) 71 .
(foo')* (M) — L2 (o7 () o f5(N)
I e
o (ox)* (M) —22 20 (gxghye (M) ~2EE oy oy (v — e T o))
J{U'*(Ca,x(M))’1 Coxor (M) 1 Conor (N)T1 J{U'*(ca,x(f\f))*1
co (o™ (M o Vo™ ¢y o (0™ (N -t *
o'\ (M) D (ot (M) DT, (oo () T oot ()
J{U/*X*(ﬁ) (xa")* (&) (xe")* (<) J{U/*X*(C)
- Cy,or (T7 (M) Nk (xa')* 7 () Nk CX70/(T*(N))71 I
o yrre (M) 2T yern () DT e () oy (V)
la’%cf,x(M)) er s (M) et (V) ia'*m,x(N))
. . Crxsot (M) Y (rxo")* (¢) s oyt (N) 71 . .
o (rx)* (M) —22 X (ratye (i) X (o7 () o (mx)* (V)
* o H N H e
o gy(M) — 2" (g ) (M) — LT (go07)4 () ’ o g5 (NV)
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The composition of the left (resp. right) vertical morphisms in the above diagram is x(as¢) (resp. x(n,)) and
the composition of the upper (resp. lower) horizontal morphisms is fi(¢) (resp. g&(¢)). Thus the second
assertion follows. O

Define a functor Res : cat(€)(D, C)xRep(C'; F) — Rep(D ; F) by Res(f,§) = &5 for f € Obcat(€E)(D,C),
(M,§) € ObRep(C;F) and Res(x, ) = g"(¢)X(ae) = X(n.o) [ (p) for x € cat(€)(D,C)(f,g) and ¢ €
Rep(C; F)((M,¢§),(N,()). If F = F(G) for an internal category G, we remark that Res is identified with the
composition of internal functors by the isomorphism in Theorem 3.17 of [19], that is, the following diagram
commutes.

composition

cat(£)(D,C) x cat(&)(C,G) cat(&)(D, G)

Jiaer v

cat(§)(D,C) x Rep(C; F(G)) ——2=  Rep(D; F(G))

Definition 3.2.6 Let (M, p) be a representation of C on M € Ob Fg,.
(1) (M, p) is called a left reqular representation if there exist an object L of Fe, and a bijection

Ay ey Rep(C; F)((M, p), (N, §)) = Feo (L, Fo(N,§))

for each (N,§) € ObRep(C'; F) which is natural in (N, &).
(2) (M, p) is called a right regular representation if there exist an object R of F¢, and a bijection

A(n.e) : Rep(C 3 F)((N, ), (M, p)) = Feo(Fce(N,€), R)
for each (N,&) € ObRep(C'; F) which is natural in (N,§).

Proposition 3.2.7 Let (M, p) be a representation of C on M € Fe¢,.
(1) (M, p) is a left regular representation if and only if there exists a morphism n: L — Fo(M,p) of Fe,
such that, for any (N,§) € ObRep(C';F), the following composition is bijective.

Rep(C;]-')((M,p),(N,f)) &)FCO(EC(MJ))NQ\C(ACg)) L‘FCU(Lﬂg\C(N’g))

(2) (M, p) is a right reqular representation if and only if there exists a morphism € : #c(M, p) = R of Fe,
such that, for any (N,£) € ObRep(C';F), the following composition is bijective.

Rep(C;F)((N7£)7(M7p)) &]:Co(ﬁC(Nag)vg\C(Mvp)) s—*>‘FCU(’gZC(N’§)’R)

Proof. (1) Suppose that (M, p) is a left regular representation. We take L € Ob F¢, and a natural bijection
,!Zf(lN{) as in (1) of (3.2.6). Put n = ,Qf(lM)p)(id(M}p)) : L = Zc(M,p). For f € Rep(C;F)((M,p),(N,E)),
the naturality of o' implies .Zc(f)n = fc(f)efz{(hw)(id(M’p)) = ,;zf(lN{)(f). Hence the composition n*.%¢ :
Rep(C ; F)((M, p), (N, &) = Feo (L, ZFc (N, €)) coincides with ,Qf(lN{). The converse is obvious.

(2) Suppose that (M, p) is a right regular representation. We take R € Ob F¢, and a natural bijection
Ay asin (2) of (3.2.6). Put e = oy \(idr,p)) © Fo(M,p) = R. For f € Rep(C;F)((N,€), (M, p)),
the naturality of /" implies eZc(f) = &/, ) (id(ar,py) Fe(f) = ;zf&\,f)(f) Hence the composition e,.%¢ :

Rep(C; F)((N, §), (M, p)) = Feo(Fe(N, ), R) coincides with &y ). The converse is obvious. ]

By the above result and Theorem 3.17 of [19], we have the following.

Corollary 3.2.8 Let C = (Cy, Cy;0,7,6, 1) and G = (Go,G1; 0, 7',¢', 1) be internal categories in €. Consider
the fibered category pc : F(C) — & represented by C given in Example 2.18 of [19].

(1) A representation ((Go, po), (ide,, p1)) of G on (Go, po) is a left reqular representation if and only if there
exists a morphism (idg,,n) : (Go,u) = (Go, po) of F(C)g, such that, for any internal functor (fo, f1) : G — C,
a map cat(E)(G, C)((p03p1)7(f0af1)) - FC(GO)(uv fO) = {90 € S(Go,cl) |090 =UuUT79 = fO} given by ¢
w(n, p) is bijective.

(2) A representation ((Go,po), (idg,,p1)) of G on (Go,po) is a right reqular representation if and only if
there exists a morphism (idg,,€) : (Go, po) = (Go,v) of F(C)g, such that, for any internal functor (fo, f1) :
G — C, a map cat(£)(G, C)((fo, f1), (po, p1)) = Lc(Go)(fo,v) = { € E(Go, C1) |op = fo, T = v} given by
o = u(p, ) is bijective.
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Proof. (1) It follows from (1) of (3.2.7) and Theorem 3.17 of [19] that (Go, po) is a left regular representation if
and only if there exists a morphism (idg,,n) : (Go,u) = (Go, po) of F(C)g, such that, for any internal functor
(fo, f1) : G — C, the following composition is bijective.

cat(£)(G, C)((po, p1), (for 1)) 25 F(C)ay((Go, po), (Go, fo)

(idgg,m)*
0

F(C)a, ((Go,u), (Go, fo))

The above composition maps ¢ € cat(E)(G, C)((po, p1), (fo, f1)) to a composition Gy (ne), C1 x¢, C1 5 €.

(2) It follows from (2) of (3.2.7) and Theorem 3.17 of [19] that (Go,po) is a right regular representation if
and only if there exists a morphism (idg,,¢) : (Go, po) — (Go,v) of F(C)g, such that, for any internal functor
(fo, f1) : G — C, the following composition is bijective.

(idGo 1€)x

cat(&)(G,C)((fo, f1), (po; 1)) Zek, F(C)a,((Go, fo), (Go, po)) F(C)a,((Go, fo), (Go,v))

The above composition maps ¢ : (fo, f1) = (po, p1) to a composition Gy @) Cy x¢, C1 5 0. O
Proposition 3.2.9 The following assertions hold.
(1) The forgetful functor Z¢c : Rep(C; F) — Fe, has a left adjoint if and only if, for every L € Ob F¢,,

there exist a representation (My, pr) of C and a morphism ng, : L — Fc(My,pr) of Fe, such that, for any
(N,€) € ObRep(C; F), the following composition is bijective.

Rep(C; F)(My, pr), (N, ) T Feo(Fe(Me, pr), Fo(N,€)) % Fo, (L, Fo(N,€)
(2) The forgetful functor F¢c : Rep(C; F) — Fe, has a right adjoint if and only if, for every R € Ob Fe¢,,

there exist a representation (Mg, pr) of C and a morphism eg : Fc(Mpr,pr) — R of Fc, such that, for any
(N, &) € ObRep(C'; F), the following composition is bijective.

Rep(C'; F)((N, €), (Mg, pr)) = Foo(Fo(N,€), Fo(Mp, pr)) <2 Fo(Fe(N.€), R)
Proof. (1) Suppose that ¢ has a left adjoint Lc : Fo, = Rep(C; F). Let 1 :idr, — FcZc be the unit

of this adjunction. For L € Ob F¢,, a representation .£¢(L) and a morphism 7y, : L — Zc.-Zc(L) satisfies the
condition. In fact, for (N,£) € ObRep(C'; F), the composition

Rep(C; F)(Lo(L), (N, €) 2 Feo(FoLo(L), Fo(N.€) L Foo (L, Fo(N,€))

is the adjoint bijection. We show the converse. Define a functor %o : Fo, — Rep(C'; F) as follows. For an
object L of Fe,, put Lo (L) = (M, pr). For a morphism ¢ : L — K of F¢,, let Zo(p) 1 (M, pr) = (Mg, px)
be the morphism in Rep(C ; F) which maps to nx ¢ by the composition

7 .
Rep(C'; F)((My, pr.), (M, pr)) =% Foo(Fo (M, pr), Fo (M, pr)) —= Feo (L, Fo(Mk, pi)).
It is easy to verify that £ is a functor and that it is a left adjoint of Z¢.
(2) Suppose that F¢ has right adjoint Zc : Fc, — Rep(C;F). Let € : FcHc — idr,, be the counit of

this adjunction. For R € Ob F¢,, a representation Zc(R) and a morphism e : FcZ%c(R) — R satisfies the
condition. In fact, for (N,&) € ObRep(C' ; F), the composition

F ERx
Rep(C'; F)((N,€), Zc(R)) == Fe,(Fc(N,§), FeZc(R)) = Foo(Fc(N,€), R)
is the adjoint bijection. We show the converse. Define a functor Z¢ : Fo, — Rep(C'; F) as follows. For an
object R of F¢,, put Zc(R) = (Mg, pr). For amorphism ¢ : Q — R of F¢,, let Zc(p) : (Mg, pq) = (Mg, pr)
be the morphism in Rep(C'; F) which maps to peg by the composition

F € R
Rep(C; F)((Mq, pq), (Mg, pr)) == Foo(Fc(Maq, pq), Fo(Mr, pr)) = Foo(Fo(Mq, pq); R).

It is easy to verify that Z¢ is a functor and that it is a right adjoint of Z¢. O
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Proposition 3.2.10 The following assertions hold.

(1) Suppose that F¢c : Rep(C'; F) — Fe, has a left adjoint Zc. Let us denote by n and e the unit and the
counit of this adjunction. Put T = Fc Lo and consider the monad T = (T,n, #c(ey.)) associated with this
adjunction. Then, the comparision functor K : Rep(C; F) — Fgo given by K(M,§) = (M, Zc(ere)) s an
isomorphism in categories.

(2) Suppose that F¢ : Rep(C ; F) — Fe, has a right adjoint Zc. Let us denote by n and e the unit and the
counit of this adjunction. Put T = Fc%c and consider the comonad T = (T, e, Fc(er)) associated with this
adjunction. Then, the comparision functor K : Rep(C; F) — FE  given by K(M,&) = (M, Fc(ne))) is an
isomorphism in categories.

Fo
Proof. (1) Let (M,£) é (N,(¢) be parallel arrows in Rep(C'; F) such that Fc(M,¢E) c:(wg Fc(N, ()
¥ Fo(

has a split coequalizer in F¢,. Since o* preserves split coequalizers and p* preserves split epimorphism, F¢

Fc(e
creates the coequalizer of F¢(M,€) < Fc(N,¢) by (2) of (3.1.7). Hence, by the theorem of Beck ([11],
‘C

p.151) the assertion follows.

Fcle
(2) Let (M,¢) %; (N,¢) be parallel arrows in Rep(C'; F) such that Fc(M,§) % Fc(N,¢) has
c(y
a split equalizer in F¢,. Since 7* preserves split equalizers and p* preserves split epimorphism, .#¢ creates
Fc(p)
the equalizer of Z¢(M,€) C:(§ Fc(N,¢) by (1) of (3.1.7). Hence, by the theorem of Beck ([11], p.151) the
Fo ()

assertion follows. O

3.3 Representations of left fibered representable internal categories

Let p: F — &€ be a normalized cloven fibered category.

Definition 3.3.1 Let C = (Cy, Cy;0,7,¢, 1) be an internal category in £. We call C a left fibered representable
internal category if (o,7) and (opry,Tpry) are left fibered representable pairs.

We assume that all internal categories in this subsection are left fibered representable internal categories.
We also assume that, for morphisms f : X — Y, g: X — Z and an object M of Fy, (f,g) is a left fibered
representable pair with respect to M if necessary.

Proposition 3.3.2 For M € Ob Fg, and & € Feo, (o (M), 7*(M)), we put £ = Por(M)a(€) s Mg — M.
satisfies condition (A) of (3.1.2) if and only if the following diagram commutes.

GG,T‘(T,T(M) é[a,r]
Migpr, rpry) ———— (Mo,r))jo,r] —— Mio,7)
|5
M, £
Miopzpy) ———— Mgy ————— M

¢ satisfies condition (U) of (3.1.2) if and only if a composition M = M. o) ELEN M 7 5 M coincides with

the identity morphism of M.

Proof. We have Py, 7, (M)ar(€,) = EM,, and Pype, rpe, (M) ar(pr,) = EMpy, for i = 1,2 by (1) of (1.3.7). Hence
(1.3.4), (1.3.7), (1.3.9), (1.3.16) imply

PO‘H,T},L(M)M(é-pI‘Q gprl) = ‘P(fprl,Tpr2 (M)M(fprz gprl) = éMprQ (éMprl )[0pr2,Tprz](soprl,rprl,rpr2,M
= &) (Mio,7))ory (Mpr, ) (opry rpra)opry rory 7ory M = E[o,7100,7,0,7 (M)
gz-: = Pidco,idco (M)M(fs) = Pos,'rs(M)I\/[(gs) = st

Thus &, = &pr,&pr, and & = idyy are equivalent to éé[mﬂ 0o r0r(M) = éM# and M, = idyy, respectively. O
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Remark 3.3.3 If we denote M|, ) by M x C and M = M[idcoyidco] by M x 1, f : M xC — M can be regarded
as a right action of C on M and M. : M x 1 — M x C which is denoted by M X & can be regarded as the unital
morphism. Then the equality é(M x €) = idp means that the right action é is untary. Moreover, if we denote
Mxp: Mx(CxC)— MxC instead of My, : Migpe, 7pr,) — Ms7) and denote £ xidc - (MxC)xC — MxC
instead ofé[cm] : (Mig,7))[o,7] = Mis,r), the fact that the following diagram commutes means that the right action
é: M x C — M of C is associative.

M x (C xC) —>0”’T’”’T(M) (M xC)xC Xide axC
lMX,u J{é
M x C £ M

For morphisms f: X =Y, g: X — Z of £, we define a functor Dy 4 : Q@ — & by Df ,(0) = X, Df4(1) =Y,
Dy 4(2) = Z, Dy g(101) = f, Dy g(102) =g. If h: Y =V, i:Z — W are morphisms in £, we define a natural
transformation w(f, g;h,i) : Dyg — Dpyig by w(f,g;h,1)0 =idx, w(f,g;h,i)1 =h, w(f,g;h,i)2 =1.

Proposition 3.3.4 Let (s(Cy),sc) be the trivial representation associated with a cartesian section s : € — F.
Put T = s(1). The image of sc € Fc,(0"s(Co), 7*5(Co)) by Py r(5(Co))sco) : Feu(0*s5(Co), 7*5(Co)) —
Fco (8(Co)o,r),8(Co)) is 0, (Poc, oc, (T)1(ids(cy)))w(0, T 5004, 00, )1-

Proof. Tt follows from (1.1.22) and the definition of s¢ that we have s¢ = o, .+ (T) ™ Coc, .o (T). We note that
0c,0 = oc,T = oc, and s5(C;) = og, (T') for i = 0,1. The following diagram is commutative by (1.3.30).

COCO‘T(T);1 * CGCO‘(Y(T)* * *
Fey(s(Ch),s(Ch)) Feu(s(Ch),7(s(Co))) Fey(07(s(Co)), 7(s(Co)))
lpacl»ocl (T)r J/PU,T(S(CO))S(C())
o¢ w(o,T ;00,0 0)}
fl(T[Ocl7001]’T) % ]:Co (02‘0 (T[Oc1 ,Ocl])7s(00)) co? ]:Co (S(CO)[U,T]as(OO))
Hence we have P, +(5(Co))s(co)(5c) = ¢, (POCUOC1 (T)7(idg(cy)))w(o, T35 0c,,00,)T O

Proposition 3.3.5 Let f = (fo, f1) : D — C be an internal functor and (M,€) a representation of C. We
denote by o', 7' : D1 — Dq the source and target of D, respectively. Then, the following equality holds.

Por o (fE (M) 5 () (€8) = fo(EMp,) w(0”, 75 fo, fo)m

Proof. The upper rectangle of the following diagram is commutative by (1) of (1.3.7) and the lower one is
commutative (1.3.30).

Po - (M)m
Fey (o (M), 7 (M)) — Feo(Mig,7), M)
£ le*l
1\ * 1\ * PfUU/’fO"/(M)M

Fp, ((foo!)* (M), (for")* (M)) Feo(Migeor for1, M)
cfo,T’(M):l lfg

Fo, ((foo!)* (M), 7' (f5 (M))) Foo (f5 (Migoor, f9r11)s f5 (M)
Cpo,or (M)" J/W(U,)T/§f07f0)}(vl

Pos 1 (F5 (M) 5z (ar)

Fp, (o™ (f5(M)), 7 (f5 (M))) Fpo (f§ (M) 0,71y, f5 (M)
The assertion follows from the above diagram and the definition of £g. O

The following fact is a direct consequence of (1.3.6).

Proposition 3.3.6 Let (M,€) and (N, () be representations of C and ¢ : M — N a morphism in Fc,. We put
E=P,,(M)p(§) and ¢ = P, +(N)n(C). Then, ¢ is a morphism of representations if and only if the following
diagram is commutative.
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M[Uﬂ.] 4&) M

J/Lp[a,r] r"

N[(,’T] % N

Let (m: X = Cp, a: X x& C1 — X) be an internal diagram on C. Let X xg, Cy Rit] X xZ C1x¢c,C1 Dras,

OnPrip

C1 %, C1 be alimit of X xg C =% Cy = Cy x ¢y C1. Then, X <72 X x& C1 xgy C1 —2% C1 x¢, C4 i
a limit of X ™ Cp < C} x¢, C1. We also note that X xg C1 ¢-2 X x¢ Cy xg, Cp 2% O is a limit

of X x‘éOC’l &> Co <i Cl.

PTag pry
X ngCl xc, C1 —= C1 x¢, C1 —— C1

[ e

X = Co

Define a functor D, : P — € by D (0) = X xZ, C1, Do(1) = C1, Do(2) = X, Do(3) = Da(4) = Da(5) = Co
and Dy (701) = 7o, Da(T02) = @, Do(T13) = 0, Do(T14) = 7, Da(724) = Do(725) = 7. For a representation
(M, €) of C, we put £ = Py (M) (§). Assume that 0 r .- (M) : Mizo, rr,] = (Miz x])[0,7] IS an isomorphism
and define a morphism &, : (Miz,71)[0,7] = Mz ] to be the following composition.

&l ]

Oy, (M) 1 0p,, (M)
. (M[U,T])[Tr,ﬂ'] ? M[Tl',ﬂ']

(M[Tr,‘/r])[o,r] E— M[WUW,TWU] = M[O'Tl'g,ﬂ'(x]

Proposition 3.3.7 Assume that Or x opr, rpr, (M) : Mizg se,, rprypras] = (Miz x])[opr,,rpr,] 18 an epimorphism.
Put PUJ(M[,F’W])]TA}[’r . (éa) =&o. Then, (Miz x),8a) is a representation of C and My : (My A1, 8a) — (M,§) is
a morphism of representations.

Proof. The left rectangle of the following diagram is commutative by (1.3.25) and the right rectangle is com-
mutative by (1.3.21).

Orom, rg o (M) M Miax x g n M
[ToRPrig, TPryPras) [mor, T7s]

(M[ﬂ'o",r,‘l'ﬂ'g])[o',‘r]
lgﬂ'yﬂ'yﬂ'ﬂ'(M)[U,T] l‘gmw,aprly'rprz(M) l‘gmw,a,-r(M)
GG,TYU,T(M["J\']) (M[‘ﬂ'yﬂ'])u
((M[ﬂ,ﬂ])[d,‘r])[a,ﬂ (M[ﬂ,ﬂ'])[o‘,T]

Since T = Ty, To( X, ide,) = PraPras and a(a X ¢, ide, ) = alidx X, i), we can define functors E, F :
P — & and a natural transformation A : £ — D, by E(0) = F(0) = X xg C1 X¢, C1, E(1) = C1 X¢, C1,
F(1) = C1, E(2) = X, F(2) = X x%, C1, E(i) = F(i) = Co for i = 3,4,5, E(o1) = Prys, F(01) = prypras,
E(’TOQ) = Oé(O[ XCo idcl), F(TOQ) =« X, idcl, E(T13) = opry, F(Tlg) =0, E(T14) = TPTy, F(T14) =T, E(T24) =
™, F(TQ4) = 0Tg, E(T25) =T, F(Tzs) = 7w and )\0 = idX Xy Ky )\1 = W, )\2 = idx, )\3 = )\4 = )\5 = idCo- We
also note that pryprys = m,Pry5. Then, the following diagram commutes by (1.3.24)

(Mizx))[opr, ,7prs]

Oorg,mo,0,7 (M) 0 (M)
M[owgﬁr1277pr2§r23] (M[UPrlvTPrz])[ﬂ'aW]

(M[O'Tl'g, 71'04])[0,7']
J/eDa (M)[D',T] J/QF(M) J/GU,T,U,T(M)[N,W]

QW,WYU,T(M[UYT]) eDa (M[UYT])
((M[a,'r] ) [7,m] ) [o,7] — ((M[a,'r] ) lo,7] ) [m,m]

and the following diagram commutes by (1.3.20).

(M[cr,'r})[ﬂ'o.,r, TTy)

MidX X ok
0
- - - 0
M[U’TF(TpI‘127 TPryPras) M[owa, Tl
Josan Jowatan
(MH)[‘N, ]

(M[a'prl,‘rprQ])[Tr,w] (M[cr, T])[Tr,fr]
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It follows from the above facts and (1.3.19), (1.3.21), (3.3.2) that the following diagram is commutative

OG,T,O‘,T(M[W,W]) (M[W,W])u
((M[W,W])[O',T])[O',T] (M[W,Tr])[oprl,rprz] (M[TF,TI'])[O',T]
leﬂ,w,aj(M);:,] Teﬂ,w,oprl,TpQ(M) eﬂ,w,a,T(M)*l
Oror, 775,07 (M) Miay x ¢ n
(M[TFU,\- ST ) [o,7] M[ﬂa,r Prys, TPr5Pros) > -2\4[71'0',r ST
Oory wa,or (M) M'idx X o
(M[O'Tl'g, mal ) [o,7] M[a‘n'oﬁrw, TPryProg] . M[O’Trg, Tl
leDa (M)[U,T] J/GE(M) J/QDOL (M)
(Mu)[‘lr,'rr]
(Mo, 7)) ) )lo,7] (Migpr, rpr) ) 7] (Mio,)) .71
J{aa,r,o,r(M)[w,w] J{é[w.ﬂ]
Ma ‘r])[a T])[ﬂ' 7 . M[ﬂ',Tr]
1) 7] e
0D (M{s 71) \
(M[Tr,ﬂ'] )[O',T] (M[O' T])[Uﬂ'g, Tl (M[O' ‘r])[‘n’ )
\ [U7ru- al V
O m,0,r (M) 71

M[‘n’o’,r, e T

[0'7rc,, T

Hence &, make the diagram of (3.3.2) commute.
Since functors Dr ridey idey » Didey yidey o @ P — & are given by
(i=0,1,7=0,2),

D7r T zdco,zdco (/L zdco,zdco,w T ])
) =

D7r ,Tideg stdeg ('L zdco,idco w\J

=

2)

ch()’idC(J’ , 0 Tk‘l)

(( J) =
(U =3,4,5),

Dﬂ,ﬂ,idco yidey (sz

) = (
) = (
Dy 7 idey ide, (T01) = Didgy idey o (
) = (
) = (

Dy nidey ide, (T27) = Didey idey mm (T25) = ldco

we define natural transformations v
(idx, ETF)
diagram is commutative by (1.3.19), (1.3.21).

: Dﬂ'Trzdco,zch — Dﬂ—ﬂ—gT and K :

(07 2)7 (L 3)7 (134)7 (kv l) -

CO (i:2737475aj:1737435)7

(0,1),(1,3), (1,4)),

Dzdcmzdco,ﬂ—ﬂ— — D, by vy = Ko =
X = X xg,C1, v = kg = idx, va = k1 = €, vy = k; = idg, (i = 3,4,5). Then, the following

O ide, ide, (M) 7! Oiag, idg, mm (M)
(M[Tr 7\']) loe,T€] T ‘]\4[7ridx7 Tew] — -Z\4[idc0‘n'7 widx] L (M[idco Jdco])[""v ]
J{(Mw ] J{M(idx em) J{(ME)[W, 7]
Oy, (M)™1 0p, (M)
(M[W,Tr])[a',‘r] ]\4'[#0'7r7 TTo) M[o’m,, T (M[U,T])[W,Tr]

The upper row of the above diagram is identified with the identity morphism of M. . Since é]\/[ is the identity

morphism of M by (3.3.2), f[,m](ME)[mﬂ] is the identity morphism of M[7T #]- It follows from the above facts

o < (M [, 7] )
and the definition of §, that M 1} = (M[r 7)) [se,7e]

morphism of My .

By (1.3.9) and (1.3.19), (1.3.21), the following diagram is commutative.

(M7 7)) (0,7 Loy M [x,x] coincides with the identity

GW,W,U,T(M)71 eDa(M> 5[
(M[W,Tr])[o',r] M[‘rro'ﬂ-,fwo-] :M[O'TFU,TFOL] (M[O' T) )[71' | *> M [, 7]
(Mo - [ (Mg, )m 2
‘L o Oidg, idey,or (M) O, 7 idcy idey (M) J’ o ¢
Miiag, ideg)io,r] Miiag,o,ride, ) = Mioide, ido, 7] Mo lide,y ide,] —— M

Therefore My : (Mg A1, 6a) —
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Proposition 3.3.8 Let ¢ : (M,£) — (N, () be a morphism of representations of C. Assume that the following
left morphism is an isomorphism for L = M, N and that the right morphism is an epimorphisms for L = M, N

oﬂ,w,a,T(L) . L[TA'O'W,T‘[TU] — (L[‘[T77T])[(T7T]7 eﬂ,w,aprlﬂ'prz (L) : L[‘ITO'WI;I‘127TPI‘215T23] — (L[Tr,ﬂ])[aprl,‘rpr2]
Then, Oprx) : Mz ] = Nizx) gives a morphism in representations from (Mix 11,€a) to (Nix ], Ca)-
Proof. The following diagram is commutative by (1.3.4) and (1.3.19).

O r.or (M)™1 00, (M) £l
(M[Trﬂ' 1)[o,7] ? M['fra,r,'mra] :M[aﬂ'a,ﬂ'a] - (MO'T])[’TF 7| } M[ﬂ' )

l(tp[w =)o, T] lﬁp[ww‘ o] l(sa lo,7]) [, 7] l‘/’[ﬂm]

Or ‘fr,o,‘r(N)71 0D, (V) C[7r ]
(N[ﬂ' 77])[0 7] N[‘I\'O'ﬂ-, Ty N[O"T\'U, T (N[a ‘r])[ﬂ' ) ? N[ﬂ' )

Hence the assertion follows. |

Proposition 3.3.9 Let (m: X — Cp, a: X xZ, C1 — X) and (p: Y — Cp, B:Y xg, C1 = Y) be internal
diagrams on C and (M,§) a representation of C. Assume that the following left morphism is an isomorphism
for x = m, p and that the right morphism is an epimorphism for x = =, p.

O xoor (M) : Mo, rx,] = (Mixxd)iorls Oxoxoprmora (M) 2 Mo, gy, rorypeas] = (Micxd)fopr, pr,]
If a morphism f : X — 'Y of € defines a morphism in internal diagrams from (7w : X — Co, ) to (p: Y — Cp, ),
My : My 1) — M, ) is a morphism of representations from (M z1,8a) to (M, 51,&s).

Proof. Define a natural transformation A : D, — Dg by Ao = f X¢, idc,, \i = idc,, A2 = f, \i = idg,
(1 = 3,4,5). The following diagram is commutative by (1.3.7) and (1.3.20).

O im0 (M)} Opq (M) £

(M[ﬂ'ﬂ"])[o'ﬂ'] M[ﬂ'am TR T M[O'ﬂ'm T — (M[O' 7] )[71' ) *> M[Tr )
l(Mf)[a,T] JMfXCo“Cl l(Ma . JMf
ep,p,U,T(M)_l GDQ (M)
(Mipp))(o.7] Mipoy rpn) = Miop, . p8) —— (Mio )iy ~225 My,
Hence the assertion follows. O

For an object M of F¢,, we define a morphism fins : (M{s.7))(o,r] = Mo, to be the following composition
assuming that 6, ;. , (M) : M| — (M{s,7))[s,r] 15 an isomorphism.

apry, Tpry)

0,7 0,7 (M)~ 1 M,
(M[U,T])[U,T] — M[aprl,‘rprz] = M[ap,,‘ru] —‘> M[O’,T]

Let Cy X0, O 22 Oy x ¢, C1 X ¢, C1 —225 Cy % ¢, Cy be alimit of a diagram Cy x ¢, €1 =2 Cy <2 Cy x¢, Ch.
Proposition 3.3.10 We assume that 0, 7.67(M) : Migpr, rpr,) = (Mo7])[0,r] @8 an isomorphism and that
Ocr.opry ey (M) : Miopr pr,, 7propras] = (Mo,7])[opr,,7pr,] 5 an epimorphism. Let us denote by uh, a morphism
PUJ(M[U’T])X/}[G’T] (fing) in Fe,. Then (M, -, phy) is a representation of C. Moreover, if & : o*(M) — 7*(M)
is a morphism in Fo, such that (M,§) is a representation of C, then § = Py -(M)n(€) : Mg ;) — M defines a
morphism of representations from (M[U)T],uﬁw) to (M, €).

Proof. The following diagram is commutative by (1.3.21) and (1.3.25).

OUYTYUYT(M)[;:}T] (M}L)[UyT]
(Mg,7))(0,7))[0,7] (Miopr,, rpro)) o] = (Mo, 7)) [o,7] (Mio,))(0,7)
THU,T,U,T(M[U,T]) Teaprl,,prwm(M) Go,f,a,r(M)*ll
O, r.opny e (M) My gr g
(M) [opr,, Tpr,] : Miopr,pr,y, proprys] — Miopr,, pr,]
9“&',0%7 (M) H MMXC ido ‘
(M[Uﬂ'])[a/% Tu] s M[Uuprlz,rupr23] S MUMM’IL

l(M[a,r])u lMidclxcou M l

O ro(M)™!
(M[a,‘r])[a,‘r} M[

apry, pry) = Miop, 711 7]

98



Since the functor Do,r,idco,idco : P — & are given by

Do ridey ide, (1) = C1 (1 =0,1), Do ridey ide, (1) = Co (i =2,3,4,5),

Do ridey ide, (To1) = idcy Do ride,y ide, (T13) = 0,

Do ridey ide, (T02) = Do ridey ide, (T1a) = T, Do ride, ide, (T23) = Do ride, ide, (T24) = idc,,
we define a natural transformations v : DU,T,ich,idco = Dy ror by v = (idc,,e7) : C1 = C1 X¢,C1, 11 = idc,,
vy =&, v; = k; = idg, (i =3,4,5). Then, the following diagram is commutative by (1.3.19), (1.3.7).

go,f,mco,idco(Mrl Miag,
(M[O'7T])[O'€,T€] M[o’idcl,idco‘r] E— M[o’idcl,‘ridcl] — M[O',T]
J/(M[G,T])E lM[idcl,sr] lidM[mT]
O r o (M) ™" M,
(Mio,7)io.7] Miopr), 7pry) == Mioprp) —— > Mjoq]

The upper row of the above diagram is identified with the identity morphism of M, ;; which implies that
fine (Mg, 77)e is the identity morphism of M, . Thus (M, 7, ph,) is a representation of C by (3.3.2).

If (M,§) is a representation of C, then, 55[077190777077(M) = fAMﬂ by (3.3.2). Hence éé[mﬂ = éﬂM by the
definition of fip; and it follows from (3.3.6) that é defines a morphism of representations from (M, 1, ,uﬁw) to
(M, §). m

Proposition 3.3.11 Assume that 057 5.7(L) : Ligpr,, rpr,] = (Lio,7])[o,7] 5 an isomorphism for L = M, N and
that 05 7 opr, rpry (L)t Liopr,pryy, 7prapras] = (Lio,r])[opr,,rpry] 18 an epimorphisms for L = M, N. For a morphism
@: M = N, Qo7 Migr] — Nio,r defines a morphism of representations from (M[U,T],pﬁw) to (N[,,J],,uﬂv).

Proof. The following diagram is commtative by (1.3.9) and (1.3.21).

O rrrr (M)~ M,
(Moo ——— Migpr,, rpr,] =— Migprp) — Mioq)
J/(LP[U,T])[U,T] l‘f’[oprl, rpro] lﬁﬂ[a,ﬂ
00,707 (N)™1 N
(Nio,r))[o,7] Nigpr,, rpry) == Niop,ru] —— Nio,7]
Hence the assertion follows from (3.3.6). |

Remark 3.3.12 If o : (M,£) — (N, () is a morphism of representations of C, we have the following commu-
tative diagram in Rep(C'; F).

(M[O',T]7 MSW) L (M, E)

pr[a, 7] Jfa

(N[a',‘r]a ,U/é\l) 4C> (Nv C)

Theorem 3.3.13 Let M be an object of Fc, and (N,() a representation of C. Assume that 05 5-(L) :
Liopr,, rpr,] = (Ljo,r])[o7] 18 an isomorphism for L = M, N and that 0, 7 opr, rpr, (L) —
(Lig.1)iopr, rpr.] 18 an epimorphism for L = M, N. Then, a map

[o,7])[opry,TPI5]

: L[UPT1PT12 , TPT2PTag]

© : Rep(C; F) (Mo, ar)s (N, C)) = Foo (M, N)

defined by ®(p) = @M. is bijective. Hence, if Oy r o -(L) is an isomorphism and 05 7 gpr, rpr, (L) is an epimor-
phisms for all L € ObFc,, a functor Zc : Fc, — Rep(C;F) defined by Lc(M) = (Mg, pthy) for M €
Ob Fg, and ZLc(p) = Yo, for ¢ € MorFe, is a left adjoint of the forgetful functor F¢ : Rep(C'; F) — Fc,-

Proof. We put { = P, (N)x(C) : Nig,;) = N. For ¢ € Fo,(M,N), it follows from (3.3.11) that we have
a morphism [y 1) : (M{y.1), fthy) = (Nio s py) of representations. Since & (Nig,r)s ) = (N,¢) is a mor-
phism of representations by (3.3.10), 51/)[0771 : (M[g;],/ilM) — (N,¢) is a morphism of representations. It
follows from (1.3.9) and (3.3.2) that we have ®(C¥js,r)) = (Yo, Me = (Netp = 9. On the other hand, for
¢ € Rep(C; F)((Mig.7), tthy)), (N, (), since &p[gﬁ] = pin = M0, 70 (M)™! by (3.3.6) and the following
diagram commutes by (1.3.7) and (1.3.21),
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Oidg, ido, o, (M) idm,
(M[idco,idco])[a,T] — M[ldc o, Tidc, | _— M[D’ 7]

l(Mg)[g,q—] J/M(Ea,idcl) TM#

00,7‘,0‘,7’ (M)
(M5,7))[0,7] Migpy,, Mg, v

TPI,]

we have C(@M )[0 T = CSO 0'7']( )[a T = @M;LGJTJT(M)_l(ME)[U,T] = ¢ by (134) and (1'3'26)' Therefore a
correspondence ) +—» Q,ZJ[UJ gives the inverse map of ®. O

For morphisms f : X — Y and g : X — Z of £, we denote by [f, g]l« : Fy — Fz the functor defined by
[f, 9l«(M) = Mg g for M € Ob Fy and [f, g]«(¢) = p[f,g for ¢ € Mor Fy.

Proposition 3.3.14 Let (M, ¢) and (M, () be representations of C on M € Ob Fg,. We put € = Py (M) (€)
and ¢ = P, (M)m(C). Assume that [o,7]. : Feo, — Fc, preserves coequalizers ((o,7) is a right fibered
representable pair, for example. See (1.5 9)) and that 05 7.5.-(M) is an epimorphism. Let e ¢ @ M — M)

be a coequalizer of 5,( Mg — M.
(1) There exists unique morphism A (M¢:¢))[o,r) = Mec) that makes the following diagram commute.

(7r§1<)[ ( )[U 7]

M[O’T ? (M(E C))[UT] ¢ M[O’T
J¢ s |¢
TEC TEC
M————— Mgy ¢ M

(2) Moreover, we assume that [opry, TPrs]s : Fo, — Fo, maps coequalizers to epimorphisms ((opry, 7pry) is
a right fibered representable pair, for example. See (1.5.2).). Put A= Py (M, C)>M(£ o (A). Then, (Me.cy, A) is a

representation of C and m¢ ¢ defines morphisms of representations (M, &) — (Mg.c), ) and (M, () — (Me.c), A).

(8) Let (N,v) be a representation of C. Suppose that a morphism ¢ : M — N of F¢, gives morphisms
(M,&) — (N,v) and (M,{) — (N,v) of Rep(C;F). Then, there erists unique morphism ¢ : (Mc.c), \) —
(N,v) of Rep(C'; F) that satisfies ¢ome ¢ = .

Proof. (1) Put x = 775,45 = 775,46 : Mg 71 — Mg.cy. Then, it follows from (3.3.2) that

Xé[cr,'r] GJ,T,J,T(M) = Wf,(ég[a,f] 00’,7’,0,7<M) = W&,CéM,u = WE,CQA-M,U, = WE,CCACA[O',T]ed,T,J,T (M) - X([J,T]QU,T,U,T(M)a

which implies Xé[o,T] = Xé[gﬂ since 0y 70, (M) is an epimorphism. Since (7¢,¢)(0,r] @ Mio,r] = (Me:c)) o]
is a coequalizer of é [0,7]> é[ar : (M[(7 T])[a 7] = M|, by the assumption, there exists unique morphism A
(M(E:())[a,-r] — M(g: ) that satisfies )\(71'5 C)[U =X

(2) By (1.3.4), (1.3.7), (1.3.21) and (3.3.2), the following diagrams are commutative.

O, 70,7 (M) €lo.r] £

Migpr, rpr,) ' Mg ——————— Mg ———— M
[T | (e o | e Jﬂs,c
(Me:¢))fopr, rpr,] G—W(m)> (Me:0)) 1o, (o] _den (Mie:¢))ioir) — M)
Miopr, rpry) === Miop,ry ol Mis1) % M
l(ﬂs,c)[oprl,rprz] l(ﬂg lowu,ul l(‘ﬂ'g o] Jﬂ“
(Me:c))fopr, rpry] == (M(e:c)) oy, A, (Mo — Mie)
M ——— M. . Me M B SNV
lﬂ“ l(ﬂs Oloe,re] J(Ws,c)[a,r] l’r“
Mgy == (Mie)merre] 2 (Mie))jor] — Mie)
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It follows from (3.3.2) that we have

A)\[U,T]QU,TJ,T(M(&C))(Trf,C)[Jprl,‘rprQ] = Wf,(ff[a,r]ea,T,U,T(M) = Wf,(fMM = )\(M(§:C))N(W£7C)[UPT1,Tpr2]
)\(M(fo)sﬂ-f,( - 7T§7<§M5 = Te ¢

Since m¢ ¢ and (7¢.¢)[opr,,rpr,] are epimorphisms, it follows that 5\(;\[0’71)90777@7(]\4@:0) = X(M(E:C))u and
AM(g.¢))e = idp,,.,- Therefore ) is a representation of C on M(e.¢) by (3.3.2). me ¢ (M, €) = (Me.c), A) and
Tec (M, ) = (Me.c), M) are morphisms of representations by the first assertion and (1.3.6).

(3) Put & = P, -(N)n(v). Since € = Dy, ) = ¢C by (3.3.6), there exists unique morphism @ : M¢.cy — N
that satisfies ¢me ¢ = ¢. Then, we have @A(m¢ ¢)io,r] = PTecl = 0§ = Vo] = VPlo,r)(Te¢ )0, Since
(7¢,¢)jo,r] is an epimorphism, it follows PN = U@lo,r], which implies that ¢ gives a morphism (M.¢), ) — (N, v)
of representations of C. O

Remark 3.3.15 Assume that one of the following conditions.

(@) [0, 7] : Fo, = Fe, preserves epimorphisms.

(i7) o* : Fo, — Fe, preserves epimorphisms.

(i31) (o,7) is a right fibered representable pair with respect to N € Ob F¢,.
For representations (M,€), (N,¢) and (N,(’) of C, suppose that there exists an epimorphism ¢ : M — N of
Feo, such that ¢ : (M,&) — (N,¢) and ¢ : (M,€) — (N,¢') are morphisms in Rep(C; F). Then, o*(¢)* :
Fo,(0*(N),7*(N)) = Fo,(c* (M), 7*(N)) is injective by the assumption. Hence (o*(p) = 7*(¢)§ = ('o*(p)
implies ¢ = (.

Proposition 3.3.16 Let (M,£), (N,£'), (M,¢) and (N,¢') be objects of Rep(C; F). Put &€ = P, (M)a(€),
£ = P, (N)N(E), ¢ = Pyr(M)a(C) and ' = Py (N)n(¢'). Assume that [o,7)« : Fo, — Fo, preserves
coequalizers and that [opry, TPy« : Fo, — Fo, maps coequalizers to epimorphisms (e.g., (o,7) and (opry, Tpry)
are right fibered representable pairs. See (1.5.2)). Suppose that e : M — M.y is a coequalizer of é,f :
Mgz — M and that wer oo : N — Ner.cry is a coequalizer of {f’,é’ : Nig,sj — N. We denote by (M.c), A)
and (Ngr.¢ry, N') the representations of C given in (3.5.14). If a morphism ¢ : M — N defines morphisms of
representations (M,§) — (N,&') and (M,¢) — (N, ('), then there exists unique morphism @ : (M¢.c), ) —
(N(ericry, ') of representations of C that satisfies ¢me ¢ = mer cr¢p.

Proof. Since mer v @ N — Ngr.¢ry defines morphisms (N, &) — (Neerery, N'), (N,¢') = (Neriery, N') of rep-
resentations of C, me ¢ + M — Ner.cry defines morphisms (M, §) — (Neriery, N'), (M, () — (Ngricry, N') of
representations of C'. Hence it follows from (3) of (3.3.16) that there exists unique morphism @ : M¢.c) = Ner.cry
that satisfies pme ¢ = mer ¢ and gives a morphism (M(e.cy, A) — (N(gri¢ry, A') of representations of C'. m|

3.4 Representations of right fibered representable internal categories

Let p : F — & be a normalized cloven fibered category with exponents and C = (Cy, Cy;0,7,&, 1) an internal
category in £.

Definition 3.4.1 Let C = (Cy, C1;0,7,¢, 1u) be an internal category in E. We call C' a right fibered representable
internal category if (o,7) and (opry,Tpry) are right fibered representable pairs.

We assume that all internal categories in this subsection are right fibered representable internal categories.
We also assume that, for morphisms f: X — Y, g: X — Z and an object N of Fz, (f,g) is a right fibered
representable pair with respect to N if necessary.

Proposition 3.4.2 For M € Ob Fg, and &€ € Fe, (0" (M), 7*(M)), we put € = E, (M) (€) : M — Mo ¢
satisfies condition (A) of (3.1.2) if and only if the following diagram commutes.

2 glosT]
M % M[Uv‘r] 5*> (M[U’T])[O"T]

SJ J{O”"”"*"(M)

Mlorl MY prlopri) Mlopry,Tpro]

101



& satisfies condition (U) of (3.1.2) if and only if a composition M & Mol M5 pploerel — M coincides with
the identity morphism of M.

Proof. We have E,,, ;. (M) (€,) = M"€ and Eopru(M)ar(&pr,) = MPrig for i = 1,2 by (1.4.7). Hence (1.4.4),
(1.4.7), (1.4.9), (1.4.16) imply

Byt (M) 31 (Epry€or,) = Bopr,rpry (M) a1 (§prypr,) = €57 70 T2 (MPT2€) TPReTPhl ppPr €
_ 6(]7\/11>r1,7'pr1,7'pr2 (Mpr2 ) lopry,7prq] (M[G’,T] )pr1 5[0,7—]5 — oo (M)é[cfﬂ']é

Thus &, = &pr,&pr, and & = idyy are equivalent to 67T (M)ETIE = MHE and M€ = idyy, respectively. O

Proposition 3.4.3 Let (s(Cy),sc) be the trivial representation associated with a cartesian section s : € —
F. PutT = s(1). The image of sc € Fo,(0°5(Co),7*5(Co)) by Eo 7 (5(Co))s(cy) : Feu(08(Co), 75(Co)) —
]:Co (S(CO)’ S(CO)[U’T]) is w(U,T; Ocovoco)Toz’o (E001 ,00, (T)T(idS(Cl)))'

Proof. 1t follows from (1.1.22) and the definition of sc¢ that we have sc = cog, 7 (T)’lcOCDy,,(T). We note that
0c,0 = oc,T = oc, and s(C;) = og, (T') for i = 0,1. The following diagram is commutative by (1.4.30).

Co ,T(T):l Cogy, o (T)”
Fey (s(Ch),s(Ch)) SN Fo, (s(Cy), 7*(5(Cp))) <o Fo, (0*(s(Cp)), 7(s(Ch)))
lEoclvocl (D) lEUYT(S(CO))s(CO)

¢ w(o,T; s T
fl(T,T[OCl,ocl]) L ]:CO(S(Co),OEO(T[OCMOCJ)) (0,73004,0C4)

Feio(s(Co), s(Co) o)

Hence we have EG,T(S(CQ))S(CO)(Sc) = w(o,T;00,, OCO)TOE«O (E(,C1 00, (T)T(ids(cl)))- O
Proposition 3.4.4 Let f = (fo, f1) : D — C be an internal functor and (M, &) a representation of C. Then,

Eqr v (f5 (M) g2 (01 (€8) = w(0”, 75 fo, fo)™ f5 (M),

Proof. The upper rectangle of the following diagram is commutative by (1) of (1.4.7) and the lower one is
commutative (1.4.30).

Es; -(M)m
Fou (0" (M), 7 (M) @

st lM*f !

E o/, 7/(M) rop
Fpi((foo)" (M), (for)"(M)) BRI Fe, (M, MU S0

CfO,T/(M):l J{fg
Fp, ((foo")" (M), 7' (f5(M))) Fpo (f5(M), fg (Mo forT))
Cro.00 (M)" lw(UIA,T';fo,fo)*M

Eor 71(fo (M) gz (ar)

Fp, (0™ (f5 (M), 7*(f5 (M))) Fpo (f5 (M), fg (M)l

The assertion follows from the above diagram and the definition of {¢. O

The following fact is a direct consequence of (1.4.6).

Proposition 3.4.5 Let (M, &) and (N, ) be representations of C and ¢ : M — N a morphism in Fe,. We put
E=E, (M)p (&) and ¢ = E, -(N)n(C). Then, ¢ is a morphism of representations if and only if the following
diagram is commutative.

M—5 Mol

(] pr[a‘ﬂ

N—° Nl
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For a morphism 7 : X — C of &, we consider a limit C; <= C, X I X of a diagram C; = Cp < X.
Let (m : X — Co, a : C1 x3, X — X) be an internal presheaf on C. That is, the following diagrams are
commutative.

idcl X

Ch XGy X —2 5 X C1 X¢, C1 g, X Cy xg, X C1 x5, X . x
lm. Jﬁ J{Mxidx J{a indXT %
C; —2— G C1 xg, X e X Co xg, X
Let Cy x5, X €25 ) x¢, Oy x5 X 2825 Oy xg, € be a limit of Cy x5, X 25 Oy &2 ¢y xg, Ci.

TrProg Pris

Then, X +— C} x¢, C; XG, X — C1 X¢, Cy is a limit of X LINYoR JPrz C1 X¢, C1. We also note that

pr pr,pr . .. -
Cl XEOX —= Cl Xy Cl XEOX —4 1 Cl is a limit of Cl XTCOX & CO (L Cl.

Ch Xy Oy x5y X —22 4 Oy xp X —— X
e ol
pry T
Ol Xy 01 Cl O()
8 !
Cl i CvO

Define a functor D : P — & by D*(0) = C1 xg, X, D%(1) = X, D¥(2) = Cy, D%(3) = D*(4) = D*(5) = Cp
and D(191) = o, D*(102) = 77, D*(113) = D*(114) = 7, D¥(724) = 0, D%(795) = 7. For a representation
(M, €) of C, we put & = E, - (M)r(€). Assume that 077 (M) : (MImmhem] — pfloms 77x] is an isomorphism
and define a morphism £ : M7 — (Mm@l t6 be the following composition.

D% (M)

pleal 77 (Mo 2 o (M) !

M[ﬂa,‘rﬂ.,.] — M[U‘n'f,ﬂ‘r,r] Z (M[ﬂ,rr])[o,‘r]
Proposition 3.4.6 Assume that 07P"v7P*>™T (M) - (Mmmlylopro,Tpral o AfloPriPriz, TTePr2s] s g monomor-
phism. Put EU,T(M[”’”})X/}[WJ] (€%) = €. Then, (MU €% is a representation of C and M™ : (M,&) —
(MI™7] €2 is a morphism of representations.

Proof. The left rectangle of the following diagram is commutative by (1.4.21) and the right rectangle is com-
mutative by (1.4.25).

(M["Jf])u

(Mlmlyior] QLT il opry rpr) 07T TOITT

((M[mﬂ])[a,r])[a,r]

Jomrmmman) Joermerannany |y

M“XCUidX Qo TIOTT, T T (M)

M[oﬂr, TTr] ]\4[0pr1p’r127 TTrPros) (M[C”r" T ) [o,7]

Since mav = o7y, mr(ide, Xy @) = pripris and a(ide, X, o) = a(pu X, idx ), we can define functors E, F : P —
€ and a natural transformation A : E — D® by E(0) = F(0) = C1 x¢, C1 x;, X, E(1) = X, F(1) = C1 xg, X,
E(2) = Cl X Co Cl, F(Q) = Cl, E(’L) = F(’L) = CQ for i = 3,4,57 E(T()l) = Ck(’idcl X Co Oé), F(T()l) = idCl XCy O
E(102) = Prig, F(T02) = 7rDras, E(m13) = 7, F(113) = ony, E(14) = 7, F(114) = 77x, E(724) = opry,
F(724) = o7y, E(Ta5) = Tprg, F(725) = ma and A\g = p X, idx, A\ = idx, A2 = p, A3 = Ay = A5 = idg,. We
also note that prypriy = 7,prys. Then, the following diagram commutes by (1.4.24)

9o (Tl 0P (Mol

((M[w] ) 7] ) [o,7] ((M[m] ) [o7] ) [m,m]
leD“ (M)l lﬁF(M) l@”vmv*(M)[“’ﬂ

07T T T (M) M loPripryy, T Prag] <9E(—M) (]\4[17;”1 ,TPrs] ) [7,7]

(M[a,'r])[am., TTr]

(M[Tra, TTI'T])[O',T]

and the following diagram commutes by (1.4.20).

(Mo ymow] T papry eyl
ieD“(M) L‘)EW)

MH*Co X

M[7TO£,T7TT]

MoPriPris, T Prag]
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It follows from the above facts and (1.4.19), (1.4.21), (3.4.2) that the following diagram is commutative

M['rra T M[o’ﬂ'r,'frﬂr]
W/’ o ()
g[ﬂm \
(M[O',T])[ M[U T])[TI’OL ‘r7r,-] (M[Tr,ﬂ])[a','r]
[7,7] lo,m[o,7][m,7] FERONEES!
Ml (M 1 ) goommm (gl (&™)
é[“’v""] OU,T,G,T(M)[W,‘A']
lo,7]\[7,7] (M“)[m"] lopry,mpry] [, 7] o, 7]\ [7,7]\[o,7]
(Mo (Mowss o (Mo
l@DWM) 0E<M>l 0D“<M>[“’*1j
M[Tra, T M"*Co X M[‘Tphﬁrma TTrPTag] 7T (M) (M[Tra’ TWT])[”’T]
Mlomer, 77x] M**Cotdx M loPriPris, TTrPTog] g7 T (M) (]\4[(77777 TTr] ) [o,7]
9o T T (ALY L QIPTLTPI2TT () o, T, [o,7]y—1
l (M) o T ( o (0 (M)l l
(M) o7] ( ) (Mol loprypr,] ( ) (Mol lo7])[o.7]

Hence £ make the diagram of (3.4.2) commute.
Since functors Dw,w,idco,idcg , DidCO’idCOJ’ﬂ : P — & are given by

Dﬂ,ﬂ,idco ,’idco (7’

Dr xidey ide, (1

) =
) =
Dy midey ide, (To1) =
Dy iz idey ide, (1ij) =

) =

Dﬂﬂf,idco sidog (T2J

we define natural transformations v :
X — Cl XEOX, VUVl = Ry = €&, Vg = K1 = idx, Vi = Ry = idco (Z = 3,4,5).

(em, idx)

’deo,idco,ﬂ',ﬂ ] =

) (izoalaj:072)a
)

(
Didc, idey mn(3) = CO (1=2,3,4,5, j =1,3,4,5),
Didc, idey m.m(To2) =
Didey ideymm(Th) = (( ,J) =1(0,2),(1,3), (1,4), (k,1) = (0,1), (1,3), (1,4)),
ldco,idcom,ﬂ(T%) ldCo (j =3.4,5),

Didcg,idco,ﬂ,ﬂ" — Do’,T,ﬂ',Tr and ~ : Dw,w,idco,idco — D% by Vp = Ko =

Then, the following

diagram is commutative by (1.4.19), (1.4.21).

a4

(M[o,r])[mrl

0P (M)

J/(Ms)[‘zr, )]

g™ idcg idcy ()

(M[idco ,’idco] ) [71'7 Tr]

The lower row of the above diagram is identified with the identity morphism of M[™7.

M[Troz,Tﬂ'.,-] — M[O’TI'-,— TTr] 07T (M) ! (M[ﬂ'»ﬂ'])[a'vT]
J{M(id}(ﬁ’") J/(M[",‘ﬂ'])i
M[idcomm'dx] _ M[m’dx,rew] Gldcoﬂdcom’w(M)fl (M[Tr,ﬂ-])[aa,rs]

Since £€M¢ is the

identity morphism of M by (3.4.2), £-7(M%)[™ 7 is the identity morphism of M ™ 7. Tt follows from the above

facts and the definition of £~ that M[™7™) = (Mlm7l)loe7e]

identity morphism of M7,

;e «
% (Mm7])loT] g—> MI™7] coincides with the

By (1.4.9) and (1.4.19), (1.4.21), the following diagram is commutative.

M (Mlesmhlidcg idog

lM” l( Mo Ty

] Gidco,idco ,a,T(M)
R ' ¢

Gidco,idco ,a,T(M),l

M[idcga,'ridcl] — M[aidcl ,idCOT] (M[idco’idco])[o-vﬂ

l(M")[“»T]

QDQ(M) 07T (M)~ 1

Mol *> (M 0’7'])[7\' ,7]

Therefore M™ : (M, ¢) — (M

™7] €9 is a morphism in representations by (3.4.5).

(M[WJ"] ) [o,7]
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Proposition 3.4.7 Let ¢ : (M,£) — (N, ) be a morphism of representations of C. Assume that the following
left morphism is an isomorphism for L = M, N and that the right morphism is a monoomorphism for L = M, N.

00’,7‘,7‘{',7\'(L) . (L[T(,Tr])[o’,‘l’] N L[O"IT’,—,TFTW]v 0(7pr177pr2,77,7r(L) . (L[ﬂ,w])[oprl,‘rprQ] _ L[Uprlp_rn,ﬂ'rwp_r%]
Then, @™ - Ml — NI gives a morphism in representations from (MU £%) to (N7 ¢o).
Proof. The following diagram is commutative by (1.4.4) and (1.4.19).

it &7 o]y 0% rrayr] _ pglome,nre] _OTTTT@DT (MImml)or]

L‘,[mﬂ lw[o,f])[w,ﬂ L(,[mw,mg] l(ga[mﬂ'])[oﬂ']

gl 60" (N) 67T T(N) ! (NTm.m)loT]

N[ﬂ',‘n'] AN (N[UJ])[TFJT] N[ﬂ'a,Tﬂ'T] :N[a‘n',-,w'rﬂ]

Hence the assertion follows. O

Proposition 3.4.8 Let (m: X — Gy, a: Cy x5, X — X) and (p:Y — Cp, B: C1 x5, Y = Y) be internal
presheaves on C and (M, &) a representation of C. Assume that the following left morphism is an isomorphism
for x = m, p and that the right morphism is a monomorphism for x =, p.

97T XX(M) « (MO oTl y pploxexnd = gapriTeraxaox (ary - (MDoxDyleprimeral o, XTxpras]

If a morphism [ : X =Y of € defines a morphism in internal presheaves from (w : X — Co, ) to (p: Y —
Co, ), M7 : MPPl — MIm7 s a morphism of representations from (M1l €8 to (M7 go),

Proof. Define a natural transformation A : D* — DP by \g = idc, xc, fo M1 = f, Ao = ide,, A = idg,
(i = 3,4,5). The following diagram is commutative by (1.4.7) and (1.4.20).

97 7P (M)~ 07" (M)

(Me-rl)lo] Moo 700] — Nflope o] (Mleosl 770 o

l(Mf)[mT] lMid'Cl Xcof l(M[mT])f JMf

(Mlmmlylor) TN o o] pplomeimal 07 D oyl ST g el

Hence the assertion follows. |

For an object M of Fg,, we define a morphism fiy : M7 — (M1=71)[%7] to be the following composition
assuming that 7777 (M) : (Mo7)lem] — prlopri mera] §g an isomorphism.

Mlem) M plon il — pplovrs, mora) 07T DT o))

pr pr. .. . pr pr
Let C1x¢,C1 +—= C1 X, C1xc,C1 —= C1 X ¢, C1 be alimit of a diagram C; x¢,C; —= C; +— C1x¢,C1.

Proposition 3.4.9 We assume that 07777 (M) : (Mool 5 pploprnmeral s gn isomorphism and that
goPr1 P20 T (N o (Mo ThePrTeral y AfloPripries TProPras] s g monomorphism. Let us denote by uh,; a mor-
phism EU’T(M[U’T})X;[W] (finr) of Fo,. Then, (M7 1)) is a representation of C. Moreover, if € : o*(M) —
(M) is a morphism in Fc, such that (M,&) is a representation of C, then € = E, (M) (€) : M — Mo7]
defines a morphism of representations from (M, &) to (M7 ).

Proof. The following diagram is commutative by (1.4.21) and (1.4.25).

67 ™o (M)~ 1

Mlo. 7l M* Mlow, Tl — prlopry, 7prs] (Moo

M;LJ/ J{M“Xcoidcl J/(M[””'])“

id X " O, T, 0, T —1
Mlow, 7] M7 7 Mloppris, Tpprag] 0 (M) (M[U,T])[Uu, TH]

(]\4[0,7’])[0pr1 , TPry]

Mldcl XCo M aaprl,rprg,a,r(M)—l

M[Uprl , TPry]

LV‘T’U’T(MY1 TGG’T'UP”’TP”(M) TH‘”’“’T(M[”‘T])
(MH)lem] (6% (M)l =1 ((M[g7.,-])[077-])[g7.,-]

M[Upr1 Pryy, TPI3Prag]

(Mlom)lor] (Mlomrul)ior] — (pglovry. mora]) (o]
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Since the functor Didco,idco,U,T : P — & are given by

Dzdco,zdco,o T( ) C(1 (Z = 07 2)a Dzdcmzdco,a ‘r( ) CO (Z = 1; 37 47 5)a
Dzdco,zdco,o‘,f (7_01) = Didco,idco,o‘,T (7_24) =0, Dzdco,idco,d,‘r (7—02) == chl
Didc, idey.or(T13) = Didg, idey o (T14) = idcys  Dide, id, .o (T25) = T,

we define a natural transformations v : Didc, idey,0,r = Doror by 19 = (eo,ide,) : C1 = C1 X, C1, 1 = &,
vy =ide,, v; = k; = ide, (i = 3,4,5). Then, the following diagram is commutative by (1.4.19), (1.4.7).

07T (M)~ !

Mol MY plopTa] — pflopry, Tpry)] (MloT][eT]
iidM[m] iM[EU‘idcll l(M[”*T])E
M[U,T] del) M[aidcl,ridcl] . M[idcoa,ridcl] eldCOYldcoymT(M)_l (M[a,r})[as,re]

The lower row of the above diagram is identified with the identity morphism of M7 which implies that
fias (M@7e is the identity morphism of M7, Thus (M%7 4% /) is a representation of C by (3.4.2).

If (M,€) is a representation of C, then, #7777 (M)EWTIE = MHE by (3.4.2). Hence E177IE = p€ by
the[de]ﬁnition of fips and it follows from (3.4.5) that £ defines a morphism in representations from (M, ¢) to
(1o, ). 0

Proposition 3.4.10 Assume that 07777 (L) : (LloTh)lerl 5 Lloernmerel s an isomorphism for L = M, N
and that §7PTL P27 (L) o (LloThleprimers] o plopripris, Teropras] s o monomorphism for L = M,N. For a
morphzsm 0 : M — N, ool Mol o NloTl defines a morphism of representations from (M[“T],,uyw) to
(N ).

Proof. The following diagram is commtative by (1.4.9) and (1.4.21).

07 ™o (M)~

Mol MY prlonsTal Mflopry, o] (Mlo-ThleT]

La[a,r] La[«rprl,rprg] l(w[”])[”]

N[J,T] L N[J;L,T,u] N[aprl,'rprQ] 9o T(N) ! (N[cr,'r])[a,'r]

Hence the assertion follows from (3.4.5). m]

Remark 3.4.11 If p : (M,£) — (N, () is a morphism of representations of C, we have the following commu-
tative diagram in Rep(C'; F).
é o, T ke
(Mag) - (M[ ’ ]a:uM)

ltp lga[l’f]

(N’ C) E— (N[Uyﬂr]’ /-/]AV)

Theorem 3.4.12 Let M be an object of Fc, and (N,() a representation of C. Assume that 67777 (L) :
(Lol 5 plovrsmersl s an isomorphism for L = M, N and that §7P*17P'2:07(L) . (Llom])lopromera]
Llopripriss 7oropras] ys o monomorphism for L = M, N. Then, a map

O : Rep(C; F)((M, &), (N7 uy)) = Feo (M, N)

defined by ®(p) = N°¢ is bijective. Hence, if 07777 (L) an isomorphism and 7P*7P'2:%T (L) 4s a monomor-
phism for all L € Ob Fg,, a functor Zc : Fc, — Rep(C'; F) defined by Zc(N) = (N7 ) for N € Ob Fe,
and Bc (@) = o177 for o € MorFg, is a right adjoint of the forgetful functor Fc : Rep(C; F) — Fe,.

Proof. We put € = Ey, (M) (€) : M — M7 For ¢ € Fe,(M,N), it follows from (3.4.10) that we have
a morphism (7] ( Ml gy — (Nl ;M) of representations. Since £ (M,€) — (M= pn) is a
morphism of representations by (3.4.9), ’(/J[UT £: (M) — (Nlo7l ;%) is a morphism of representations. It
follows from (1.4.9) and (3.4.2) that we have ®(¢l*7€) = Neylo7l¢ = ¢)M=€ = . On the other hand, for
¢ € Rep(C; F)((M, ), (Nl un), since ¢l@7I¢ = fiyp = NFOTT7(N)~1p by (3.4.5) and the following
diagram commutes by (1.4.7) and (1.4.21),
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07777 ()

(Nle][o:7] Nlopri, mpra] ————— Nlop 74

J/(Nz)[a,-r] JN“dcl ) TNH

o,T, de de id
(Nlidey, idoy]lo7] O Nlidego.Tide,] YN nfoyr]

we have (Ne)lo7lg = (N‘i)["’ﬂga[‘”]g = (N#)loTlgomom(N) = Nty = ¢ by (1.4.4) and (1.4.26). Therefore a
correspondence v — ¥[77I¢ gives the inverse map of . O

For morphisms f : X — Y and g : X — Z of £, we denote by [f, g]* : Fz — Fy the functor defined by
[f,g]*(N) = N9l for N € ObFy and [f, g]*(¢) = P9 for p € Mor Fy.

Proposition 3.4.13 Let (N, &) and (N, () be representations of C on N € Ob F¢,. We put & = E,-(N)n(§)
and { = E, -(N)n(C). Assume that [o,7]* : Fo, — Fo, preserves equalizers ((o,7) is a left fibered representable
pair, for ezample. See (1.5.2).) and that 07777 (N) is a monomorphism. Let ¢ ¢ NE&EQO — N be an equalizer
of £,(: N — Nl

(1) There exists unique morphism X : (N &Nl o N&O that makes the following diagram commute.

N < tec N(EQ Lo s N

l¢ b J¢
Nlov7] (e, )T (N(gzg))[gy.,.] (e, )™ Nlowr]
(2) Moreover, we assume that [opry, Tprs)* : Fo, — Fo, maps equalizers to monomvorphisms ((opry, Tpry) is
a left fibered representable pair, for example. See (1.5.2).). Put A\=E, (N C))N(g o (N). Then, (N&S X) is a
representation of C' and t¢ ¢ defines morphisms of representations (NED X)) = (N, €) and (NED X)) = (N, ).
Hence (N9 \) is a subrepresentation of both (N, &) and (N, ().
(3) Let (M,v) be a representation of C. Suppose that a morphism ¢ : M — N of F¢, gives morphisms
(M,v) — (N,&) and (M,v) — (N,C) of Rep(C;F). Then, there exists unique morphism ¢ : (M,v) —
(N(e:¢), M) of Rep(C'; F) that satisfies 1e c @ = .

Proof. (1) Put x = e ¢ = Crec : N&O — N7l Then, it follows from (3.4.2) that
QU,T,U,T(N)S[U,T]X _ 90’,T,O',T(N)é[0’,7’]gL§’< _ Nuébf,( _ Nué[l&g_ _ GU,T,U,T(N)S[U,T]CV-LE’C _ 90’,T,O',T(N)£/[O',T]X

which implies £[©7ly = [®7ly since #7777 (N) is a monomorphism. Since (¢ ()7 : (NED)lor] 5 Nl g
an equalizer of 1771 ¢lovT] . Nlo] (N1 h[o:7] by the assumption, there exists unique morphism A NEO
(NED) @] that satisfies (t¢,¢)7IN = y.

(2) By (1.4.4), (1.4.7), (1.4.21) and (3.4.2), the following diagrams are commutative.

o] o ga] 07T (NED) ‘
NEO 2y (NEQ)ow] Al (NEOYlorllor) 77 TVED ey

J{”“ l(ts Ol l((ts,c)[”’ﬂ)[”‘ﬂ J{(La ¢)opry,rpra]

N & Nl & (Nlo]lo7] 077N Nigpr..

TPT,)

(N(&C))u

NEO A, (N6 [or] (NEO)lommul —— (NEOD) e o)

J/L&C l(LE-,C)[a’T] l(bﬁ‘f)[amru] l(LE,C)[dPrLTprz]

N ¢ Nlow] N® Nlowrnl N,
[opry,

TPI,]

NE) A (NEer] _VEDT (e yloere] N(EO

J{L“ l(bs,c)[”’r] l(bs.,c)[”’”] J{L“

N 6 N[o‘,f] N© N[UE,TE] e — N

It follows from (3.4.2) that we have
(te.0)fopry,rprg) 0777 T (NEO)XOTIX = 9770 (N)EPTIE L, o = N#Eue ¢ = (te.¢) opry srpry (N E)HA
Le (NN = No€ue e = 1 ¢

107



Since t¢¢ and (tg¢)(opr,,rpr,] are¢ monomorphisms, it follows that oo T (NENNTTIN = (NED)HX an
Ne€ie ¢ = idyo. Therefore \ is a representation of C on N(&C) by (3.4.2). ¢ : (NED N) — (N )
and ¢ ¢ 1 (NEOD X)) — (N, () are morphlsms of representations by the first assertion and (1.4.6).

(3) Put 7 = E, - (N)n(v). Since p€ = ppl®™ = ¢ by (3.4.5), there exists unique morphism ¢ : M — N(&O
that satisfies te (@ = . Then, we have (1¢,0) NG = Ee ¢ p = Ep = @0 = (1¢.)177IPl7 7. Since (1¢,¢)17]
is a monomorphism, it follows A\p = = T]y which implies that ¢ gives a morphism (M,v) — (N&9 X) of
representations of C'. O

Remark 3.4.14 Assume that one of the following conditions.

(@) [o,7]* : Fo, = Fe, preserves monomorphisms.
(#) o* : Fo, — Fo, preserves monomorphisms.
(#t) (o,7) is a left fibered representable pair with respect to M € Ob F¢,.

For representations (M, ), (M,£') and (N,¢) of C, suppose that there exists a monomorphism ¢ : M — N
of Fe, such that ¢ : (M,§) — (N,¢) and ¢ : (M,£') — (N,¢) are morphisms in Rep(C; F). Then, 7*(p)
Fo,(c* (M), 7*(M)) = Fo,(c* (M), 7*(N)) is injective by the assumption. Hence 7.(9)§ = (o*(p) = 7 (¢)&’
implies £ = ¢’.

Pr0p051t10n 3.4.15 Let (M €), (N,€), (M,¢) and (N, (') be objects of Rep(C'; F). Put & = Es-(M)u(§),
£ = E,-(N)n(€), ¢ = Eyrr(M)p(¢) and (' = E,(N)n(C). Assume that [o,7]* : Fo, — Fo, preserves
equahzers and that [aprl,Tprz]* : Fo, — Fo, map equalizers to monomorphisms (e.g., (0,7) and (opry, 7pry)
are left fibered representable pairs. See (1.5.2)). Suppose that ie c : MEO 5 M s an equalizer of £,¢ : M —
MU and that wer o NE<) 5 N is an equalizer of £,(' : N — N7 We denote by (M&9 ) and
(N(Eliq/),)\’) the representations of C given in (3.4.13). If a morphism ¢ : M — N defines morphisms of
representations (M, &) — (N,€') and (M,() — (N,('), then there exists unique morphism @ : (M&9D ) —
(N€C) XY of representations that satisfies ter 1@ = ple ¢

Proof. Since t¢ ¢ : M&Q — M defines morphisms (M &, \) — (M, €), (ME9,\) = (M, () of representations
of C, puec : M9 — N defines morphisms (M (&9 X\) — (N, ¢), (M&D X)) — (N, (') of representations of
C. Hence it follows from (3) of (3.4.15) that there exists unique morphism @ : M(€9 — N©€:¢') that satisfies
ter ¢ = ple ¢ and gives a morphism (MED )\ — (N(EI:C')7 ') of representations of C. O

3.5 Construction of left induced representations

Let p : F — & be a normalized cloven fibered category. For morphisms f: X — Y, g: X — Z of £ and an
object M of Fy, we assume that (f,g) is a left fibered representable pair with respect to M if necessary.

Let C = (Cy,Ch;0,7,e, 1) and D = (Dy, Dy;0’,7',¢’, ') be internal categories in €. For an internal functor
f=(fo,f1): D — C in &, we consider the following diagram whose rectangles are all cartesian.

idpy X cq (Pry, Pra) idpy X coPry
%

Tfo
DQ X Co Cl —_— DO

Dy x¢, C1 X¢, C1 X¢, C1 Dy x¢, C1 X¢, C1

J{(f[))aprl(prl,plg) J{(‘fﬂ)oprl J{(f())a J{fo
(pry, pry) pry o
Cl X Co Cl X Co Cl Cl X Co Cl Cl Co
J{PQ J{T
Cl Z C10

Diagram 3.5.1

For simplicity, we set priys = idp, X¢, (Pr1, Prs), Pris = idp, Xy PI1, Progy = (fo)gprl(prl,ph), Pros = (fo)opr,
and priy, = (pry,pry). Since idp, Xc, # = (0f, P19, UPre3) holds, we have oy, pri9 = 0y, (idp, Xc, ) and
TPryPryiy = TUPTes = T(fo)o(idp, X, pt). Let M be an object of Fp,. If

O 9, 7(f0)onr (M) : Mig e, 7pm,1020] = (Mio gy, 7(50)01)[07]
is an isomorphism, we define a morphism fiz(M): (M[G'foy'r(f())o-])[a'ﬂ'] — Mg, +(fy),) to be the following compo-
sition.

0”f0‘7<f0)a=“vT(M)71 M“iDoXCO
(M) 7(f0)o))[o7] Mo, 501y 7prasins] =Mio g (idy x g )7 (fo)e (i X0 i) ———Mig  (fo)a]
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We consider the following commutative diagram.

Do X Cq Xcp Cq XCq Cq

Do Xcg €1 Xgp €1 C1 Xgy €1 Xoq C1

V&{y&%}

Dy X Cq Cq Xcq Cq Cq XCq Cq

Doy W / \ / \

0

Diagram 3.5.2

Proposition 3.5.1 Assume that that QJfO,T(fO)U’U’T(M) t Moy, 15, mpryprag] — (M[Ufo’r(fo)a])[g,ﬂ 8 an 1somor-

phism and that edfovT(fO)oxUPruTPrz (M) : M[Ufo§r12§r123,‘rpr2pr23§r234] - (M[UfmT(fD)a])[UPrlvTPrzr] is an epz'mor—
phism. We put

(M) = Por (Mo r(50)1) 1,

oo 7(f0)o]

(Af(M)) 2 0" (Mg ~(f0)0]) = T (Mo, 7(f0)0])-

Then, (M[UfO,T(fU)U],ulf(M)) is a representation of C.

Proof. Tt follows from (1.3.21) that the following diagram is commutative.

Gafo,f(fo)a,as,‘rs(M)71

(M[Uf077'(f0)a])[(7517'5] M[ofon'(fo) ] idM[af (Fo)o]
0) o
l(M[afO,ﬂfo)U])s . MldDoxm
90‘ T O‘T(M)7 Mzd X
for T(fo)e o, DoXCo#
(Mio sy, 7(f0)01) 0,71 Mig e,y rprypras] ——— Moy 7 (f0),]

(Mo s . ~(f0)o1)e fig (M)
—_—

Hence a composition Mg, 7 (fy),1= (Mo, 7(fo)s])[oe,7e] (Moo, 7)o lor] = Mioy 7(f0)s]

coincides with the identity morphism of M, tor7(fo)o]"
Note that we have the following equalities.
0 foPr19Pr193 = 05, Pr1g(idp, X ¢y idc, Xy 1) = 05, Pr1a(idp, Xy 1 Xy idey)
TPIyProsPlasy = TPIoPTas(idp, Xy idey, Xy h) = TPI9PTas(idp, Xy b X 1dey )
OfPr1g = 05, (idp, X 0y 1)
TPraPrys = 7(fo)o(idp, X ¢y 1)

It follows from (2) of (1.3.7), (1.3.21) and (1.3.25) that the following diagram commutes.

fowf(fo)awdyT(M) MidDOXCOF‘
(Mo s, (o) 1)lo.7] Mig s 51 7pr,prys] Mio; 7 (fo)s]

Moy r(f0)ol)n Miap x cyidcyx con MidDOXCOuT

b0ty 7(f0)o opry,mora (M) M

(M[Ufo y 7(fo)o] ) [opry,7pr,] [Ufo PT5PT103,TPIaPro3Plazy]
J{%,T,U,T(M[”fo,f(fo),,]) J{eo‘fop'r12,7'pr2p'r23,a,r(M) 9af077—(f0)(,,o,f(M)J(

9(7 T(f O"r(M)UT (Mid X )UT
forT(fo)o o, [o,7] DX Ccgt/lo,T]
(Moo, w(f0)eD losr)losr] (Mo 1y 5115 7prspra5)) [027] —

uiDOXCOuXCO

JTPI3Pras)

(M[O'fo 7T(f0)a] ) [0'77—]
Thus the following diagram commutes.

(M
(M[Ufo ) T(fO)U] ) [Upr1 ,Tpr2]

lﬁa,r,a,r(M[afo (o))
(g (M))(o,7)

o ,T(fo)o'])“‘ (0
° Moy, r(5)o)lor] = Moy v(0)o]

(Mo, 7(f0)o) 10,7 [07] (Mg 4., 7(f0)0))0,7]

and fi(M) satisfies the conditions of (3.3.2). m|



Proposition 3.5.2 Let ¢ : M — N be a morphisms in Fp,. Assume that that the following upper morphism
s an isomorphism and that the lower morphism is an epimorphism for L = M, N.

Oc o, 7(f0)esoer (L) = Lig s g,y mpropins] = (Liosy, 7(f0)0])[07]

ea‘fo » T(fo)e,0PTy,TPry (L) : L[Ufo PT12PT123,TPI2PIo3Plo34] (L[Ufo ,7(fo)o] ) [opry,Tpry]

Then, @iy, v(f0)s] * (M[Ufo’T(fo)o],ulf(M)) — (N[o.fo}T(fO)a],ulf(N)) is a morphism of representations of C.

Proof. The following diagram is commutative by (1.3.9) and (1.3.21).

—1
M Oo o 7(F0)ersor (M) M Miap xcon L
_ . o] ————2
( [Ufoﬂ'(fo)a])[”ﬂ'] [‘TfopfmanTQprzg] [Uf(,ﬂ'(fo)a]
l(%afo, T(J0)o])lo,7] J{w[ﬂfoﬁrmyfpmﬁr%] J{‘P[Gfoy"'(fo)a]
-1
aﬁfovf(fo)a,mﬂ'(N) NMDOXCO#

Nio o, 7(f0)o]

[Ufo Pro,TPIaPTag]

(Niosy, 7(0)o) o]
Hence the assertion follows from (3.3.7).

We consider the following cartesian square.

pry
D1 Xy Cl — Cl

lﬁrl la’

_D1 fO_T} CO
There exist unique morphisms 7' x ¢, id¢, : D1 %x¢,C1 — Dox¢,C1 and f1 X ¢, ide, : D1X¢,C1 — C1X¢,C1 that
satisfy o, (7" X ¢, idc,) = 7'pry, (fo)o (7! Xy ide,) = Pry and pry(f1 X ¢, ide, ) = f1Pry, Pra(fi1 X, tde,) = Pry.

D, X o Ch pr D, Xy Ch pry
\\‘\ 7-/XCOidcl \\\\ f1><coidcl
o T

s (fO)fr _ pry
Dy X o 7, —= pry o Xy C, — C;

pry
e [
T fo f1 T
D,y Dy CQ D, C'1 CVO
We note that the following diagrams are cartesian.
' X oy ide, fiXcyidoe,
D1 Xy Cl _— Do X Co Cl D1 X Co Cl _— Cl X Co Cl
lﬁr 1 J{g fo J{ﬁr 1 J{pr 1
D, r Dy D, h Ch

Since ou(f1 X¢, ide,) = opry(f1 X¢, ide, ) = o fipr; = foo'pry, there exists unique morphism
(0/p~1“1,,u(f1 X Co idcl)) : Dy X Co Cy — Dy Xy Cy

that makes the following diagram commutes.

id,
Dy Xy Cl Jixcotdey Cl X Co Cl
RN (o'pry, p(f1xcgido,)) J{”
T (fo)o
pry Dy x¢g, €4 ———— €4
R
o’ fo
D1 DO C(0

Hence we have 7(fo),(0'pry, p(f1 Xy ide, ) = Tp(f1 Xopidey ) = Tpra(fi X oy ide,) = 704 = 7(fo)o (7' X oy idey )

which shows the following result.
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Lemma 3.5.3 The following equalities holds.
UIPNI‘I =0fo (U/ﬁrla l’L(fl Xy ZdCH))
7(f0)o (7" Xy idey) = T(fo)o (0'Dry, p(f1 X o, idc,))

We also consider the following cartesian square.

pry
D1 Xy Cl X Co 01 —_—> C11

lﬁrm ] lg

TPIy
D1 Xy Cl _— Co

Assumption 3.5.4 For a representation (M, €) of D, we put € = Py /(M) Migr -7 — M. We assume the
following.
(1) A coequalizer of the following morphisms in Fe, exists.

N 6.V €lor
o f o (fo)e lo £y 7 (fo)ol
Miorsr,, 7(f0)o (7' x ey ide, )] (Mior 710407 (f0)0] = Moy 7(f0)0]
M(a’§r1=u(f1><coidcl))
Miorse,, 7(f0)o (' xcgidoy )] = Moo (0751, m(f1 x cgides ), T(fo)o (07 Bt1, n(f1 % cgidey )] Mo, #(f0).]

(ii) Let us denote by P(];v[ 6" Mg, +(fo)o] = (M, &) 5 a coequalizer of the above morphisms. Then

(Phre) o) : Mo 10001107 = (M) )07

s a coequalizer of the following morphisms.

Ot vt s 2ts0r0 (M) iorr G
o gy m(fo)o [o,7] lo gy m(fo)eal/lo7]
- Mg r1) (o407 (f0)eDlor) = (Mo 7(f0)01)[o7]

(Mor5v, 7(fo)o (7 x 0 idey )] [,7]

(M(o’p"rp n(f1xcgidoy )))[UW]

(Mor5t,, 7(fo)o (7' x iy idey )] [o7] (Mg 4, , 7(f0)0))07]

(#i1) The following map is injective.
(0m)* (Phre)t Forxeyon (0m)" (M, €)g), ()" (M, €)5)) = Forxeycr (00) (Mg, r(50),1) (1) (M, €)5))

(10) 0o, r(f0)0or (M) s Migp 1., mpryprys] = (Miog 2(f0)1)lo7) @ an isomorphism.
(v) The following morphisms are epimorphisms.

ea‘fo,'r(fo)a,aprl,-rprz (M) : M[afo§r12ﬁr123,rpr2pr23§r234] <M[U.f0aT(fo)o])[aprp"'l)rz]
0oty 7(fo)o (v x g idey )0 (M) 5 Migrse, gy, rpey s (v x oy idey xcgidey )] — (Miorpe, 7(fo)o (7 x cgide, )] [o7]

The following diagram commutes.

PT1o PTa3
Dy x¢, Cy +—— Dy x¢, C1 x¢, C1 —— Cy X¢, C1

l"fo lidDOX Col l/t

D() <L DO Xy Cl L Cl

Hence we have Tprypros = Tupras = 7(f0)e (1dp, X ¢y 1) and o, Prig = 05, (idp, Xy 14)-
Consider the following diagram whose rhombuses are all cartesian.

Dy x¢, C Xy Ch

- , ) )
y wdcl X g idoy

Dy x¢, Cy Dy x¢, C1 X¢, C1

/ . -
wldcl y Ws
C

Dy x¢, C1

=
D, 1
Dy CO C(0

111
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It follows from (1.3.25) that

Ootpe1, 7 (f0)o (+' x o idy ) o (M)
M[U'ﬁr1§r12,7pr2§r23(T/ X cgidcy Xcgidey )] (M[U’ﬁrl, 7(fo)o (7' X cpidcy )] ) [o,7]
J/Go",r',afoﬁrIQ,Tprzp'rzg’ (M) J/Go",r',afo (fo)e (M)io,7]
aafo’ T(fo)g‘O‘,T(M[U,,T/])

(Mo 210197 (f0)o] 7]

(M[U/’T'])[Ufg PTy2,TProPTa5)
is commutative. The following diagrams are commutative by (1.3.21), (1.3.19), (1.3.9), respectively.

Miap, xcyn
~ — ~ . . 4> ~ .
M[o”prlpru,‘rprzpr23 (r! X cyidc; Xcgide, )] M[o”prl, 7(fo)e (7' X cyidey )]

legf,T/.Ufoﬁrmp,.mg,<M> leg/,f,(,fo.ﬂfmg ()
(Mg 11 )idDOXCOH

(Mio' 7)) (0o B2, 7proprss) (Mo 1) (0197 (f0)o]

O s 7(F0) s (Mior 217)

(Mior,71) (040 7(f0)o1)[07]
J(E[afo T (F0)e ) o 7]

(M[cr’,‘r’])[0f0§r12,rpr2§r23]

lg[“fo Pri2,7prapras]
b5 50 7(f0)e o0 (M)

Mg 56,5, 7pryprys) (Moo, 7(f0)0))[o,7]

(M[U’VT’])MDOXCOM
—>

(Mo’ 7)) [0 o Bt 1, 7Py 5] (Mior 77) (045 7(f0) o]

J{g[vfo pr12,7Pr2Pr23) J{g[gfo ;7 (fo)o]
MidD X oo
0 0
M

M[UfoﬁrlzaTPYQI;r%] Uf07T(f0)a]

The associativity of u implies that a diagram

idpy Xy H
Dy x¢, C1 X¢, C1 Dy x¢, Cy
l(a/ﬁru#(fl X cgidcy)) X cgido, J/(U,Ijrlv.u'(flxcoidcl))
idpX ot
Dy X o 4 X o 1 Dy XCo Cy

is commutative. Hence the following diagram is commutative by (1.3.7).

Miyrs s : , . Miapyxcor M, .
[0/Pr,Pryg, TProPrag (T X oy idcy X opidoy )] [07Pr1, T(fo)o (T X g idcy )]

JM(o'm, (1% Gy idey ) X og idey JM«v'p'rl, (1% 0 idcy))

Miap xcqn

M[O'fop"rlz,Tper"r%] M[UfovT(fO)o]

Moreover, it follows from (1.3.21) that the following diagram commutes.

0 (M)

o'Br1, T(fo)o (' X o idcy )50t

(Mot 7(fo)o (7 X 0yidey )] [o,7]

M[a’ﬁrlﬁrm, TPryProg(7/ % Ccpidcy Xcpidey )]

lM(U’p‘rly n(f1Xcyiday ) X o idoy (M(ﬂ/p“rp n(f1xcyidog )))[”vf]l
b0 50 7(f0)e o (M)

Mg 51y mpropry,] (Mo, 7(f0)o))lo7]
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Since P(M £ is a coequalizer of §[Uf0’r(f0)0]96/17,’0f0VT(fo)g(M) and M(or5r,, u(fi % cyide, ))» We have

;o )
Porteyfir (M) (o sy (101007 7010 7 (F0)e (M) 07100750, 7 (£0)0 (v x cyidey ) o (M)

= P(f )MidDUXCOALHUfmT(fO)a,U,T(M)fl(é[g-fo77—(f0)0])[0-77—]00.f0,T(f0)070_77_(M[0_/77_,])00,77_,’Uf0§r1277_pr2ﬁr23 (M)

P(M ‘S)MidDOXCOlu‘é[o'f()15r1277—pr215r23]00'l77'/70f0 Prio,TProPTasg (M)

- (M,ﬁ)f[fffofr(fo)a](M[U’,‘r’])idDOXCO/;90/,7—/7gf0§r12,7—pr2§r23(M)

- (j;\d f)é[afo’T(fO)O]eglvT'ﬁm,T(fo)a(M)Midplxcou = P(J;\M)M((, s wfrx ogidey ) Midp, < co
= Py oy MidogxcouM(orpry, u(fi x oyider ) x ayide,

- P(];VI 5)ﬂf(M)9”fovT(fO)ayU,T(M)M(U’p*rl,u(flxcoidcl))xcoidcl

= Pl o)its (M) (Morse,, (51 x cyiden)iori 0oy, 7o) (7 x iy e (M)
Therefore, it follows from the assumption (v) of (3.5.4) that we have
f A ¢ _ pf "
Piv eyt M) (oo 7 (£0)01007 77 00 7 (£0)e (M) o) = Plag eyt (M) (M(or0,, u( f1 x 0y ) o)

Hence (7) of (3.5.4) implies that there exists unique morphism éf (M) f)o,r) — (M, €)f that satisfies
E4(Ph 1 oot = Py it (M). We put € = Py (M, )5k o), (65) : 0 (M. ) ) = (M. E)5).

Proposition 3.5.5 ((M,¢)y, ff) is a representation of C and P, (M o (M[Ufo,T(fO)a],ulf(M)) — (M, f)f,flf)
is a morphism of representations of C'.

Proof. Tt follows from (3.3.6) that £ f( (M 5))[0 ] = P(J;w 6 fiy (M) implies the commutativity of the following
diagram.
% l‘f(M)
0" (Mo gy 7(s0)01) ———— 7" (Mo, 7(f0)a1)
l (Phro) . JT%P&I@)
o*((M,€)§) ———"—— 7°((M,&)5)
Hence the assertion follows from (éi7) of (3.5.4) and (2) of (3.1.5). |

We assume (3.5.4) also for a representation (N,() of D. Let ¢ : (M,€) — (N,() be a morphism of
representations of D. The following diagrams are commutative by (1.3.21), (1.3.4) and (1.3.9).
6 ’ 7 (M)

o705 T(f0) o §lo 5y o7 (F0)o]

~ . —).
Moy, 7(fo)a (/% cyidey )] (Mg rq)[afo,r( om Miosy, w5051
J/cp[o./p—rl, )+ oy i) l(w e go7(0)a] rp[afow'(fo)o]
66’ T/ 9 fo T(f())(r(N) [gf(J (fo)o]

Niorpry, 7(fo)o (7' x cpide, )] (N[a',T'J)[ofo,ﬂfo) ] Nioso,7(f0)s]

Morser, u(s1xcgide, )

Miorse,, 7(f0)o (7' x cgidey)] Mg 7(fo)o]

rp[afo (o)l

J/@[a/ﬁrl, T(f0)o (7" X o tdcy )]

Niorpry, m(i1 % og idey )

Niorsr,, r(fo)o (r'x cgidey )] Niosy .7 (fo)o]

Hence there exists unique morphism ¢y : (M, &)y — (N, () s that satisfies ‘F’fP(Jjw,g) = P(ij,g)sp[ofo,f(fo)a]'

Proposition 3.5.6 ¢ : ((M, §)f,§}) — ((N, C)f,le) is a morphism of representations of C.

Proof. Tt follows from (3.5.2) that the outer rectangle of the following diagram is commutative.
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fup (M)
(Mo, 7(f0)o1)lo7] Mg, +(f0).]

f f
w&))["f] P(y

&f
((Mvg).f)[‘fﬂ'] B (M7£)f
(w[afo,f(f(,)g])[a,r] l(tpf)[c,,f] L/’f Plofy. T(fo)ol

. ((N.Oper) == (N.0)y
(

f

(Nl sy, 7(f0)o))[o7] Nioso,7(f0)s]

Then, by the definitions of éf, CAf and ¢y, we have
¢ pf _pf - _ pf - _of -
0185 (P ey)ior) = s Pinne)fir (M) = Pl oPlo sy (o) o) fif (M) = Pl o fig (N)(Plo sy, 7(f0)o] ) o,7]
= (Pl )i (Ploge, (010D l0.7] = (08 0,71 (Pl 60171

Since (P(J;w g))[(,’T] is an epimorphism by (%) of (3.5.4), the above equality implies wféf = éf(gof)[gﬁ]. Therefore
@y is a morphism of representations of D by (3.3.6). O

Define functors S, T,U : P — £ and natural transformations o : S — T, 8: T — U as follows.

S(0)=D, S(1)=D, S(2)=Dg S(3)=Dg S(4)=Dy S(5)=Dy
S(701)=1idp, S(1o2) =1 S(miz)=0' S(114)="7" S(724)=tidp, S(125)=1idp,
T(O) :D1 X Cy Cl T(l) :D1 T(Q) :DO X Co Cl T(3> :DO T(4) :D() T(5) = C[)
T(TOl):ﬁrl T(7’02)=7’l><c'02.d(j1 T(Tlg):O'/ T(7'14):T/ T(T24):0'f0 T(Tg5):7'(f0)g
U(O):DO Xcocl Xcocl U(l)—DO Xcocl U(2)=Cl U(3)—D0 U(4):OQ U(5):OO
U(101) =pr12 U(o2) =Proprag U(riz) =0y, U(r14)=7(fo)o U(ma)=0 U(ras)=T1
Qo = (ile,fléI/’Tl) o] = ’ile Qg = (’idDO, f1€/) a3 = idDg ay = idDo a5 = fo
Bo=(c'pry, f1Pr1,Pr2)  Br=(0", f1) B2=(fo)o B3 =1idp, Ba=fo Bs=idc,
Hence if we define functors S;,T;,U; : Q — & for ¢ = 0,1,2 by

S0(0) = S5(0)  So(1) =S5(3) So(2) =S(5) So(to1) = S(113701)  So(702) = S(T25702)

To(0) =T(0) To(1)=T(3) To(2)=T(5) To(ro1) =T(m3701) To(702) = T(T25T02)

Uo(0) =U(0) Up(1)=U(3) Uo(2) =U(5) Up(ro1) =U(mzm01) Uo(702) = U(725T02)

51(0) = S(l) 51(1) = 5(3) 51(2) = 5(4) Sl(T()l) = S(Tlg) 51(7’02) = S(T14)

T(0)=T(1) Ti(1)=T3) Ti(2)=T4) Ti(r01) =T(713) T (102) = T'(714)

U1(0)=U(1) U(1)=U(3) Ui(2)=U(4) Ui(ro1) =U(13) Ui(102) = U(T14)

SQ(O) = S(2) Sg(l) = 5(4) 52(2) = 5(5) 52(701) = S(T24) SQ(TOQ) = S(T25)

TQ(O) = T(2) TQ(].) = T(4) T2(2) = T(5) TQ(’TOl) = T(’TQ4) TQ(TOQ) = T(T25)

UQ(O) = U(?) Uz(l) = U(4) U2(2) = U(5) UQ(TOl) = U(7'24) UQ(TOQ) = U(T25)

and natural transformations o' : S; — T, 8° : Ty — U; for i = 0,1,2 by

0 _ 0 _ 0 _ 1 _ 1_ 1_ 2 _ 2 _ 2 _
g =0p Q=03 Q=05 0Qj=0Q] 0] =03 03=04 OQ5=0 Q=04 «Q5=0s,

Bi=00 BY=8s BI=ps Bi=5 Bi=0 PBa=p Bi=p Bi=51 B5=070s,
then we have SQ = Sl = Tl, Ul = TQ.
For morphisms f : X - Y, ¢9g: X — Zand k: W — X of £ we denote by w(k; f,9) : Dfpgr —

Dy 4 a natural transformation given by w(k; f,9)o = k, w(k; f,9)1 = idy, w(k; f,g)2 = idz. We note that
wk; f,9)m = My : M1, gk) = Mig,q) for M € Ob Fy by (1.3.29).

Lemma 3.5.7 For a representation (M,€) of D, the following diagram is commutative.

£ B N
M ¢———— My o) ————— 6 Moy, 7(f0),1)
f e
a3, fo (Plure

)
M[idDoyidDo} fék(M[af'O,T(fo)g]) f()k((Ma g)f)
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Proof. The following diagram is commutative by the definition of P(fM o)

R 6.7)) Eor r
o g (fo)e lofq:7(fo)o]
Miorsr,, 7(f0)o (7' x cyide,)) —— (Mot ) o, 7(f0)s] = Moy, 7(fo)s]
lM(V'P“Pl)M(h XCq idcl)) lp(fM,g)
Plie
M[G’fo,‘l'(fo)(,] (M7 g)f

It follows from (1.3.34) that the following diagram is commutative.

0

M[G’ile,idDoT/] = fék(M[U/Iﬁ;rl1T(f0)o(7'l><coidcl)])
lggl*"/"idDo’idDo (](\/1)1 ) ) lfg(ag/;/’afoﬁ(fo)a(M))
AM)lidp ,idp,) OMyr ) *
(Mio+ 7)) lidpy ido,] — (Mo 7)lidpy idp,) ————— J5(Mlo.7)) (o5 7(f0)01)

We note that 0,7+ idp, idp, (M) and (a]lw)[idD07idD0] are the identity morphism of M, . by (1.3.26) and the

definition of a},;. Therefore the following diagram commutes by the commutativity of the above diagrams and
(1.3.31).

0,1 1 (M) =1idps

ol r!idp  ,idp lo/,7] é
M[o",r’] 0 0 M[o./ﬂ_/] M
0 logw . Jagd
) l M 186t 1t 04 ri0e M) el 16 Elo gy rGoral)

Jo (Miorse, 7 (£0)o (v x ey ) Jo ((Mior +1) (0, 7 (F0)0]) = J5 (Mo 7(£0)0])

lf(?(A{(G'/D_rlfu(leCOidCl))> e lfJ(P{M@)
. 6 (Plare) .
Jo Moy #(£0)41) fo (M, &) )

We put 8 = w((o'pry, u(f1 Xy idey ) ;0705 T(fo)o) : To — To. Then, B! = Ba® holds. It follows from (1.3.33)
that the following diagram is commutative.

a® N fo(Bm) *
Migr ) —————— fe (Miorst,, 7(fo)o (' x apidey)) ———— J6 Moy, 7(f0)s])

J/CidDo sidp, (M) (g1, 1) =1dm

M[O/;r’]

Cidey fo (Mo gy r(f0)a)) = s (g, T(fo)apl

Ba=Ba’)m «
- fO (M[UfovT(fO)a])

le/,/]

Since far = w((0'pry, p(f1 Xy ide,) 5050, T(f0)o)ar = Mgrse,, u(frxoyide,)) by (1.3.29), we have

fS‘(PfM,g))aﬂé = fg(P(Q,g))fg(M(a’ﬁrl,,u(f1><c0idcl)))a?\4 = fS‘(P&@)fJ(BM)a% = fék(P(JL,g))ﬁ]lVI

Proposition 3.5.8 A composition

fe (Pl o))

M = M, idap,) —5 £ (Mo, +(0)0) FE((M,€)y)

defines a morphism (M,&) — (fo (M, &) ), (fgc)f) of representations of D.
Proof. By applying (1.3.34) to 8: P — &, we see that the following diagram (i) is commutative.

0 _
M BM*M(a’;;rl,flpsrl,ﬁrz) M
[o/Pr1,7(fo) o (T'X cyidc )] [0 PTr12,TPr3 P 3]

l(’a',r',ofo,f(fo)a(M) , 9af0,r<fo)a,m(M)l
1
Ban)io g, 7 (F0)o) Bary

oo T (fo)ol

(f6 (Mo 4, 7 (f0)01)) 109 7 (f0)o] (Mo, 7 (0)0)) 7]

diagram (7)

(Mior 71104y 7(f0)o]
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Let Dg & Dy x¢, D1 RAEN D be a limit of a diagram Dy ﬁ) Co <U—f1 D;. Define a natural transformation

B2 ¢ Dy, rfipe, = Dopirp by BE = Pra, BE = fo, B3 = idc,. We also consider natural transformations
w(idp, Xcy f130£,7(fo)e) © Dpr,rfrpr, — Dy, 7(f0), = T2 and w(f1;0,7) : Dogy rfy = Doy = Us. Then, we
have w(f1;0,7)53% = B2w(idp, xc, f1;07,,7(fo0)s) and it follows from (1.3.33) that the following diagram (ii)
is commutative.

22
BM[o_fo 7(f0)o]

(w(fr %”77)52)1»1[

(Mo, 7(fo)o)lfoo" o]

o o7 (F0)o]
fo-mfo i(M[ofU,ﬂfo)a])h

IS (Mg s w(f0)0]) 01,7 frpvs)]

J{fg(M[UfO‘T(f())U])idDOXcofl 5
M[UfO»T(fo)a]

TS (Mo 7(£0)0)) 0507 (fo) o] (Mo 7 (f0)o))lo7]

diagram (i)
The following diagram is commutative by (1.3.9).

(IBIIVI)[p‘rl T f1Pr2]

(Mot 1) (1, 7 f1505] JS (Mg 7 (£0)0)) 50,7 F1572)

l(M[a’,T/])mDO X o f1 lfJ(M[ofO T (F0)ol)idpy X oy f1

(Mior 77104y 7(f0)o] S Moy 7 (10)0)) 10107 (fo)o]

1
(Ba)io 7 (Fo)ol
diagram (i74)

_ Define a natural transformation v : So — Dy, rf,5r, Dy 70 = (0',4dp, ), 71 = idp,, 72 = fo, then we have
B2y = w(o’, 7’5 fo, fo). Tt follows from (1.3.33) that

*
fO (M[fffovT(fO)ﬁ])[ﬂ'/,T/] w(o-,’Tl;‘f()’fO)lu[Uva7(f0)0]
Vg My, \
for T(fo)ol .
fo(

.l e Bi{["foﬂ'(fo)a]) .
T3 (6 (Mg s, 7(f0)o)) 11,7 f1505]) T (Mo, 7(f0)0) oo for'))

diagram (iv)

is commutative. Moreover, (1.3.31) implies that the following diagram is commutative.

(Ba)1o 211 N
(M[a"7T’])[U’,T’] fO (M[O'fo,‘r(fo)g])[a’n"]

LYM[G/'T/] Lyfé‘(M[afo,r(fwo])

N F5 ((BA) (g 7 £152])
F5(Migr 201, 7 frpry) —

T3 (S (Mo, 7 (f0)o]) (Br1 7 fr1512])
diagram (v)

The following diagram is commutative by the definition of éf and (1.3.9), (1.3.21).

*pf
fo (P(M,g))[c'/afl]

fg(M[UfoaT(fo)a])[U',T’] fg((Mag)f)[a/,T’]
lw(alﬁl’fmft))M[(,fvT(fom w(o' 7' forfo)ane
% f())k((P(‘f]u,g))[foa’,fOT’]) «
f (Mg 1, 7(f0)o) 100" for1) TS (ML) £) 1007 for)
lfa‘«M[afo,f(fwnfl) SO )
« f(}k((P(f]\L&))[a,T]) %
Jo (Mo, 7(£)0))o,r1) S5 (M, €) #)10,71)
lfgwafo,T(f())o,a,T(M))*l
fék (M[Ufoﬁrmﬁprﬂﬁzs]) fg (éf)
lfg(zwq,dl,oxco )

i fo (Pl o) .
fo (Mo 7(f0)01) - Jo(((M,€)f))

diagram (vi)
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Consider natural transformations w(e’;0’,7’) : S2 = Sp and w(idp, xc, f1:04,,7(f0)s) : Dye,rfrpr, — To-
Then, we have the following equalities.

a2 = Blw(gl ; UI’T/) w(idDo Xy fl 30 fos T(f0)0)7 = 51 = w((alﬁrla :u(fl Xy idcl) ) Ufo’T(fO)U)ao

It follows from (1.3.33) that the following diagrams are commutative.

fak (M[Ufo 7T(f0)0‘] )
diagram (vi)

M s 1

[o7,77] *
(M[O'/,T/])[O"7T/] ﬁM fO ((M[O'/J/])[lifrl,‘rfuﬁg])
H@,,ﬂ S lfg«M[(,/,q)mDo ‘g )

Fo (Mot 7)o" 5v1, (1 % iy D) .
L fo((M[a’,'r’])[vfoﬁ(fr))o])

fg«M[a’,T’])[U/ﬁrpT(fO)o(T’XCoidcl)])
diagram (viii)
We also have the following commutative diagrams by (1.3.31) and (1.3.9).

(M) (o1 711
M[a./ﬂ_/] (M[0/7T/])[(T/7T/]

la(;” la?“[o/m']
fo (M,

. o’ Br1 .7 (F0)e (7' X o idey DY) .
TS Migr5e, 7 (fo)o (v x cyides ) — J6((Mior 7)) 10750, 7 (fo)o (77 x ey )])

diagram (iz)

(Ms’)[a’p'rl T (f0)e (7! Xcgtdoy NI

Mg, 7 (fo)o (7' x 0y idesy )] (Mior 1) (0751, 7 (fo)o (7' x ey idey )]

J{M(UIP_TL w(f1xcgidcy)) l(M[U':T'])(U’P'Yl m(f1xegideg))
(Mo, (0o

Mg sy 7 (fo)a] (Mo 71l 1y, 7o)
diagram (z)

We put &5 = Por - (f5 (M, €)£)) sz (ar,6) 15)((€%)#)- Then, &7 is the following composition by (3.3.5).

UJ(O'/7T,§f07fO)(JVI,§)f o ((ME)g)py) ) fo 5)

fg((M7€)f)[U/,T'] fg(((M7€)f)[f00’,f0T’]) fO((( g) )[O’T fO((Maf)f)

We note that (idp,X ¢, 1) (0'pry, f1P1, Dra) = (6'Pry, 1u(f1 X oy ide, ) holds and recall that P(M ¢) s a coequal-

izer of M(U/ﬁrl,,u(fl Xcoidcl)) and §[0f077(f0)0]00/77/70f0,T(fo)a (M) We also have fO (A7\4'(U/p~r17 w(fr Xcoldcl)))a%/l = ﬂ}w
by (1.3.33). Therefore by the commutativity of diagrams (i) ~ (iz) and (3.5.7), we have

Er(f5 (Plye)arn)ior e = F5 (€0 F (M, €) ) 1,)w(0's 7 fo, fo)are) £ (Plhs.e)ior 1 (Ban) o7 o (Mer ) o 1
= 15 (Pl o)) 15 Miapy e i) 5 (Miorse, ey 523 £ Ot 7. 2 (010 (M) )
fo (M[a 1 idpy x oo f1) VM o (Mer)67,7)
=fs
f3

—1
0,6y Mo, 1 f1 x o idey ) 0o’ 70,05 7 (f0)o (M) 77)
(M, [0’ T’])(U Pry, i (lecoidcl)))a%/[[ , ,](Ma’)[a’ 7]

(Mg)fofon' (fo)o ])fO ((M[O' T’])(U pry, p (flxcozdcl))(M )(o”ﬁrl,T(fo)a(‘r’Xcoidcl))))a%/[

o, o811 ) I3 (Mo 1 (50101 Mo, w1 e, )00

(0 (EMe) o4 (1)) Fo (Mo, (i x cyider )00
(M,£) )5M fo (P Mg))aMf~

(
(
(P
(
(
(P,
(P
(P

fo
fo
fo
fo
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This shows that f (P Mg))O‘M M — f5((M,€)¢) defines a morphism (M, &) — (f5((M,€)¢), (f})f) of repre-
sentations of D. O

We put (n)are) = £ (Phy o)« M = fi(M.)y).

Remark 3.5.9 If p: (M,§) — (N,() is a morphism of representations of D, the following diagram is commu-
tative by (1.5.31) and the definition of ¢¢.

(nf)(M,E)

*pf
oy o (Pir,e))

M fS(M[UfO,T(fO) ]) fO( ) )

lﬂp fo (Plo gy, 7(s0)01) J{fo (ps)
o fo(PN )

N y £ (N ) S (N, Q)p)

0 050> T(fo)o]
W
Define a functor R : P — £ and a natural transformation x : U — R by R(0) = C; x¢, C1, R(1) = Cy,
R(Q) = Cl, R(’L) = C() (Z = 3,4,5), R(T()l) = prq, R(ng) = Pry, R(Tlg) = R(7‘24) =0, R(T14) = R(T25) =7 and

Ko = DPryz, k1 = (fo)o, k2 = idc,, k3 = fo, ka = K5 = idc,. We also define functors R; : @ — £ and natural
transformations x* : U; — R; for i = 0,1,2 by

Ro(0) = R(0) Ro(1)=R(3) Ro(2)=R(5) Ro(ro1)= R(m13701) Ro(702) = R(7T25T02)
Rl (0) = R(l) Rl(l) = R(3) R1(2) = R(4> R1(7'01) = R(Tlg) Rl(TOQ) = R(T14>
132(0) = R(g) R2(1)0= R(4) R2(2) = R(5) Ra(mo1) = R(724) Ro(702) = R(725)
Rg = Ro K1 = R3 Ry = Rs5 /Q(%:I*il H%:Hg H%:KA K%ZHQ ﬁ§=K4 H%:H5

Proposition 3.5.10 For an object N of Fc,, B% : f§ (N)[G'fo,’r(f())o] — Nio,7 defines a morphism of represen-

tations (fék(N)[afo,T(fo)a],#lf(ff)k(N))) — (N7}, i) under the assumption of (3.5.1) for M = f;(N) and the
assumption of (3.3.10) for M = N.

Proof. Since x? is the identity natural transformation and k' = 32, we have a commutative diagram below by
applying (1.3.34) to x : U — R.

0
KN

*
fO (N)[O'fo Pryo,TPryPrag) N[aprl,*rprz]

Jf’afo,r(fo)a,o,f(fa“(N)) Jed,m,,(z\r)

* (B}QV)[U,T]

(6 (Vo sq,7(f0)a) o) (Nig,r)) o1

We consider functors w(u;o,7) : Ry — Us and w(idp, Xcy p50£,7(fo)e) : Uy — T>. Then we have
w(p;o,7)KY = B2w(idp, Xy 1104, T(f0)o)- Hence it follows from (1.3.33) that the following diagram is com-
mutative.

0
KN

fék (N) [‘ng PTy2,TProPTa5) N[Uprl ,TPIo]
\
fg(N)mdDOXcou (w(u;U,T)HO)N:(B2w(idD0Xcou;afo,r(fo)a))N \LNM
* Bz \
I35 (N gy 7(f0)o = Nio.r)

Since fif(fo(N)) = f5(N)idpyxcounbosy.r(fo)omor (f5(N) ™ and jin = Nybo 70 (N)~, the commutativity of
the above diagrams implies that the following diagram is commutative.

(6 (Niosy. 7(s0)a)lorr] mlnt I (N oy, 7(50)0]
l(ﬁ?v)[aw] lﬁ?v
(Nio,m)i,7] - Nig,7]
Hence the assertion follows from (3.3.6). O
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Lemma 3.5.11 Let (M, €) and (N, () be representations of D and C, respectively. We put € = P (M) pr(€)
and ¢ = P, (N)n(C). For a morphism ¢ : (M,&) — f°(N, () of representations of D, the following diagram is
commutative if 05 7 57(N) : Niope, rpr,] = (No,7))[o,r] 15 an isomorphism.

Morse, n(f1 % ogidey)) PlogyT(f0)o]

Migrie,, 7(f0)o (v x cpide, )] Mgy ~(f0)e) = J6 (N)iogy. m(f0)0]
J/ea’ T/, 9 o T(f0)e (M) J{ﬂ?v
(Mior 7)) (047 (£0)o] Nigr]
J{é[ﬂ'foﬂ'(fo)a] Ji
Plofy>m(fodol B3 é
Mgy ~(f0)s) = J6(Niosy.(s0)0) = Niour] N
Proof. Since Py 7 (f5(N)) sz (n)(Cf) is a composition
w(o’,7"5f0,50) * Jo (Nygp) 15
fO( )[cf 7] —Ow>f0(N[foa/,fo'r’}) : - fO( JT]) — fO( )
by (3.3.5), the following diagram is commutative by (3.3.6).
M[O",T'] 5 M

l[”] Jcp

« w(e’, 7" ;fo,f0) % fo(Ngp) % o)
Fe(N)or 7y —000 s f5(Nifoor for]) ——— f§(Nigr)) ~= fa(N)

It follows from (1.3.31) that the following diagram is commutative.

BN

« o.7]
fO (N[O',T])[O'fo,T(fo)o] (N[U,T])[U,T]
lfo*(f)[ofg,f(fo)a] lé[m]
. Bi
FsMNiosg.7(fo)a) = Niowr)
Hence the following diagram (i) is commutative by (1.3.4), (1.3.9) and (1.3.21).

Plo gy 7(fo)o)

M[UfgvT(fO)d] fék(N)[UfovT(fO)ﬁ]

TMw'p'rl, n(f1% ogidey ) ng(N)(",ﬁrlv n(f1% ogidoy )
Plo’pr1, 7(f0)o (7! X o idcy )]
.
Migr5e,,7(f0)o (7' x oy ide, )] TSN (o750, 7(fo)o (7' % yide, )]
[0 7yt 0 109171000 U5 V)
(Plor 7)oy 7(f0)o]

(Mio )01 7(f0)s] (SN (o705, 7(F0)o]
lé[afo (F0)e] l(w(a/vf’ $f0.f0)N )l 5 7 (f0)o)
Mg, v(f0)o] TS (Nigoot for 11010, 7(F0)o]

ij[gfovT(fO)o] lfg(Nfl)[afo,T(fo)g]

; 15 Qo gy 7(F0)l
TSN o4y, 7(f0)0] :

fg(N[U,T])[UfO,T(fo)U]

2
J/ﬂN[o- 7]

/812\7 (Na'r] lo,7]

J/C[a ]

Nig,7)

diagram (7)
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Define a functor V : P — £ and a natural transformation A : T — V by V(0) = D; x¢, C1, V(1) = Dy,
V(2) = C1, V(i) = Co (i = 3,4,5), V(101) = pry, V(102) = Pro, V(113) = foo', V(114) = for', V(704) = 0,
V(T25) = 7 and )\0 = ileXcocl, /\1 = ile, )\2 = (fo)g, )\3 = /\4 = fo, )\5 = idco. We also define functors
Vi : @ = £ and natural transformations A\* : V; — T; for i = 0,1, 2 by

Vo(0) =V (0) W(1)=V(3) Vo(2)=V(5) Vo(ro1) =V(ris701) Vo(102) = V(725702)
Vi(0)=Vv(1) WV1)=V(@3) Vi(2)=V#) Vi(ro1) =V(73) Vi(7o2) = V(714)
V2(0) =V(2) Va(l)=V(4) V2(2)=V(5) Va(ro1) = V(724) Va(702) = V/(725)
A

=X M=X3 A=X M=Xx AM=X3 A=X\ X=X AN=) A=)\

Then, Vo = Us, A\ = w(o’,7"; fo, fo) and A\? = B2 and it follows from (1.3.34) that the following diagram is
commutative.

/\0
fO (N)[U/ISH,T(fo)a(T/XCOidcl )] N N[fOO' ﬁrl,Tﬁrzl
l&,/ og T(fo)a.(f[)(N)) 2, Os0r, 507" UT(N)\L
. ("7 5f0, fON) o gy rf0)0] Nigoo! for
(3 (N (o 7)) (64,7 (fo)o] 15 (Nigoor torloso (o)e] — " (Nigyor for) o]

Consider natural transformations w(u(f1 X ¢, idc, ) ;0,7) : Vo = Uz and w((o'pry, p(f1 Xcpide,)); 05y, T(fo)o)
To — To. Then, w(u(fi Xc, ide,);0,7)A° = B2w((0'pry, u(fi Xc, idey)); o4y, 7(fo)s) holds and the following
diagram is commutative by (1.3.33).

0

fo(N) d
[o'pry, 7(fo)o (T’ X ot )l (@1 X cido ) (77—))\ )N foo!pry,Tpr,]

l p(f1 Xcoldcl)

S (N o s, 7(f0)o] Nio,)

lfo )(o/Br1, w1 % g idcy )

Moreover, the following diagrams are commutative by (3.3.2) and (1.3.31), respectively.

Ny, ¢ (N, B?V[fo"’vfoﬂ"] N,
Niopr,rpry) = Nioig —= N f6(Nigo0r,for) oo 7 (f0)o] (Nifoo for))[o,7])
lﬁa,r,a,T(N) ) ¢ lfo Nto gy (e ]ﬁ l(Nfl)[a,T]
Clo7] " Nio,r]
(Nio,r o] —— Nio,r] Jo(NioDio sy r(f)s) = WNiorl)o,11)
Therefore the following diagram (i) is commutative
\ i N,
Jo (N 1y, 7(f0)a) [o,7]
Tfo (N)(o/pv1 11 % 0 iy )
* >‘O
fO (N)[U’pTrl,T(fO)g(T "X cyidoy )] ? N[foo pry,TPrs)
Jea/ o r e 5 ()
(5 (N) o 7Dl 5. 7(f0)o) 8100’ sor"or (V)
J/(w(o'/,lef07f0)N)[af0,7(f0)a.] Nu
* Nf1><coidc1 N
Jo (Nigoor forDio s r(f)el —m— Nifoo',for1)lov7] ¢
[f0<7 Jfor’]
lfo(Nfl [0 ()]
3 N{TT a' T
3 (Nigr)lo g, 7(50)s] N
-
GG,T,U,T(N)_l
(N[m])[m Niopr, rpr,]
= A
Niga] < N

diagram (i)
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By glueing the right edge of diagram (¢) and the left edge of diagram (i), the assertion follows. O

Recall that P( M) : My o 7(fo)e] (M, &) ¢ is a coequalizer of the following morphisms.

0 (M) Elo gy m(f0)ol

(Mg )0 s0,7(f0)e] — Moy, 7(f0)o]

(7",7",0f0 ,7(fo)o

Miors5e,,7(f0)o (7' x cyidey )]

M(”’ﬁrh n(f1 Xcgtdoy )

Miorse,,7(f0)o (7' x cidey )] Mo v(f0)s)

Hence there exists unique morphism ¢ : (M, &)y — N that satisfies goP(M 6 = 5/812VS0[Uf077'(f0)a]'

Proposition 3.5.12 Under the assumptions of (3.5.4) for M and the assumptions of (iv) and the first one of
(v) of (3.5.4) for f§(N), to: (M,€)f — N gives a morphism ((M,f)f,égc) — (N, ) of representations of C.

Proof. Tt follows from (3.3.10), (3.5.10) and (3.3.11) that éﬂ?\,@[gfo)T(fo)a] : Mig,, 7(fo),) = N gives a morphism

(M[afo,f(fo)”bulf(M)) — (N, ¢) of representations of C. Hence the outer rectangle of the following diagram is
commutative by (3.3.6).

t

Plo,
(M[UfO’T(fO)G])[U’T] ((M7 f) ) [o,7] > Ng' 7]

lﬂf(M) léf l(
pf t

(M,€) ©
Mg 7(f0)o] (M,6)f ——F—— N

f
(P(j\/[,g))[o',‘r]

Since (P(fM,g))[g,T] : (M[c,fo’f(fo)a])[c,’f] — ((M,£)§)o,] is an epimorphism and the left rectangle of the above

diagram is commutative by the definition of é £, the right rectangle of the above diagram is also commutative.
Thus the assertion follows from (3.3.6). |

For a morphism f : X — Y of £, we define a natural transformation w(f) : Diday idx — Didy.idy by
w(flo = w(f)1 = w(f)2 = f. Since tiay idy (M) € Fy(idy (M), idy (Mfiay iay1)) = Fy (M, M) is the identity
morphism of M € Fy, the following assertion is straightforward from the definition of w(f)a.

Proposition 3.5.13 For an object M of Fy, w(f)m : f*(M) = f*(M)jiax iax] — f*(Mpay idy)) = f*(M) is
the identity morphism of f*(M).

Proposition 3.5.14 For a morphism ¢ : (M,€) — (N, () of representations of D, the following composition
coincides with .

fo(LP

M 00, par g ) 25 gy

2 2 .
Proof. We note that compositions Sy ~— T B—) Uz and S2 = Diap, idp, ﬂ Didg, ide, M Us coincide.

Hence the following diagram is commutative by (reffcwp21) and (1.3.33).

Ctz * fg(P(f s )) *
M = 15 (Mg, 7(50).1) T fi(ML€))
L@ e lfJ(S@[UfO,T(ff))o])
* 0 * * * (t
fo(N) fo( O(N)[ofo,r(fo)g]) fo (e)
B2a?)y=(w(e;o,T)w
lw(fo)N ( )N =(w( Yw(fo)) N lfg(ﬁ?\,)
3 (N2) . £5(©) .
. f6(Niorp) . f3 (V)
Since w( fo)n is the identity morphism of f*(N) by (3.5.13) and N, is the identity morphism of N by (3.3.2),
the assertion follows. O

Lemma 3.5.15 For an object M of Fp,, a composition

2
2
(WM)[ofo,‘r(fo) ﬂM[UfOVT(.fo)o]

fup (M)
Mgy 7 (fo)] N (01027 (F0)o 1) [0 507 (fo) ]

(Mo sy 7 (f0)eDlonr] = Mioy 2(f0)0]

coincides with the identity morphism of Mg, 7(fo)ol-
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Proof. Define a functor W : P — £ and a natural transformation v : W — U by W(0) = W(2) = Dy X¢, C1,
W(Z) = Do (Z = 1,3,4), W(5) = Co, W(T()l) = Ufov W(Tog) = idDOXC(]Cl? W(T13) = W(T14) = idng W(T24) =
Tty W(T25) = 7(fo0)o and vg = (04,,€0(f0)o, (fo)s), v1 = (idDy, f0), v2 = (fo)o, V3 = idp,, V4 = fo, V5 = idc,.
We also define functors W; : Q@ — £ and natural transformations v* : W; — T; for ¢ = 0,1,2 by

Wo(0) =W(0) Wo(l)=W(3) Wu(2)=W(5) Wol(ror) = W(risto1) Wol(ro2) = W(72s5702)

Wl(()) = W(].) Wl(l) = W(3) W1(2) = W(4) Wl(T()l) = W(Tlg) Wl(Tog) = W(T14)

WQ(O) = W(?) Wg(].) = W(4) Wg(?) = W(5) WQ(TOl) = W(T24) WQ(TOQ) = W(’7'25)

1/8 =1 l/? = V3 Z/g = Vs Vg =1 vy =V3 Vy = V4 V02 = Vg V12 = V4 V% = V5.

Then, we have Wi = So, Wa = Ty, vt = o2, v? = % and v° = w((04,,20(f0)s, (fo)o); 0o Pr1a, TPTaPra3). 1t
follows from (1.3.34) and the definition of fiz(M) that the following diagram is commutative.

u Mo g .c0(50)a:(F0)o) Mo - B
[Ufg ,7(fo)o] [Ufo PTy2,TPraPras]

. Miap, XCg M
GidDo’idDo*"fo’(fU)a(M):ZdM[f’foﬂ(fo)a] eg‘fo'(f())crf”’T(M)‘ .

(@30 4 7 (F0)o] . /ﬁ”[of 7 (f0)ol figp (M)
Moy +(f0)0] —————— (s Mgy, +(50)e))los0 7 (Fo)e] ———— (Mig s 2(5o)aDlor] ——— Moy, (fo)]

. . . b f o o d . . .
Since a composition Dy x¢, C1 (010, €0(f0)o, (o)) Dy x¢, C1 xX¢, C1 2eDoXCoH, Dy x¢, C is the identity
morphism of Dy x ¢, C1, the assertion follows from the commutativity of the above diagram and (1.3.7). O

Under the assumptions of (3.5.4) for M and the assumptions of (iv) and the first one of (v) of (3.5.4) for
fE(N), we define a map

ad(y 5] : Rep(C; F) (M, €)5,€5), (N,)) = Rep(D; F)((M, €), £*(N, <))
by ad{y &) (1) = f5()(ng) (ar.e)-
Proposition 3.5.16 adE%’g is bijective.
Proof. We show that a map ® : Rep(D; F)((M,¢), f*(N,¢)) — Rep(C; F)(((M.&)¢,£%), (N,()) defined by

B(p) = by is the inverse of adé%jf)) ad(%gfb is the identity map of Rep(D ; F)((M, &), f*(N,()) by (3.5.14).

For ¢ € Rep(C'; F)(((M, §)f,§§e), (N,()), we put ¢ = adEANJ’f)) (1). The following diagram is commutative by
(1.3.4), (1.3.31), (3.3.6) and the definition of ;.

* f
fo (wP(M,E))[UfO ;7 (fo)ol

Js (Mg 7 (f0)0) 10 107 (fo)o] SN (o4 (1))

lﬁfw g ) o I
(M,g)/lo:7]
(Mo (s < o] Nio,7

our Vo, 7]
.uf(M) w l@
M[‘Tfo ,7(fo)o] M; g)f)[O',T]
w) J¢ /
f

(M, &5

Hence we have the following equalities by the commutativity of the above diagram and (3.5.15).

CBR Py (o)) = CBRSG ) 010 710101 (M8 (01,6) o5 o7 (fo) o]
= (B 5 () afo 01l 3 Pl ) o107 0101 (O30 (f0),)
= (BT (WPh s )00 (0101 (O30 05 7 (o))
= 1/)P(M,§)Nf( )ﬁM[(,foyf(fO)a](a?w)[afoﬂ—(fo)a} = @bP(j;ng)
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Since we also have E/BIZV‘P[afO,T(fo),] to P(M ¢) by the definition of tp, it follows that ®(p) = ' = ¢ which

implies that @adé%’f)) is the identity map of Rep(C ; F)(((M, &) ¢, §f), (N, Q). |

Definition 3.5.17 For a representation (M,€) of D, we call ((M,§)f,§}) the left induced representation of
(M, &) by f: D —C.

The following fact is straightforward from (3.5.9).

Proposition 3.5.18 The following diagrams are commutative for a morphism ¢ : (L, x) — (M, &) of Rep(D; F)
and a morphism v : (N,¢) — (P, p) of Rep(C; F).

(M, &)

Rep(C: F)(M. €)1, €4), (N.0)) — X9, Rep(D; F) (M, ), £*(N. )

lw} lw*
ad(L X))

Rep(C'; F)(((L, X) £, X5), (N, ) ——==— Rep(D; F)((L,x), f* (N, ()

Rep(C; F)(((M. &) 5. 6), (N, C)) e, Rep(D; F)((M, ), f*(N, ()

lw* lf‘(um
ad (M)

Rep(C; F)(((M,€)£,£%), (P.p)) — 00 Rep(D; F)(M. €). £(P.p))

3.6 Construction of right induced representations

Let p : F — &€ be a normalized cloven fibered category. For morphisms f: X — Y, ¢g: X — Z of £ and an
object N of Fz, we assume that (f,g) is a right fibered representable pair with respect to N if necessary.

Let C = (Cy,Ch;0,7,e, 1) and D = (Dy, D1;0’,7',¢', ') be internal categories in €. For an internal functor
f=_(fo,f1): D — C in &, we consider the following diagram whose rectangles are all cartesian.

(Pra, Pr3) X o idpg Pro X ot

idpg Tfo
Cl XCO Cl XCO C1 XCO D() Cl XCO Cl XCO DO _— Cl XCO DO e DO

J/(fo)‘rprz(pxg,prs) l(f())rprz l(fO)T lfo

Oy xcy C1 Xy Ci (Pra. Pry) Oy %y C1 ra G —T G
[ [
1 T Co

Diagram 3.6.1

We set progy = (Pry,Pry) Xc, idp,, Prag = Pry X, idpy, Prigg = (fO)TprQ(pr27pr3)7 pris = (fo)rpr, and prog =
(pry, pry) for simplicity. Since p X ¢, idp, = (Pr19, T, Praz), We have o(fo)- (1 X ¢, idp,) = oupPr19 = OPriPriy
and 77, (1t Xc, idp,) = Tj,Praz. Let N be an object of Fp,. If §770Uo)r7r(N) : (Nlofo)r mrolyler] —
NIoPriPi2, TioPras] js an isomorphism, we define a morphism jiy(N) : NleUo)r: sl — (Nlo(fo)r 7ol )le7] £ be the
following composition.

N”XCOidDO anT,U(fO)TvaO (N)—l

N[”(fo)r 7"'f0] N[‘T(fo)r (1X cgidpg )ﬂ'fo (1Xcgidpg )] :N[UPT1 Pri2;Tf Pras]

(N[U(fo)r,Tfo])[fT»T]

We consider the following commutative diagram.

(o5} XCq Cq Xcp Cq X g Po

C1 Xy C1 X C1 C1 Xgy €1 Xy Po

ywkyw)

Cq XCq Cq Cq Xcp Cq Cq X Dy

CIV \ / \ V QADO
00/ \ / \CO/

Diagram 3.6.2
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Proposition 3.6.1 Assume that that §770(o)=7s0 (N) : (NoUo)r, ro]ylor]  Nloprivriz,soPrasl s an isomor-
phzsm and that eﬂpl‘l,Tpl‘Q,o'(fo)T,TfO (N) : (N[”(fﬂ)ﬂ'vTfo])[o'prlvar2] — N[o-prlpr12ﬁr12317'f0ﬁr23ﬁr234] 1S 4 Mmonomor-
phzsm We put M"}(N) = Eo.ﬂ_(N[U(fO)‘ryTfo])]_v%g(fo)‘r"rfol(ﬂf(N)) . U*(N[U(fo)ﬂ'y TfD]) — T*(N[U(fg)"'77-f0]), Then;

(N[‘T(fo)“TfO],u}(N)) is a representation of C.

Proof. It follows from (1.4.21) that the following diagram is commutative.

N#XCoidDg g7 o o)m o (N1

N[U(fO)Tvao] N[O’prlﬁl‘12,‘f'f0§1‘23] N[U(fO)Tvao] [0'77—]
( )

id -
N JNSXCO Clxc’oDO ) l(N[a(fo)T, fo])g
id [o(f0)r. 7g,] Ooerein(fore g (N)™

Nl (f0)r7s,) (NloUo). mrol)oeire]

Hence a composition N7(fo):7s] LEIGIN (Nlelfo)r mso ]y

coincides with the identity morphism of N(fo)=>7s0],
Note that we have the following equalities.

[o(fo)rs 7o 1Ne
o) W20 (NloWo)r mroyloere) — Nlo(o)r o)

OPrIPrigPrigy = 0PI Prig(p X ¢y ido, X ¢ idp,) = opriprig(ide, X ¢y 1 X ¢y idp,)
TfoProgProzy = Tf0p~1'23([1, X ¢y tdcy Xy 7;dDo) = Tfo§r23(idco XCo M XCo idDo)
oprpryy = o(fo)r (1t Xy idp,)
7—fop~r23 = Tfo (;U' X Co Z.dDo)
It follows from (2) of (1.4.7), (1.4.21) and (1.4.25) that the following diagram commutes.

N“XCDidDD GUYTia(fO)TYTfO (N)

N[U(fO)‘ﬂTf()]

JN”XCOidDO lN“'XCOid’COXCUidDO (N[G(fO)TvaO])NJ/

N[O'prl PT12,Tfy Prag)

(N[U(fﬂ)‘rﬂ-fo])[aﬂ—]

idggX Co X CidDyg goPr1:7Pr2,9(fo)T T (N)

N[UPrl Pr12,7f Pras] NV N[UPY1PT12 DPT123,7 fo Pr2gPragal

(N[U(fo)‘rv‘rfo] )[Uprwprz]

TQU»“',U(fO)T,TfO(N) TOUJ',UPIlP_leVTfOP_rZQS(N) eg,T,UTT(N[a(f())T,TfO])T

(N,uxcoidpo)[o,w] 9o (o), (N)le]

(N[(T(f[))7—77-f0])[0'77—] (N[Uprlﬁrlzv"—foﬁrzs])[‘777—]

((N[o'(fo)‘rv‘rfo])[‘777—])[‘777—]

Thus the following diagram commutes.

NleGo)r sl F#N) o Nlo(fo)r, o)) lo7] _ aT (Nleo)r 7] o7 7]

ﬂf(N) - J/G(’,T,G‘,T(N[”(fo)q—‘ Tfo])
(N 7 O)T’Tfo])u
(N[U(fO)T,Tfo])[O',T] B AN (N[o—(fo),,rfo])[gprl,-,—prz]

and fi(IV) satisfies the conditions of (3.4.2). O

Proposition 3.6.2 Let ¢ : M — N be a morphisms in Fp,. Assume that that the following upper morphism
is an isomorphism and that the lower morphism is a monomorphism for L = M, N.

00‘,T,0‘(f0)1—,7'f0 (L) : (L[U(fO)TﬂTfo])[avT] — L[Upr1§r1277f0§r23]

QUPrlvTPr%U(fO)m Tfo (L) (L[U(fo)m Tfo])[aprlaTPTQ] - L[UPT1PT12P~T12377'fop~r23P~T234}

Then, @lo(fo)r> 75l (M[“(fU)T’TfO],u’}(M)) — (N["(f")T’Tfo],,u}(N)) is a morphism of representations of C.

Proof. The following diagram is commutative by (1.4.9) and (1.4.21).

] MHXCoiDg g7 0T o (a) =1
e —_—

M[‘T(fo)rvao M[Upr1ﬁT1277fo Prag)

J{Lp[a(fo)-rv‘ffo] J{Lplvpl'lﬁnzv‘ffoﬁrzs] J{(so[g(fo)ﬁffol)[”’r]
9o o (fo)TTsy (N)~1

(M[o-(fo)Ta Tfo])[avT]

NHXCoteDg
4>.

N[U(fO)T’ Tfo]

N[Uprl PT12,Tfy Prag)

(N[U(fO)T» Tfo])[U)T]
Hence the assertion follows from (3.4.6). O

We consider the following cartesian square.
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PTy
Cl Xy Dl _— Dl

J{PNYl J{foa/

C, ————— ()

There exists unique morphisms idc, X ¢,0’ : C1 X, D1 — C1X ¢, Do and ide, X, f1: C1 X0y D1 — C1 %X ¢, C1 that
satisfy 7y, (idc, Xc, 0') = 0'pry, (fo)r(ide, X, 0) = pry and pry (ide, Xc, f1) = Py, pra(ide, Xc, f1) = fiPrs.

Cl X Co D, pry Cl Xy Dy pry
\\\\ idcl><coo'/ \\\\ idcl Xcof1
T Ty
- (fO)‘r - pr
pry Cl X Co DO —_— Cl pro Cl Xy Cl 41> Cl
ek [
/ f f
D, z Dy - Co Dy - 4 - Co

We note that the following diagrams are cartesian.

ido, X oo’ idcy X f1
Ci x¢y, D1 Ci x¢y Do Ci x¢y, D1 Ci x¢, C1
lpﬁb le 0 lﬁrz lpr2
o’ f1
D, Dy D, Ch

Since Tu(ide, Xc, f1) = Tpry(ide, Xc, f1) = Tf1Pry = foT'Pry, there exists unique morphism
(,Ll,(idcl Xy fl),T/p~I'2) : C1 Xy D1 — Cl Xy Do
that satisfies 74, (1(idc, X¢, f1),7'Pry) = 7'pry and (fo)-(p(ide, X, f1), 7'Pre) = plide, X¢, fi). Hence we
have
U(fO)T(:u(idCH Xy f1)7Tlﬁr2) = O-M(idcﬁ X Co fl) = Uprl(idcl Xy fl) = Up}l = O'(fO)T(idCH Xy OJ)'

We also consider the following cartesian square.

pry
Cl XCy Cl X Co D1 — Cl

e |

opry
D1 XCO Cl R — CO

Assumption 3.6.3 For a representation (N,¢) of D, we put ¢ = Eyr./(N)y : N — N1 We assume the
following.

(1) An equalizer of the following morphisms in Fc, exists.

2l (fo)r T a(fo)r gy 0!
NloGo) syl ST ot oo rrsg) 27T T T (D (o) Gidey X0

N{(BGdoy X o F1).7'Br2)

Nlo(Fo)r7r] Nlo(fo)r (ulidey X oy f1),7'Prs), 7oy (mlidoy X oo f1),7'Pra)] — pylo(fo)r(idoy X cyo’),7'pry]

(ii) Let us denote by E(fN o (N, O)f — Nlelo)rTr0l an equalizer of the above morphisms. Then

(B

N c))[U’T] (N, Ol (Wlolo)r sl len]

is an equalizer of the following morphisms.

zlo(fo)r mry N[0T o (fo)r Ty .0 ! o,
(VoG sy lyfor] CTTTONOT ot o (o) gyl ST 0T (o) e xcga')or ] o]

] (Nwwcl Xcq f1)rr’p"r2))[a-,f]

(N[o'(fO)Tvao])[o'vT (N[a(fD)T(idcl XCOU/)vT/ﬁr2])[O'77—]

(#i1) The following map is injective.

()" (Bly 0)), # Forxeyer (0m) (N, OF), (r)* (N, O)F) = Fouxgyen ((om)* (N, O)F), (r)* (N7 ms0l))
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(“}) 9‘777'70'(]00)7'7770 (N) . (N[U(f())fvao])[UvT] — N[a’pr1p~r12,7'f015r23] S an isomorphism.
(v) The following morphisms are monomorphisms.

QUPH»TPrz»U(fO)T»Tfo (N) . (N[U(fo)m"'fo])['fprp’fprz] — N[UPT1PY12P~1”123""fop~r23p~r234]

GU,T,U(fo)T(’idcl Xcq '), pry (N) . (N[U(f0)7(idcl XCOU'),T'§r2])[o’,T] N ]\7[‘:7pr1p§r12(idc1 X cgidey Xcq o"),T'p~r2p_r23]
The following diagram commutes.

Pris Prag
Cl Xy Cl — Cl Xy Cl Xy D() e Cl Xy DO

lﬂ l"x Cotdpg leo

Cl (fO)T Cl XCO DO Tfo DO

Hence we have oprpriy = oupriy = o(fo)- (it Xc, 9dp,) and 75, Prag = T, (U Xy 1dD, )-
Consider the following diagram whose rhombuses are all cartesian.

Ch1 x¢y, C1 Xy D1

Cl Xy Cl XCo DO Cl XCo D1
py & ido, V Xr:
C Cl X Co DO D1
’
o

1
CO CO D 0 D

It follows from (1.4.25) that

0

i

0""7>‘7(f0)7'y7'f0 (N[a T ])

((N[O'/77—’])[o'(f0)7-77'f0])[G',T] (N[UI,T’])[Uprlﬁrlzv"'foﬁr%]

J{ea(‘fo)r,rfo ol ! (N)[o] J{eﬂprlﬁrIZ,TfOp“rQS,a/,T/ (N)

om0 (fo)r (idoy X oo’ )7 Bra s - . -
0 (V) N[aprlprlz(zdclXcozdclxcoa'),fr'perrR]

(N[O’(fo)f(idcl X 0’),7"]51‘2])[0',7']

is commutative. The following diagrams are commutative by (1.4.21), (1.4.19), (1.4.9), respectively.

(N[G’»T'])“XCOMDO

(N[U/’T/])[G(fﬂ)‘rﬂ-fo]

(N["" 7] ) [opriPr12,71, Pras)

(f ) ’ ! ~ =~ ! ’
97T T 7T Ny QOPTIPTI2:T fg PT23.0T T Ay

NHXCpidDy

Nlo(fo)r(ide, Xcyo'),m'Pry] N lopripriy(idey Xcogide, X 0" ), T Pryprag]

o7 o )1 ()

(Nl (o) sl lovr]

l(f["(f(’)"'"rfol)[ﬂy‘r] lé[“l“ufnszoﬁrz?,]
g o fo)T Ty (N[a’;'])

N[UPH PTi2,7Tfy Prag)

((N[U/)T/])[U(fO)Tano])[UvT]

(N[U/ '] ) [oPryPTy2,7 1o Pras)

NM X Cp idDO

N[U(fl))‘r"rfo]
J/é’[”(fo)Tﬁ'fo] l&[opnﬁrlszoﬁr'zs]

(Nle" 7" lyrx coidng

N[Uprl PT12,Tfy Prag]

(NI 1) loo)r7s,] (N1 opriBtrs 7y B

The associativity of p implies that a diagram

HXcyidp,
Cl X Co Cl Xy D1 Cl X Co D1
J{idcl X oo ((ideyX oy f1), 7'Pry) J{(#(idclxco f1), 7'pry)
1Xcoidp
Cl Xy Cl X Co Do 01 Xy DO
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is commutative. Hence the following diagram is commutative by (1.4.7).

NMXCOidDO

N["’(fo)r""fo] N[Uprlﬁr1217foﬁr23]
leudclxco 107" 5r2) lecl X G (1(idoy X 6 1107/ Br2)

NHXCoidDy

Nlo(fo)+(ide, xc o'),7'pry] Nlopripryy(ide; Xogide, X o), T/ Praopraog)
Moreover, it follows from (1.4.21) that the following diagram commutes.

o, 7,0(fo)r,T
0 fo(N - -
() N[oPriPri5,74; Pras]

(N[U(fo)ano])[UvT]

J(N(u(idclxco £1):7/502) 0,71 J{Nidcl X o ((idoy X og £1),7'Br2)

aa,ﬁc'(fo)-r(idcl Xcp o), 7/ pry (N)

(N[o’(fo),—(idcl XC’QOJ)’T/I;IE])[U#T]

N[aprlﬁru(idcl X cgidey X coo'), T'p~r2p_r23}

Since E(fN,C) is an equalizer of §7(/0)7:7s0-7" 7" (N)(le(fo)m 70l and N(#ider<co f):7'Pr2) e have
om0 (fo)r(ide, Xcgo'),7'pry (N)(QU(fO)mTfo’”/’T/ (N)CV[U(fO)”TfO])[U’T]ﬂf (N)E(fN,g)
_ gormofo)-(ido, Xcoo')i7' Bt (N)eo-(fo)T’TfO’UI’T/(N)[O',T] (é[g(f0)7)7f0])[U,T]egyT)U(fO)Tny() (N)leMXcoidDo E(fN,C)
_ Haprlﬁrw,rfo;;r%,a’,r’(N)Cv[aprlﬁru,rfg Bras] \THX o idDg E(fN,C)
— QOPTIT15 T Brag.0’ T (N) (N[a-/7T,])H><COidD(J C'[a(fo)r,ffo]E{N,O
= N#xcotdoagololemio o T (Nl TRl Bl ) = N#xeotde Nnlideeo TP B

_ Nidcl X ¢ (r(idoy X ¢ fl),T/pYQ)NuXooidDo E{N 0

= Niderxeo(ulidoyxco h)mora) gomotolemso (N)ji g (N) Bl

= 9770 (Jo)ridey X 0o @), 7'Bra () (N (H(ider X e fl)ﬂ'/ﬁrz))[J7T]ﬂf(N)E{N7<).
Therefore, it follows from the assumption (v) of (3.6.3) that we have

(om0 T (N) ) e (N) By ) = (Neeo el (N B o).

Hence (i) of (3.6.3) implies that there exists unique morphism (f : (N,()¥ — ((NV,¢)F)7] that satisfies
(E(fN,g))[a’T]Cf = ﬂf(N)E(fJ\Lgy We put C} = EU,T((Nv C)f)(_j\},g)f@f) : U*((N7 O’f - T*((N7 C)f)

Proposition 3.6.4 ((N, C)f,C}) is a representation of C and E(fN o ((N, g)f,g;) — (N[”(fO)T’Tfo],,u}(N)) is
a morphism of representations of C'.

Proof. It follows from (3.4.5) that (E(fN O)["’T]C} = ,af(N)E(fN ¢y implies the commutativity of the following

diagram.

(N, O)F) ——F s 7+ (N,0)F)

l"*(E{N,o) lT*(E{N,o)
o* (Noorioly 0 Nlotodr o))
Hence the assertion follows from (ii3) of (3.6.3) and (1) of (3.1.5). O

We assume (3.6.3) also for a representation (M,£) of D. Let ¢ : (M,£) — (N,() be a morphism of
representations of D. The following diagrams are commutative by (1.4.21), (1.4.4) and (1.4.9).

o (fo)roms,)
Mlo(fo)mge) & 770 (Mo Tyl (o)ro710)
Jga[a(fo)mff(,] l(w[,,/,.,./])[o(fo),.,rfo] J/(P[U(fo)‘r(idclXCOUI),T,I-;rQ]

loUorrms,)

6700710 (o)

Mo (fo)r(idc, xcyo'),m'Pra]

c(fo) 7T 0
Nlofo)r. r] (N1 7)o (fo)rmso) 2 OO TN Nlo(fo)r (idey Xy’ ),rBr)
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M (rtidey X o f1),7'Bra)

Mlo(fo)z,75) Mlo(fo)r(idey xcpo’),m'brs]

}g[o(fo)mrfo] lw["“o”(mcl X g’ ) pra)

(n(idc, X o F1).7'Pra) ; 5
NPT T Nlo(fo)r (idey Xcp )7 bra)

N[U(f0)77 Tf()]

Hence there exists unique morphism ¢f : (M, &) — (N,¢)f that satisfies E{N@g&f = Q[”(fU)T’Tfo]E{M@.
Proposition 3.6.5 ¢f : (M, f)f,fgc) — ((N, C)’:(;) is a morphism of representations of C.

Proof. Tt follows from (3.6.2) that the inner rectangle of the following diagram is commutative.

s

(M, &)7 (M, &)F)lm]

F f [o,7]
\EJ(]M)g) (E(Myg))/

Mlot)r o] BTy plo(fo)r, s o]

o ploo)T 75o] J/(Sa[ﬂ(fo)r""fo])[o,‘r] (oF)lo]
Nlo(Go)r7s5) 2N o (fo)r o] )lov7]
E{N/! ( )WG,T]
(N,0)f “ (N, Q)]

Then, by the definitions of &7, {5 and ¥, we have

(Ely ) s0? = g (N)Bly 07 = g (N)l7Um Bl o = (oo oo () B
= (plotfo)r: Troly o] (E(fM,g))[g’T]gf = (E(fN,O)[”’T]ff(gaf)[”(f")“Tfo].

Since (E(fN O)[‘”] is an epimorphism by (i7) of (3.6.3), the above equality implies {fpf = (pf)[@71¢;. Therefore
©¥ is a morphism of representations of D by (3.4.5). O

Define functors S, T,U : P — £ and natural transformations o : S — T, 8: T — U as follows.

S(0)=D, S(1)=Dy 5(2)=D, S(3)=Dy  S(4)=Dy S(5)=Dy
S(T()l):o’/ S(TOQ):ile S(Tlg):idpo S(T14):idD0 5(7'24):0'/ 5(7—25):7—'
T(O) :Cl X Co D1 T(l) ZCl X Co DQ T(2) :D]_ T(3) :C() T(4) :D() T(5) :DO
T(T(n):idcl XCOO'/ T(TOQ):§r2 T(7’13):O'(f0)-r T(T14)=Tfo T(T24):0'/ T(7'25):T/
U(O)ch xcoCl XCODO U(l)zC’l U(2)=O1 XCODO U(3):CO U(4)=OO U(5):DQ
U(7o1) =pripryy U(702) =pras U(nis)=o Ulra)=7  Ulra)=0(fo)r Ulmas)=1y,
ag = (fre'o’,idp, ) a1 = (fie',idp,) a2 =idp, as = fo oy = idp, as = idp,
Bo=(Pry, fipra, 7'Pry)  Bi=(fo)r B2=(f1,7") Bz =idc, Ba=fo Bs =1dp,
Hence if we define functors S;,T;,U; : Q@ — & for : = 0,1,2 by

SO(O) = S(O) So(l) eSS 5(3) S0(2) ES 5(5) So(T()l) = 5(7'137'01) So(TOQ) = S(T25T02)

T5(0) =7(0) To(1)=T(13) To(2)=T(5) To(ro1) =T (r13701) To(r02) = T(725T02)

Up(0) =U(0) Uo(1)=U(3) Up(2)=U(5) Us(ro1) =U(m13701) Uo(02) = U(725702)

51(0) = S(l) 81(1) = 5(3) 31(2) = 5(4) Sl(T()l) = S(Tlg) 51(7'02) = S(T14)

Tl (0) = T(l) Tl(].) = T(g) T1 (2) = T(4) T1 (7'01) = T(Tlg) Tl (TOQ) = T(T14)

Ul(O):U(l) Ul(l):U(?)) U1(2):U(4) Ul(T()l):U(Tlg) Ul(TOQ):U(7'14)

SQ(O) = 5(2) 52(1) = 5(4) 52(2) = 5(5) SQ(TOl) = 5(7'24) SQ(TOQ) == S(T25)

TQ(O) = T(2) Tg(l) = T(4) T2(2) = T(5) Tg(TOl) = T(7'24) TQ(TOQ) = T(T25)

UQ(O) = U(2) Ug(l) = U(4) U2(2) = U(5) UQ(T()l) = U(T24) UQ(TOQ) = U(T25)

and natural transformations o' : S; — Tj, 8° : T; — U; for i = 0,1,2 by
0_ 0_ 0_ 1_ 1_ 1_ 2 _ 2 _ 2 _
Qg = ] = Q3 Qg = Q5 Qg = ] = Qa3 Q5 = Qg Qp = (2 ] = 0y a5 = (s,

Bl=B Bi=ps B3=PB Bo=p Bi=08 PBi=ps Bi=0 BI=p5 Pi=0s,
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then we have S() = SQ = TQ, U2 = Tl.
We note that w(k; f,9)N = N* : NIf9l — NUFIE for morphisms f: X =Y, g: X = Zand k: W — X
of £ and N € Ob Fz by (1.4.29).

Lemma 3.6.6 For a representation (N, () of D, the following diagram is commutative.

«(pf
fo (Bin,¢)) f(’)k(N[U(fO)T’TfO]) o \lidpg idp,]

f (N, OF)

lfS‘(E(fN,O)
BN ¢

fE(NloWo)rmply — 2 Nl 7l 5 N

Proof. The following diagram is commutative by the definition of E(fN o

Ely.o
(N, ¢)f ' Nlo(fo)r 75,

lE(fl\UC) lN(“’(idcl ><Cof1):"'l15r2)

N[O-(f())ﬂ'»"—fo]

E[U(fo)'ra"'fo] eﬂ(f'o)f,rfoyg/)T/(N)

(N[U/ﬂ'/])[”(fo)rﬂ'fo] Nlo(fo)r(idey Xcgo'), 7' bra]

It follows from (1.4.33) that the following diagram is commutative.

i

(o ] lidp idp, ]
fE)k((N[UlvT/])[U(fO)T’Tfo]) L (N[g’,q—’])[idpmidpo] ((y2N) Dg*“Dg (N[U/,T/])[idDO,idDo]
\Lfg (QU(fU)T’Tfo 10/_’7_/ (N)) J/eal’Tl’idDU ,idDO (N)
f2 (NI Uo)ridey Xy /5ol " N1, idp, ']

We note that 677 po-idpo (N} and (a2N)[idpy:idpol are the identity morphism of N7 by (1.4.26) and the
definition of o"V. Therefore the following diagram commutes by the commutativity of the above diagrams and
(1.4.31).

BN )

f3 (N, 0)7) F2 (N0 75y
lf&(E{N,O) fo v (rtidoy Xcofl)f’p"rz))l

o T N T ,o',,r/
s @e o so]) 70750 (V)

fe (N[U(f())'m TfO]) fe ((N[UIvTI])[U(fO)TquO])

’ ’
, ON
QN Lxlzv[v '] « l
o7l idp,

1idp =1 ’ o
N N[U/,T/] 0 0(N)= dN[U ,7'] N[a/,’r/]

fi (NToUo)r (idey xcgo) ' sraly

We put 3 = w((u(ide, xcy f1), 7'DPra) ;0(fo)r, Tfy) : To — Th. Then, 32 = Ba® holds. It follows from (1.4.32)
that the following diagram is commutative.

Fr(NIo0)e 750y 15 (B™) F3 (NloUo)-(ide, xcqo").7'pra i Nl
J{Cidco o (N[c'(fo)-rﬂ'fo]) — idN[”(fo)T>7'fo] Cidpy vid (N)[g’,T'] = idN[”/""l]J/
fa‘(N["(fO)“Tfo]) B2N =(Ga®)N N["/’T/}

Since BN = w((/jf(ldfh Xy f1),7"§f2);0(f0)r,7'f0)N = N(“(idclxcofl)’7/§r2) by (1429), we have

CalN i (Bl ) = o f (N Glerxeaf) 0 fo (Bl ) = aON g5 (BY) f5 (Bl o) = 62V £ (B o).

Proposition 3.6.7 A composition

f
(E{n,c))
BTN

£
Fo((N.OF)
defines a morphism (fi((N,()¥), ((})f) — (N, ) of representations of D.

FE(Nloo)rs o) oM Nlidpg,idpy] —
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Proof. By applying (1.4.33) to 8 : P — &£, we see that the following diagram (7) is commutative.

e o)) lo(fo)rsms]
(NloUo)rmso]y o] RN Fi (N0l 7)o o) 7se] (g2N) 7T o (N1 71l o) 5]
J/GU,T,U(fo)T,TfO (N) aﬂ(fo)rﬁfoq’j/(N)l

ON _ pp(Br1,f1Pra,7 Pra) . -
BT =N N[U(fo)r(ldclXCOUI),T/pb]

N[Upfl PIy2,7 o Pras)
diagram (7)

Let D, L Dy x¢, Do RN Dg be a limit of a diagram D1 i> Co <ﬁ Dy. Define a natural transformation
BY : Dofypr, v, — Doprrpy by B3 = Pry, Bi = idc,, B3 = fo. We also consider natural transformations
w(f1 Xcy 1Dy ;0(fo)rsThe) © Dofipr, prs = Do(fo)sry, = 11 and w(f150,7) 2 Doy rpy — Do = Ur. Then, we
have w(f1;0,7)B' = Blw(fi X, idp, ;0(fo)r,Tf,) and it follows from (1.4.32) that the following diagram (ii)
is commutative.

inleo)r Tyl

f(’)k(N[U(fO)Tvao])[U(fO)Tvao]

Nletfo)r.mggl

(N[U(fD)Tvao])[U’T]
(w(f1;0,m)B")

l(wao)T,rfo]),fl
BlN[U(fo)r,TfU]

(NloGo)r Tio]ylof1,7 1] F(Nlo(o)rmso]y[o f1pr1 B

lfg(N[cv(fo)T,TfO])fl X 0gidpg

diagram (i)
The following diagram is commutative by (1.4.9).

(ﬁ2N)[0(fo)mTf0]

*(No (o)) Yo (fo)r 7] NI 1) o(fo)r 1]
fo ) ( )

J(fJ(N[U(fo)—rnyo])fl Xcg Dy J/(N[U/,T/])fl XcoidDg

(52N)[Uf1p"r1,p“r2]

* N[U(fo)fv‘rfo] [UflpArl’I;rZ] N[U,rTI] [o'flpArlrpArz]
f3( ) ( )
diagram (i77)
 Define a natural transformation v : So = Do f,pr, pr, DY 70 = (idp,,7), v1 = fo, ¥2 = idp,, then we have
Bry = w(o’, 7’5 fo, fo). Tt follows from (1.4.32) that

PR AR
0

fak((N[U(fO)Tvao])[Uflﬂ'fl]) ) fg(fa«(N[a(fo)f,rfo])[oflp”rl,ﬁrz])

w00 Tyl
fgN o))
CIED B b
w(o’ 7’5 fo,fo)

fék(N[U(fo)ﬁTfo])[U”T’]
diagram (iv)
is commutative. Moreover, (1.4.31) implies that the following diagram is commutative.

fg((B2N)[Uf1pAr1,Ifr2])

f5 (5 (NoUo)mmrol)lo fipra,pral) FE((N1 7o fapy pea])

J:Yfé(N[U(fo)'rvao]> bN[o/,Tq

(/BZN)[G,’T,] N[U/,T'] [o/,7]
( )

fék (N[U(fo)fvao])[U/)T/]

diagram (v)

The following diagram is commutative by the definition of éf and (1.4.9), (1.4.21).
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f5(EL o)

fo(((N,O)T) fo(NloUo)rmr))
15 () fg(N[ﬂprlﬁrlwfoﬁrzg])

lfJ(ﬂ‘”“’“O”‘fo (N))~*
f3 (NGl o))

lfg((N[g(fo)"'”'fo])fl)
Fo((N1oUo)rms)) oo’ for']y

fe (Bl

fo (N, ) )l
|z onm

FE(((N, €)Y Uoe" Sor'h)
J{w(a'ﬁ’,fmfo)m’g)f
f(N,OF)le ]

* o’ for!
fO((E{N)C))[fO ’jo ])

NICE P

Lu(a',r/,fo,fo)

*f [o/, 7]
fO (E(N,C)) fS(N[U(fO)T’Tfo])[UlvT/]

diagram (vi)

Consider natural transformations w(e’;0’,7") : Sy — S and w(f1 X¢, idp, ;0(fo)r:7s,) * Dofprpry s, — To-
Then, we have the following equalities

al = w0’ 1) w(fi Xc idp, 10 (fo)r, Tre )Y = B2 = w((ulide, ¢y f1),T'Pa) 5 0(fo)r, Try)a”
It follows from (1.4.32) that the following diagrams are commutative.

fe(NleGo)rTsl) L N’ 7]

s =

N[idDO,idDO] - N
diagram (vii)

fg((N[a/,T/])(M(idcl XCo f1)v7'/§‘”2))

JE (N Tl (o)rmro]) £ (N1 7))o (fo)r (idey x o) bra)

J{fg((]\/'[o,"r/])flwe JKOCON[UI,T/]
[o/,7"]
fo*((N[U/v'r,])[o'fllirpﬁrg]) ’YN (N[O'/,T/])[O",T/]

diagram (viii)

We also have the following commutative diagrams by (1.4.31) and (1.4.9).

fg((NE/)[U(f[))T(idcl XCqo U’)~7/§T2])

fg((N[UI’T/])[U(fO)T(idcl XCo ”/)’T/I;rz]) f& (N[U(fo)T(idcl Xooa/)n—'ﬁrz])

laozv[“/v",] la()N

(NI 71yl 7] (N7 T '

diagram (ix)

(NEI)[U(fO)T’TfO]

(N[UliT,])[J(fO)T)Tf()] N[U(f0)7:7—fo]

l(N[U',T'])w(idcl X o f1):7'Pr2) J/N(H(idcl X £1).7'Pr2)

(NE/)(U(fO)T(":dCl Xcool)v‘f'lfrz))

Nlo' 7' o(fo)r (idey Xcpo'),7'brs))] Nlo(fo)r(idcy xcpo'),m'brs)]
( )

diagram (z)

We put Cz = Eqr (5 ((N, O s w09 ((CF)5)- Then, (s is the following composition by (3.4.4).

f
w(o’ 73 fo,fo) MO

A (N, 0)F) B2, g (v, o) BURQDR, (v, )8 4071 FS (N, Q)
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We note that (X ¢, idp, )(Pry, f1Prs, 7'Pry) = (u(ide, Xy f1), T'Pry) holds and recall that E(f 0 is an equal-
izer of N((idey X cof1):'Bra) and o (fo)rTro-o"s7 (N)([o ()50l We also have a®¥ f (N (#(idey <o T b)) = gEN
by (1.4.32). Therefore by the commutativity of diagrams (i) ~ (iz) and (3.6.6), we have

o'\ 7' F o', o', o'’ Foex (5
(@™ 5 (Ely o)) = (NI 72| ]fo( NC))[ (e, 7 fo, fo) O £ (N, QT f5(¢T)
= (N7 ygor,on S ((NT7 T fixcotdon) f g7 Tormmso 7 () )
f (N i) (NWCo”Do)fa‘(E{N,o)
— (Ns )[o ,T']QON[“I”'/] fg((N[a','r’])(u(idcl X g fl),r’ﬁrz))
f* (00’(f0),,7’f0,O'I,T,(N)le(u(idcl X g fl),-r’p~r2)Ef ))

(N
_ OéONfg((NE )[U(fo +(idc, Xcyo'), T'ﬁrz](N[U’aT'])(M(idcl ><COfl)vT/ﬁrz)é[U(fO)ﬁ"'fo]E-f

(N,())
f (N(u idcy X oo f1),7 prz)(NE’)[U(fo)r»Tfo]é[U(fO)T»TfO]E{MO)
f (N(u(wlc1 X g f1),7! prz))f*((Ne/é)[a(fo)rvao]E{N)C))

( (NC) CaleO( N())

This shows that olefS‘(E(fN o) fo((, ¢)¥) — N defines a morphism (f((N,¢)¥), (CF)g) = (N, () of repre-
sentations of D. o

Weputs(fNo—a fo(E NC)) fo(N,¢)F) = N.

Remark 3.6.8 If o : (M,£) — (N, () is a morphism of representations of D, the following diagram is commu-
tative by (1.4.31) and the definition of 7.

E{M@
*Ef
fi(e)f) — 0] e ptotion )y o T gy
fo lfw“’“ﬂ)”fo]) lf&(sof)
o f

J (N, 0y —TEND) el 7] N
w

Define a functor R : P — & and a natural transformation x : U — R by R(0) = C; X¢, C1, R(1) = Cy,

R(2) = C1, R(i) = Gy (i = 3,4,5), R(701) = pry, R(702) = pra, R(m13) = R(m24) = 0, R(T14) = R(m25) = 7 and

Ko = Plig, K1 = tdc,, ko = (fO)‘r, k3 = K4 = idc,, k5 = fo. We also define functors R; : @ — £ and natural
transformations x’ : U; — R; for i = 0,1,2 by

Ro(0) = R(0) Ro(1)=R(3) Ro(2)=R(5) Ro(ro1)= R(m13701) Ro(102) = R(725702)
Rl(O) = R(l) R1(1) = R(?)) R1(2) = R(4) R1(7-01) = R(Tlg) R1(7—02) = R(T14)
Ry(0) = R(2) Ro(1)=R(4) R2(2)=R(5) Ra(ro1) = R(724) Ra(702) = R(725)
/{8:/4,0 K(l):ﬁg K8:K5 /ﬁ(lJ:l’ﬁl /{%:Hg li%:,‘@; Ii%—lﬁg K%ZI@; KZ%ZI’QS,

Proposition 3.6.9 For an object M of Fc,, f*M : Mol f{f(M)["(fO)f’Tfo] defines a morphism of represen-
tations (M7 ut ) — (fa‘(M)["(fO)T’Tfo],u;e(fO*(M))) under the assumption of (3.6.1) for N = f5(M) and the
assumption of (5.4.9).

Proof. Since k! is the identity natural transformation and x? = 3!, we have a commutative diagram below by
applying (1.4.33) to x: U — R.

o,7|\|o, T (’BIM)[G’T] * o T o,T

(M[ i ])[ i ] _— (fO(M)[ (fO)Tv fo])[ ) ]
lﬁ‘”"WM) le“"’”‘“*‘fo (f5 (M)

M lopry,Tpry] KM fE(M) [oPT1PT12,7 5o Pras]
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We consider functors w(u;o,7) @ Ry — Uy and w(p ¢, idp,;0(fo)r,7s) : Up — Ti. Then we have
w(p;o,m)kY = Blw(u xc, idp, ;0(fo)r,Ts,). Hence it follows from (1.4.32) that the following diagram is
commutative.

Mool g fg(M)[a(fo)ano]
\
JM“ (w(p;0,7))M = (B w(px cyidpg 30 (fo)rTr))™ lfJ(M)“XCOMDO
—_ ' )
M lopry,Tprs] KON fe (M)[‘Tprlprlefo Pras]

Since fig(f5(M)) = 0777 Go)rTio (fa(M)) =L f(M)** ™o and fipy = 777 (M)~  M*, the commutativity of
the above diagrams implies that the following diagram is commutative.

M[U’T] ﬁlM

f(’)" (M)[U(fl))‘r"rfo]
lﬂM lﬁf(f(f(M))

(81M)lo7) \
(Ml (f5 (ool o

Hence the assertion follows from (3.4.5). m]

Lemma 3.6.10 Let (M,§) and (N, () be representations of C and D, respectively. We put £ = FE,.(M)y(€)
and ¢ = Eyr 7/(N)n(C). For a morphism ¢ : f*(M,§) — (N,() of representations of D, the following diagram
is commutative if 67T (M) : (Mool 5 MloprLTerl ds an isomorphism.

M5 el 2 et a,] AR NloUo)ms0]

F lé[cr(fo)ﬂrfo]

Mo (NI 1) [o(o)r. 7]

J/BIM J/Ga(fO)TeTfo’O'/ﬂ',(N)
(P[D'(f())T»"fO] NGy xgg$1),7'Br2)
fa‘(M)[J(fo)ano]

N[U(fo)rvao]

Nlo(fo)r(idey Xcgo'),7'bra]

Proof. Since Eyr . (f5(M))f0(M)(¢f) is a composition

f5(©) fo (M)

. «(aflo] x(glfoo’ for'ly @@ T 5Fo fo)™ ey 6?1
fo (M) fo (M™) fo(M ) ——————— fo (M)

by (3.4.4), the following diagram is commutative by (3.4.5).

fo(i) w(o’ 7" 5 fo,fo)™

* f*(é) * o.T * G’l 7_/ % 0_, Tl
fo (M) == fo(M[ ’ ]) fo(M[fO Jo ]) fo(M)[ 'l

lo/,7']

N < Nlo'7]

It follows from (1.4.31) that the following diagram is commutative.

1M
M[UvT] —_— fék(M)[o-(fO)Tvao]

F[o,ﬂ lfg(é)[ﬂ(foﬁﬁfo]
]

[o,T
(Moo B e o)) imso]

Hence the following diagram (4) is commutative by (1.4.4), (1.4.9) and (1.4.21).
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Mol

lé[mﬂ

(MloT])leT]

J/BIM[O',T]

fS‘(M[UvT])[U(fO)anO]

511\4

fg (g)[”(fo)rﬂ'fo]

f[’)k(M)[U(fo)anU]

J{fa‘(Mfl)[U(fD)Tvao] La[a(fo)f,ffo]
F2 (Moo’ Jor 1) (o (fo)r7s,) NloUo)r 7]
l(w(o’,f’ fo.fo) M)l IO Tro] lgwfo)wo]

(Sa[a',T/])[U(fO)TfoO]

(F5 (el

’ ’ ’
lea(fo»,rfo,a (M) lewo»,rfo,a ()

(N[U/’T/])[U(fO)T’Tfo]

lo(fo)r (idcy X ¢ o'y, 7' pra)

fe(M)lo o) (idey X g o")7'pre] i Nlo(fo)r (idoy X cya'),m'Bro]
ng (M)(l—b(idc’l XCo f1),7'pra) TN(;L(MCI Xcg f1),7'Bra)

[o(fo)r.Tf,]
fg(M)[U(fO)T’Tfo] P70 Ty Nlo(fo)r 7]

diagram (7)

Define a functor V : P — £ and a natural transformation A : T'— V by V(0) = C; x¢, D1, V(1) = Cy,
V(2) = D1, V(i) = Co (i = 3,4,5), V(101) = pry, V(T02) = Py, V(113) = 0, V(114) = 7, V(124) = fo0’,
V(res) = for’ and A\g = ideyx oy Dy A1 = (fo)rs A2 = idp,, Ag = idc,, Aa = As = fo. We also define functors
Vi : @ — £ and natural transformations A\’ : V; — T} for i = 0,1, 2 by

V() =V(0) W1 =V(EB) W2 =V((5) W) =V(nsm) Volre) =V (msm2)

Vi(0)=Vv(1) WVi(1)=V@3) Vi(2)=V(#) Vi(ro)=V(m3) Vi(702) = V(714)

V2(0)=V(2) Va(l)=V(4) Va(2)=V(5) Va(to1) = V(74) Va(102) = V(725)
M=X N=X A=X M=X Al=X A=A =X A=A A=A

Then, Vi = Uy, A2 = w(o’,7"; fo, fo) and X! = B! and it follows from (1.4.33) that the following diagram is
commutative.

’ ’
grutior ol | @07 1o, fo) )l UO7 T1o]

(M[foo'/7f07—’])[o',T] G fg(M[fOU/afoT/])[U(fD)T’TfO (fék(M)[o—/77-/])[o'(f0)7—77'f0]

’t
lg“v’“fo"/vfof/ (M) ed(fo)rﬂ'fo,ﬂ 3T (fg(M))J/

~ . oM
Mlopry, for'pry] A

fe (M)[U(fo)r(idcl Xcoo'),m'Pry]

Consider natural transformations w(u(ide, X¢, f1);0,7) : Vo = Ur and w((p(ide, Xc, f1), 7'Pra) 5 o(fo)r, Tro)
To — Ti. Then, w(u(ide, xcy f1);0,7)A° = Blw((u(ide, xcy f1),7'Prs); 0(fo)r, Tf,) holds and the following
diagram is commutative by (1.4.32).

511\4

MloT] fE(M)lefo)r7s,]

; ] 0yM
JM“(MC X F1) (w(p(ide, X o f1)50,7)A7) lfJ(M)(“(idcl X G F1):77B12)
1%Co
oM

MIo'Br1for'ra]) A o (M)lo(o)r (ide, xcoo"),7'bra]

Moreover, the following diagrams are commutative by (3.4.2) and (1.4.31), respectively.

é glel BlMld»’] § )
M —S Mol S (plol)lo) (Mlo-TlyleT] fe(Mlomho(fo)r7s]
\ lga,'r,o,T(M) l(Mfl)[U«T] lfg(Mfl)[U(fo)rvaO]
¢ w , , 1mlfoo’ for'] , ,
Mol MY prlopry,Tpr,] (M[foff 2foT ])[07"'] N fa*(M[foU 2for ])[U(fo)m"'fo]

Therefore the following diagram (47) is commutative
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M ¢ M[o’ 7]

F[w}

(Mlom)lor]

lﬁm{["”]

fa‘(M[UaT])[U(fO)TvaO}

lfg (M1l Fo)r.7 5]

00’,7’,0’,7’(M)71

M lopry,Tprs]

(]w.fl)["ﬂ']

1mlfoe’ for']

¢ (Mlfoe" for' ol 2 px(pplfoc’-for'Ty[o(fo)r.so]
o |t 3o, gy 7000w 7]
9o 07" Jom (Ar) (fg(M)[o’J’])[G(fo)nffo]
Jorerm o g5
Mflovry,for'pry] X FE(M)loo)r(idey X o), bia]
Tfo*(M)(“(idcl X G F1):7'Pr2)
Mlo] g F (M) e Uo)r o]
diagram (i)
By glueing the left edge of diagram (i) and the right edge of diagram (i), the assertion follows. O

Recall that E(fN o (N, ¢)f — Nle(o)r7s0l is an equalizer of the following morphisms.

CV[U(fo)-r,‘ffO] eﬂ(fo)rn'foyﬂl,f

NloGo)mrel & 7710 (o o (o) e (N, Nlo(fo)-(idy X cgo’),/Brs]

] Nwldey xog F1),7'Br2)

N[O’(fo)r(idcl X U/)»Tllfrz]

N[U(fO)Tfo(J

Hence there exists unique morphism *¢ : M — (N, ¢)¥ that satisfies E(fN’Otcp = plo(fo)r: 7] GIME,

Proposition 3.6.11 Under the assumptions of (3.6.3) for N and the assumptions of (iii) and the first one of
(iv) of (3.6.3) for f&(M), tp: M — (N,C)f gives a morphism (M, &) — ((N, C)f,C}) of representations of C.

Proof. Tt follows from (3.4.9), (3.6.9) and (3.4.10) that @lo(fo)r 7l gINE . M — Nlo(fo)r:70] gives a morphism
(M, &) — (NleUo)rmrl, Wy (IN)) of representations of C. Hence the outer rectangle of the following diagram is
commutative by (3.4.5).

+ f
Mo (e S Nl
o] (Bly )l
Mlerl ¢~ ((N, g)f)[m] — T (NleUo)rs]leT]

Since (E(fN O)[U’T] s (MleWo)mrrol)lol 5 (M, €)#)l77) is a monomorphism and the right rectangle of the above
diagram is commutative by the definition of & £, the left rectangle of the above diagram is also commutative.
Thus the assertion follows from (3.4.5). O

Proposition 3.6.12 For a morphism ¢ : f*(M,£) — (N, () of representations of D, the following composition
coincides with .

(it ef
F5 1) 22 f(N,0)F) ~2 N
w(e;o,T

1 1
Proof. We note that compositions S; — T} B—) Uy and 57 = DidDovidDo M) Didcg,idco —)> U coincide.
Hence the following diagram is commutative by (1.4.31) and (1.4.32).
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« 15 * o7 fo (M*)
o(M) . fo(M[ ’ ]) .

1 _1\M
J{fg(/alM) (B*a" )M = (w(e;o,m)w(fo))M J o
fg(tw) fg(fS(M)[”(fO)T7Tf0]) alfo (M)

lfg(wwfo)wfo]) JQD

fg(N[U(fo)ano]) a N

*f
o (Bin.)

f (N, OF)

Since w(fp)"N is the identity morphism of f*(N) by (3.5.13) and M¢( is the identity morphism of N by (3.4.2),
the assertion follows. O

Lemma 3.6.13 For an object N of Fp,, a composition

. le(fo)r Tf 1 [o( T fg)
Nlotorrsgl FLD nla(Go)rimgylyiorl B e lato)rimsly ooy rsg]l (2T o) rg

coincides with the identity morphism of N(o)=:7sol,

Proof. Define a functor W : P — £ and a natural transformation v : W — U by W(0) = W(1) = C; x¢, Do,
W(i) = Do (i = 2,4,5), W(3) = Co, W(r01) = idcyxg,De0 W(T02) = Tgo, W(T13) = o(fo)r, W(T1a) = 750,
W(r24) = W(r2s) = idp, and vo = ((fo)r.e7(fo)r,Ts,), v1 = (fo)r, v2 = (efo,idp,), v3 = idc,, va = fo,
vs = idp,. We also define functors W; : @ — £ and natural transformations v* : W; — T; for i = 0,1,2 by

WO(O) = W(O) Wo(l) = W(3) W0(2) = W(5) WO(7'01) = W(7'137'01) Wo(Tog) = W(T257'02)
Wl(O) = W(l) Wl(l) = W(3) W1(2) = W(4) Wl(T(n) = W(Tlg) W1(7'02) = W(T14)
WQ(O) = W(Q) W2(1) = W(4) W2(2) = W(5) WQ(T(n) = W(T24) WQ(TOQ) = W(T25)

1/8 =1 l/? = V3 Vg = U5 V(% =1 V11 = V3 Vy = V4 Vg = Vy V12 = V4 V% = V5.

Then, we have Wy = Ty, Wy = S, v! = B, v? = o' and v° = w(((fo)r,e7(fo)rsTfy); OPT1Pr 12, T Plag). It
follows from (1.4.33) and the definition of fiz(IN) that the following diagram is commutative.

oUrrral BN Nlaodsrra o B o 0 ooy Godmsra] _ETIOTTIOL gl
N Thol = (N Trol)le Tl fX(N Trol)lo(fo)rTr —)N "Tfo

" i
N¥Xcqtdpg g°f0)m75q 14D 14Dg (g

0017,0(f0>r»7f0 (N) *DO(N)):idN[”(fO)T""fU]

((fo)r et (fo)r T fy)
N0 o Nlo(fo)romr,]

N[“Prl PT12,Tf Prag)

((fO)TvET(fU)Tvao)

nXcyidpg

Since a composition Cq X ¢, Do C1%x¢c,C1x¢c,Do C1 X ¢, Do is the identity morphism
of C1 x¢, Do, the assertion follows from the commutativity of the above diagram and (1.4.7). O

Under the assumptions of (3.6.3) for N and the assumptions of (i#i) and the first one of (iv) of (3.6.3) for
fi (M), we define a map

ad(y 5] : Rep(C'; F)((M, ), (N,¢)7,¢})) = Rep(D; F)(£°(M, €), (N, <))
by ad{y &) (1) = el o 5 ().
Proposition 3.6.14 ad(Nf)) is bijective.

Proof. We show that a map ® : Rep(D; F)(f"(M,&),(N,()) = Rep(C; F)((M,E), ((N, C)f,g“;)) defined by
B(p) = by is the inverse of adgj\fg)) ad(j\v/[g)fb is the identity map of Rep(D ; F)(f"(M,£),(N,()) by (3.6.12).
For ¢ € Rep(C'; F)((M, &), ((N, C)f,Cf)), we put ¢ = adglz\é’g (1). The following diagram is commutative by
(1.4.4), (1.4.31), (3.4.5) and the definition of (y.
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/ l E<N S
Cr
UT] Nlo(fo)r: sl
/ N} luf(zv)
Bl o)

Mlo:T] [o(fo)rs 7501 [07]

J{ﬁlM J{BlN[ (Fo)my 7fo]
’C)w)[”(fo)rv TfO]

13 (Bly
f& (M)[a(fo)n o] f2 (N[o’(fg),—, Tfo])[a(f(,),, 50

Hence we have the following equalities by the commutativity of the above diagram and (3.6.13).

QD[U(fO Tvao]ﬂlng )[U(f0)777—f0]f (d])[a(fo)Tvao]Bl]\/Ié'

G
— (alN)[U(fO)Tv Tfo]fo (E{N,C))[U(f[))‘” Tfo]f (/l/})[o'(f())'m Tfo]ﬁlMg

" . lo(fo)r: Tyl _
= (a'N)le(fo)r. o] 1N g (N )EY, wo¥ = E(NC)d)

Since we also have @lo(fo)rTrl gIM ¢ — E(fM £)t<p by the definition of *p, it follows that ®(p) = ‘¢ = 1 which
implies that @adé%g is the identity map of Rep(C ; F)((M, &), ((N,¢), (%)) a
Definition 3.6.15 For a representation (N,() of D, we call ((N, C)f,f}) the left induced representation of
(N,O) by f:D—C.

The following fact is straightforward from (3.6.8).

Proposition 3.6.16 The following diagrams are commutative for a morphism ¢ : (L, x) — (M, &) of Rep(C ; F)
and a morphism v : (N,() — (P, p) of Rep(D; F).

(M, &)

Rep(C'; F)((M, &), (N, Q)F ,¢5)) —— s Rep(D; F)(f' (M, €), (N, C))

" )
l ad(&x) l
Rep(C'; F)((L, x), (N, ¢)”.¢3)) o, Rep(D; F)(£(L; x), (N, C))

(M, €)

Rep(C'; F)((M, €), (N, ¢)7.¢})) D, Rep(D: F) (£ (M, €), (N, )

lwi‘ P}*
ad M)

Rep(C'; F)((M, €), (P,p)*, p}y)) ———2— Rep(D; F)(£(M,€), (P, p))
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4 Representations in fibered category of modules

4.1 Hopf algebroids and comodules

We call an internal category in AlgoKp* a Hopf algebroid. Namely, a Hopf algebroid I' consists of two objects
Ay, Ty of Algg and four morphisms 0,7 : A, — Iy, e : v — Ay, p: Ty = Tw ®4, Ty of Algy which satisfy
eo = eT = id4, and make the following diagrams commute. We regard I', as a left A,-module by ¢ and a right
A,-module by 7.

m

A* z F* T A* F* F* ®A* F*

o J{u T lﬂ lidr*@m*u
T " T, @4, T, 2T, T, @4, T, 22240, 1 @, T, @4, T,
Iy
I
F* ®A* A* idr, ®@a, € F* ®A* F* e®a, tdr, A* ®A* F*

Here, i1,i2 : Tw = T ®4, T and j; : Ax = A ®a, Tu, Jo 1 Ax = T ®4, A are maps defined by i1(z) =z ®1,
i2(x) =1®x and j1(a) =a® 1, ja(a) = 1 ®a.

We assume that a subcategory C of Algy has finite colimits. We also assume that a subcategory M of
Mod g, is additive, satisfies (2.1.1) and that every morphism in M has a kernel in M.

Let T' = (A4, T, 0,7,e, 1) be a Hopf algebroid in C and M = (A,, M., a) an object of Mod(C, M) 4,. For a
morphism & : o* (M) — 7*(M) of Mod(C, M)% , we put &€ = P, (M) pr(€) € Mod(C, M)% (M|, ;. M). For a
morphism f : A, — B, of Algy , we denote by B, a left A,-module defined by B, = B, as a K,-module, with
left A,-module structure map A, &g, B« — B, given by a®b — f(a)b. Then, if we put £ = (idr,, &), § is aright
I',-module homomorphism from M, ® 4, ;I to M,®a, o I'«. Since M, 1} = (A, Mu® AT, a6 (idrr, 0,4, 7,9k, T))
and € = (id 4, , €) for a homomorphism & = & (M) : M, — M,®4, ;' of right A,-modules by (3) of (2.1.8),
the following result follows from (3.3.2) and (2.1.8).

Proposition 4.1.1 £ defines a representation of I' on M if and only if a composition

idar, @ ALE

M* i M*@A* F* M*®A* A* i} M*

1s the identity morphism of M, and the following diagram commute.

M, — M@y T 22 (M, @4 )@, T,

> Ooror

M,®4, T, 20220 A @y (D@, Ts)

Here, a : M, ®4, Ax — M, is the isomorphism induced by o and I', @4, s is regarded as a left A.-module by
i10, a right A.-module by isT.

The following result follows from (3.3.6) and (2.1.8).

Proposition 4.1.2 Let (M, §) and (N, ¢) be representations of T' and @ : M — N a morphism in Mod(C, M) .
Suppose that M = (A, M.,a), N = (Ai,N.,B) and ¢ = (ida,,p) for objects M., N, and a morphism
©: Ne = My of M. We put P(T,T(M)M(S) = (idA*ag) € MOd(C’M)f)Ap* (M[O',T]?M) and PU,T(N)N(C) =
(idA*,f) € Mod(C,M)ZI’*(N[U’T],N). Then, ¢ gives a morphism (M,&€) — (N, ) of representations if and
only if the following diagram in M is commutative.

N* % N* ®A* F*

J/‘P J/W®A* idr,

M, —— M, ®4. T,
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If a morphism é i M, — M, ®4, T of right A,-modules satisfies the conditions of (4.1.1), a pair (M*,é) is
usually called a right I',-comodule. It follows from the above fact that, the category of representations of T is
isomorphic to the opposite category of the category of right I',-comodules.

Proposition 4.1.3 Suppose that K, is an object of C and let M = (K, M., «) be an object of Mod(C, M)k, .
(1) The trivial representation (n}y (M), ¢py) associated with M is described as follows. Define a map

o s (M@K, A)®a, T = (M@K, As)®a, oT

by dp((z ® a) @b) = (¢ ® 1) @ 7(a)b, then the morphism ¢pp = o*nhy (M) — 0% (M) of Mod(C, M){" is
(ida., ). . .

_ (2) Define a map op : My @k, A = (Mu®k, As) @4, ol by om(z ® a) = (2 ® 1) ® 7(a). If we put
One = Por(a, (M), vy (Dar) 2 1, (M) (5,r) = ma (M), then we have ¢pp = (ida., dn).

Proof. (1) Since ¢ps = ¢y, (M) tey, . o(M), the assertion follows from (2.1.7).
(2) This is a direct consequence of (3) of (2.1.8). m]

Definition 4.1.4 Suppose that K, is an object of C and that X" K, an object of M. We denote by X" K an
object (K., X"K,,X"ug,) of Mod(C, M)k, and consider the trivial representation (n (X"K), psug) asso-
ciated with X" K. For a representation (M,§) of T', we call a morphism (M,§) — (0 (X"K), ¢sug) of
representations an n-dimensional primitive element of (M, &).

Proposition 4.1.5 Let (M,£) be a representation of T' and put M = (A..M.,«). For a morphism ¢ :
YK, — M, of M, (ids, @) : (M,€) — (0 (X"K), psng) is a primitive element of (M ,§) if and only if
€(e([n], 1)) = @([n], 1) @1. Hence if we define a subset P,,(M,€) of My, by Po(M,€) = {z € M, |{(z) = z®1},
a correspondence (id, p) — @([n], 1) gives a bijection from the set of n-dimensional primitive elements of (M, €)
to P,(M,§).

Proof. We identify % (X"K) with (A, X" A.,X"u4,). It follws from (4.1.3) that the I'.-comodule struc-
ture gy @ T"A, — XA, ®4, Iy is a homomorphism in right A,-modules which is given by ngSK([n],a) =
([n],1) ® 7(a). Hence a morphism (id4,,¢) : M — n} (X"K) of Mod(C, M)% gives a morphism (M,§) —
(n4, (X" K), ¢psn k) of representations of T if and only if ¢ : A, — M, is a homomorphism in right A,-modules

and &(p([n], 1)) = @([n], 1) @ 1 O

We also call an element of |J P,(M,&) a primitive element of (M, &).
nezZ

Proposition 4.1.6 Let f = (fo, f1) : I' = A be a morphism in Hopf algebroids. We put T' = (A,,Tx,0,7,&, 1)
and A = (B., Ay, 0,7/, &' 1), For an object M = (A., My, a) of Mod(C, M), and a representation of T
(Mag) on M} we pUt PG,T(M)M(g) = (ZdA*ag) and Pa/,T’(fg(M))fU*(M)(é.f) = (ZdB*agf) Then, gf is the
following composition.

(1dr,®a, f1)®a,tdpB,

£®a,idp,
R

M* ®A* B* (M*®A* F*) ®A* B*

(o', 75 fo.fo)m
v,

(M* ®A* A*) ®A* B*
(M*®A* B*)®B* A*
Here, @(a’,7'; fo, fo)ar is a map given by ©(o’,7'; fo, fo)m((r@7) @ 5) = (@ 1) @ r7/(s).
Proof. Tt follows from (3.3.5) and (5) of (2.1.8) that we have the following equalities in Mod(C, M)p, .
Por oo (5 (M) g2y (€5) = w(0, 75 fo, fo)aa [ (M 1, €)

= (idp,,@(0", 75 fo, fo)a) f5 ((ida, yidar, @, f1)(ida.,E))
= (idp., (0", 7'; fo, fo) M) f3 (ida., (idar, @ 4. f1)€)
(idp,,&(0',7'; fo, fo)m((idnr, @4, 1)é @a, idp,))

Hence the assertion follows from (2.1.12). m]

For a Hopf algebroid T, we call an internal diagram on T' in Alg%’ a I'-comodule algebra. Namely, if
I' = (A, T.,0,7,¢6,1), a T-commdule algebra consists of a pair (7 : A, — B, 7 : By — B, ®4, T'y) of
morphisms in Algy which make the following diagrams commute.
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Y

A*%F* B. B*(X)A*F* B, 4)3 ®Aa, I,

ln ljz J“/ lids* ®A, \ lZdB ®a,€
vy Y® A, idr,

B* E— B* ®A* F* B* ®A* F* e B* ®A* F* ®A* F* B ®A

Here, j; : B, — B, ®4, A, and jo : Ty = B, ®4, I', are maps defined by 7 (b) = b®1, jo(x) = 1 ® 2. We define
a functor D : P — Algy’ by D,(0) = B. ®a, I, D,(1) =T, D(2) = Bs, ): D.(4) = D,(5) = A,,
D, (101) = jg, D, (102) = v, Dy(113) = 0, Dy(114) = 7, Dy(T24) = DW(7'25) = m. We also define a map
j1: By = B, ®4, I, by j1(b) = b® 1. For a representation (M, ) of C, we put £ = P, - (M)n(§). We define
a morphism é,y : Mg x) = (M zx)){o,r] of Mod(Algy , Modg,)p, to be the following composition.

9p., (M) O mor (M)
— 5

é["Jf] , s
Mz r) — (M 5,7)) r,7) M j,0,4m) = M| | = (M{z,7])[0,7]

17, joT

Proposition 4.1.7 If M = (A., M., «) and £ = (idA*7£) for a map € : M, — M, ®a, [y, we define a map
& M, ®a, By - (M. ®a, By) @a, I'x to be a composition of £ ®4,1dp, : M, ®a, By - (M.®4,.T)®4, B,
and a map (M, @4, T.)®4, By = (M, ®a4, B.) ®a, I'x given by @ g®b— z® (1® g)y(b) Then, we have

é'y = (idA*7é’Y)'
Proof. Tt follows from the definition of év that é,y is the following composition.

®a,ids, 0p., (M) Oomre (M2
M.®a. B, 22 (01,0, Toa By 22 Mooa (Booa.Th) 22 ™7 (0,94 B)@a T,

Hence the assertion follows from (2.1.10). |
We define a morphism fips : My — (M(s.7])[s,r] to be the following composition.

M 00,70, (M) ™"
M[o’,‘r} = M[,uo,;m’] = M[ilo',igr] ? (M[cr,'r])[cr,'r]

Proposition 4.1.8 If M = (A., M., «), we define a map fipng : Mu®@4, T = (M ®4,Ts)®4,Tx to be the
following composition.

idy,®a, oo (M) 7!
M,®4,T. S LN M4, (Ti®4,Ty) % (M, @4, T4)®4. T,
Then, we have fip; = (ida,, fing)-
Proof. The assertion is a direct consequence of (2.1.8) and (2.1.12). O

(3.3.14) implies the following result.

Proposition 4.1.9 Let (M, €) and (M, ) be representations of T' on M = (A., M, «a) € Ob Mod(C, M). We
put Py (M)pr(€) = (ida., &) and Py (M)ar(¢) = (ida,,C). Assume that o : A, — T, is flat.

(1) Let rg¢ : Mg.c)» — M. be the kernel of €= C: M, — M, ®4,T.. There exists unique homomorphism
A Me.cye = M)« ®a, Us of right A.-modules that makes the following diagram commute. Here we put
M g0y = (As, M(g.¢)s, @) where & : Mg.e)s @K, A — Mg.¢)« is the map induced by o : M, @, Ax — M,.

&3S Kg,¢
M————— Mgy — M
l(idA* £) J(mh ) l(idA* )

(ke,¢)[o,7] (kg ¢)o,7]
Mo (M (£:¢))[o,7] Mo

(2) Put X = (ida., \) : M(g.cy = (M(e:0))or] and X = Por (M (g:0)) a1 o) (N) 1 0" (M e:)) = 7" (M (e:¢))-
Then, (M (g.¢), A) is a representation of I' and a morphism ke ¢ = (ida, ,ke¢) : Mg.cy — M of Mod(C, M)
defines morphisms in representations (M,€) — (M (¢.¢), A) and (M,¢{) — (M (¢.¢), A).

(8) Let (N,v) be a representation of T'. Suppose that a morphism ¢ : M — N of Mod(C, M)% gives
morphisms (M ,€) — (N,v) and (M, ) — (N, v) of representations of T'. Then, there exists unique morphism
@ (M g0y, A) — (N, v) of representations of T' that satisfies @me ¢ = p.
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4.2 Left induced representation of Hopf algebroids

Let T' = (A, Ty, 0,76, 1) and A = (B,, Ay, 0',7',¢', /') be Hopf algebroids. We regard I as a left A.-module
by o and a right A,-module by 7. Similarly, we regard A as a left A,-module by ¢’ and a right A,-module by
7. Let f = (fo, f1) : T — A be a morphism in Hopf algebroids. Regard B, as an A,-algebra by fy and define
maps fo, : I'v = B.®a, I'y and oy, : B, = B,®a, 'y by foo(z) =1® z and o4,(b) = b® 1, respectively. Let
us consider the following diagram in C whose rectangles are all cocartesian.

A* 2 F*
I [
A* d F* Gl F* ®A* P* e, @a. 0 F* ®A* F* ®A* F*
lfﬂ lfo:; lfocy@A*idr* J/f00®A*idF*®A*F*

B, @, T« QA0

B*@A* F* ®A* F* —_— B*@A* F*@A* F* ®A* F*

o idp, @Axi1

Let M = (B, M., a) be an object of Mod(C, M)p,. We regard M, as a right A,-module by a(idy, @k« fo)
and we denote by x the following composition, where ®¢, is the quotient map induced by fo : A, — B..

idnr, ®a,foo
A

®
M.®a.T. M.®a, (B.®a,T.) — M,®@p, (B.®4.T.)

Then, x is an isomorphism whose inverse is the following composition, where & : M, ®p, B, — M, is the
isomorphism induced by a.

éi s ,G,T(M)71 o !
M*@B* (B* ®A* F*) L (M* ®B* B*)®A* F* @A, idr,

M* ®A* F*
We also define a map ay : (Mi®4,T4)Qk, (Bi®a,T's) = M,®4,Ts to be the following composition.

X®K.1dB.® 4, T«

(M* ®A* F*)@K* (B* ®A* F*) (M* ®B* (B* ®A* F*)) ®K* (B* ®A* F*) l> M* ®B* (B* ®A* F*)
-1
X s M,®4.T,
Then, the following diagram is commutative.

XKk, ida,

(M*®A*F*)®K*A* (M*®B* (B*®A*F*))®K*A*
J/idM*(@A*F* QK fooT lidM*®B*(B*®A*F*)®K* fooT
XOK.1dB.® 4, Tu

o J

M*@A* F* X M*@B* (B*®A* F*)

Thus we have shown the following.
Proposition 4.2.1 (ida,,X) : (A, Mu®a, Uy, ap(idr,oa, 1. @K, fooT)) = Mg, | fo,7] @S an isomorphism.

It follows from (421) that (ZdA* s X)[aﬂ.} : (A*, M* ®A* F*, Ozf(id]u*(gA*F* ®K* f()o-'r))[o—’.,—] — (M[af(), fo(;T])[mT]
is also an isomorphism. Hence we identify M, ., -] With (Aw, My®a, Ty, ap(idr, g, 1. @K, fooT)) by the
isomorphism (ida,,x) and we also identify (M, for foor])[o,r] With

(As, Mu@a, T, ap(idar,ga, 1. @K, fooT)) o] = (A, (M@, Ti)®a, Ti, (0) o (id(ar, 04, T )04, T OK.T))-

Here we put &y = ayf(idy, o, 1, @K, fooT)-
We note that the following diagram is commutative.

Tt

fo0

B. B.®a. T, I,
J{Ufo J{idB*®A*H J{iz
id i c0® A, tdr,
B*@A* F* 5:Oa.h B*@A* F* ®A* F* M F*@A* F*
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Hence we can define a morphism fi (M) : M, foor] = (M[f’fm foor])[o,7] Of Mod(C, M) 4, to be the following
composition.
Miip 4, 1
Missy, foor) = M(idp.©a, )0 19, (1dp.0 4, 1) forr] = M (idp,@4,i1)0 1 (fos®a.idr, )ia]

—1
05 50> foomeo.r (M) (

(050 foo)[o7]

We consider the following commutative diagram below.

Ba®a,Tx®a,Ta®a, Tx

Bx®A, T«®a, s Tu®a, T+®a, I«

“B.Bat_— ‘%ﬂ y 28w

Bx®a, I'x Tx®a, Tx Tu®a, T«

Cy foo i1 \ / ‘&
By T Tx Ty
A, A

A
The following result is a direct consequence of (2.1.8) and (2.1.10).

Proposition 4.2.2 We define a map fif(M): M@, Ty — (M.24.Ts)®4,Ts to be the following composition.

—1
adfo, ng'TvovT(M)

id
M*@A* F* M M*@A* (F* ®A* F*)

(M* ®A* F*)@A* F*
Then, fup(M)=(ida,, fig(M)): (Ax, Mi®a, Ts, ap) = (As, (Mu@4. 1)@ 4.1, (af)o (a4, 1 )04, 1. OK.T))-
We also have the following result from (3.5.1) and (3.5.2), but it is easy to verify it directly.

Proposition 4.2.3 We put

l —1 g *
l‘l’f(M) = PU’T(M[UfwTfo"])M[afO,Tfog](Hf(M)) Lo (M[gfo,'rfoa]) — T (M[gfo’,,-fog]).

Then, (M[,,fmTan],ulf(M)) is a representation of I'. In other words, fig(M) : M,@4, Ty = (M,®4,T4)®4, T
is a right Tx-comodule structure on M,. If ¢ = (idp,,¢) : N — M is a morphism in Mod(C, M)p,, then
Plosyr7for] = (ida,,p®a, idr,) : Nios o] = Mgy rfo,] 1S @ morphism in representations of T', namely
©®a, tdr, : Ne®4, Ty = M.®4, Ty is a morphism in right Tx-comodules if N = (B., Ny, ).

Let us regard A, as a right A,-module by 7fy : A, — A and define maps j; : A, — A,®4, I, and
Jo T = A®4, Ty by ji(x) =2®1 and j2(y) = 1 @y, respectively. Then, 7/® 4, idr, : B:®4,Tx = Au®4, Ty
is unique morphism that satisfies (7' ®a4, idr,)of, = j17’ and (7'®a4, idr, ) foo = j2. We note that the left and
right diagrams below are cocartesian.

B, T A,

o |

, )
T'®a,ddr,

B* ®A* F* — A* ®A* F*

b

A* L A* ®A* F*

Since (fo, f1) is an internal functor, we also note that f1®a4 idr, : [w®4, T = A.®4,T, is unique morphism
that makes the following diagrams commute.

r, — % T, @4, 2 T,

lﬁ fl®A*idF*l /
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We remark that f1®4, idp, is a homomorphism in left A,-modules if we regard A, ®4, I'x as a left A,-module
by a ® (x ® y) — o'(fo(a))r ® y, By the commutativity of the above diagram, we have

(fi®a,idp, )po = (f1®a4, idr, )iro = j1fi0 = ji0’ fo

which implies that there exists unique morphism (j10’, (f1®a, tdr,)p) : Bi®4, T« = A,®4, T, that makes the
following diagram commute.

A, fo B, e A,

L

foo
L B.®a.T. : (1o, (f1®a,idr, )p)

f1®a,idr,
P* ®A* F*

3 A*@A* F*
Hence we have
(10’ (fi®@a,idr ) fooT = (f1®a,idr, ) um = (f1®a, idr, )iaT = jom = (T'®a. idr, ) foo T-

For a representation (M,€) of A on M = (B,, M.,q), we put Py . (M)pr(€) = € : M — My 1
and € = (idp,,€) : (By, M,,a) = (B,, M,®p, A oo (idy,op, A, ®K, T')). As we identify My,  f,,-] With
(A, Mi®a, Ty, ap), we identify (Myr -1)(o, fo, -] With (As, (Mi®p,A) @4, 'y, o). Here the right A,-module
structure of M,®p, A, is given by (z ® y) ® a — 2 @ y7’ fo(a) and we put o = o, (idy, 95, A, @k, 7). Then,
it follows from (2.1.8) that E‘[ M, A= (Mo 1) 7] is identified with

ot fooT] * T o foo Tt foo

(idA*vé®A* Zdl—‘*) : (A*vM*®A* F*,()tf) — (A*7 (M*®B* A*)®A* F*aaff)'

It also follows from (2.1.10) that if we put

90’,7'/70f07f06‘r(M) = (idA*’90'/77'/70'f07f007'(M)) : (M[U’,T’])[afo,foo'r} - M[j10’,(T’®A*idr*)f00‘r}7

90/77/7gf0,f007(M) is identified with a map (M. ®p, Ax)®4, I's & M. ®p, (A.®4, ) which maps (z @ y) ® 2z
toz® (y® 2).

Let ®y, : Mu®a, (Ax®4,.T4) = M,®p, (Ax®4,T) be the quotient map induced by fy. Then, the following
diagram is commutative.

id idp
M,®4 T, M, ®a, ((f1®a,idr,)p) M.®4. (A* ®4. F*)

Jx Je

M, 5. (B,@4.T,) 28017 (WG U)o (A, @4 T,)

Hence if we put M ;o (£ 4 idr. ) = (ida,, ®) : M, foor] = Mjior (+/® aidr,) fo, 7] P 18 identified with the
following composition.

idn, ®a, ((f1®a,idr, 1)

®

From now, we assume that o : A, — I'. is flat. Then, the assumptions of (3.5.4) are all satisfied for a
representation (M, &) of T'. Let us denote by KJ{M 6 K(M,£;f). = M.®4, T« the kernel of

00’,7”,0'f0,fogT(M)(é®A* ZdF*) - ¢ M*®A* F* — M*@B* (A* ®A* F*)

Let ag 5 : K(M,&; f)«®Kr. Ax = K(M,&; )« be the right A,-module structure of K(M,&; f). defined from
the right A,-module structure of M,®4, I'.. We put (M, &) ¢ = (A, K(M,&; f)«, ag ¢) and define a morphism
P(J;W’g) (M€ = Mg, +f,,) of Mod(C,M)a, to be (idA*,n{M’g)). Then, P(j;w}g) is an equalizer of the
following morphisms.

Oo' 7,050 fou (M)E (51 oyt M(Gro (@ asidr ) - Miosy, four] = Mjior, (r'® a.idr. ) foo 7]
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Hence (P(J;\/I)g))[m] t (ML &) )0 = (Mo, 7 f0,])[0,7] 18 an equalizer of the following morphisms.

O 7040 f00r (MDE(o s four ol (M (ot (£® asidr)i)lor] - Moy, foarDior] = (Mjior, ('@ a.idr.) foo ) o,7]
It follows from the argument after (3.5.4) that the following diagrams are commutative.

by (M)

M — (M N
pf [a-fo,TfUG] ( [Uf(),TfUU])[U’T] (00,,7'/,’-'7f()'ng-7(M)€[Uf0’fOﬂT])[U,T]
<1\V
(M, &)r (Mjior, (r'®a.idr.) forr))o.7]
(M,€)
fop(M) (M (jy 0/, (518 4, idp, )u) ) om7]

Mios, rfos) = (Mo, 7o) lo7]
. . . 2l . 2l N
Thus there exists unique morphism £ ¢ : (M, &) — ((M, §) ¢)(s,7) that satisfies (P(fMjg))[mT]Sf =y (M)P(J;\/L&)'
N R “
If put £ = (ida,, §§c), 5} cK(M, €5 f)—K(M,E; f)®a, s is aright T'y-comodule structure on K (M, €; f)..

We put Slf = PU,T((M,ﬁ)f)(AZ E)f(élf) 0" (M, €)f) — 7((M,€)s). Here we regard £lf as a morphism in
Mod(C, M) . The following results is a special case of (3.5.5).

Proposition 4.2.4 ((M,&)f,glf) is a representation of T' and P(J;\/Iyg) : (M[Uf077fod],ulf(M)) — ((M,E)f,£lf)
is a morphism in representations of T'.

Let ¢ : (M, &) — (N, ¢) be a morphism in representations of A. By the argument after (3.5.5), there exists
unique morphism @, : (M,€)r — (IN, ()5 that satisfies P(J;V,C)gof = LP[UfO,TfOU]P(f]\J,g)'
The following results is a special case of (3.5.6).

Proposition 4.2.5 ¢ : ((M,ﬁ)f,élf) — ((N,C),c,(}) is a morphism in representations of T.

Remark 4.2.6 If x € M, is a primitive element of (M,€), x® 1 € M, ®a, I'x belongs to K(M,€; f). and it
is a primitive element of ((M7£)f,§lf).

For a representation (M,€) of A and a morphism f = (fo, f1) : I' = A of Hopf algebroids, we define
amap Wpr ¢ (My®a, Tv)®a, By = M, by Op((z ®@y) ®b) = alr @ fole(y))b) if M = (B., M,,a). We
note that (M,  rf,,) is identified with (B, (M. ®a, I'v)®a, By, (Gf)s,) by (4.2.1). Then, (idp,,om) :
s (M[wa for]) — M is a morphism in Mod(C, M)p,. We denote by (1) (ar,¢) the following composition.

. pf o
Jo (Pinr e (idp, Onr)

)
Jo((M,€)¢) Jo(Mig, +fo.1) M

It follows from (3.5.8) that (1) nr,¢) defines a morphism (M, &) — (f5((M,€)¢), (£lf)f) of representations
of A. By (3.5.9), (ms)(n.¢) is natural in (M, §). We denote by Comod(I'.) the category of right I'.-comodules
and recall that the opposite category of Comod(T',) is isomorphic to the category of representations of I'. We
denote by Rep(T') the category of representations of I' for short. For a representation (M,&) of A and a
representation (INV, ) of ', we put M = (B, M,,«) and N = (A, N,, ) and define a map

ad{n &) : Rep(T)(((M,€)4,£%), (N,¢)) = Rep(A)((M, £), F (N, <))
by giving a map
Comod(I.) (N, (), (K (M, &; f)., &%) = Comod(A,) (N, ®a4. By, (s), (M., §))

which maps ¢ € Comod(T',)((Vs, f), (K(M,&; )y, flf)) to the following composition.

VOB [(MLE; f)a®a, B.

f .
Fing¢)®ax 1B,
%

Finally, we have the following result by (3.5.16).

Theorem 4.2.7 adEAN/If)) : Rep(F)(((M,ﬁ)f,flf), (N,¢)) = Rep(A)((M, &), f'(N,Q)) is a bijection. Hence a

correspondence (M, €) — ((M,f)f,é‘lf) gives a left adjoint of the restriction functor f°: Rep(I') — Rep(A).
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4.3 Sample calculation

Let BP be the Brown-Peterson spectrum ([3], [15], [18]) at a prime p and

I'sp = (BP,,BP,BP,ogp,TBP,€BP, LBP,.BP)

the Hopf algebroid associated with BP [1]. We recall the structure of I'gp below (See [2],[14],[18]). The ordinary
homology H.(BP) of BP is a polynomial algebra Z ;) [m1,ma, ..., m,...] for canonical generators m; of degree
2(p' —1). BP, = n(BP).

The Hurewicz homomorphism BP, = m,(BP) — H.(BP) is injective and if we identify 7,.(BP) with the
image of the Hurewicz homomorphism, m,(BP) is a polynomial subring Z,)[vi,v2,...,vs,...] of H.(BP),
where v; are Hazewinkel’s generators which are determined inductively by the following equality in H,(BP).

n—1 )
P
Un = PMy — E Uy iy
i=1

BP,BP is a polynomial algebra BP,[ti,ta,...,t;,...] with degt; = 2(p* — 1). opp : BP, — BP.,BP and
egp : BP,BP — BP, are given by ogp(v;) = v; and egp(v;) = v;, egp(t;) = 0fori =2 1. 75p : BP, — BP,BP,
upp: BP.BP — BP.BP @pp, BP,BP and tpp : BP.BP — BP,BP are given by the following equalities.

7 i i i+7 7 it+j
TBp(My) = Z m;t Z m; ppp(t;)’ = Z m;th @ty Z mit upp(te)’ = my
i+j=n i+j=n i+j+k=n i+j+k=n

Here we set mg = ¢ty = 1 and embed BP, into H,(BP), hence BP,BP is regarded as a subalgebra of
H.(BP,)[t1,ta,...,ti,...].

Let Seq be the set of all infinite sequences (j1,j2,- -, Jn,-..) of non-negative integers such that j, = 0 for
all but finite number of n’s. Seq is regarded as an abelian monoid with unit 0 = (0,0,...) by componentwise
addition. For J = (j1,j2,..-,Jn,...) € Seq, we put

T = gne I =D_0@" —1),  t(J)=t]"t}*---t}*--- € BP.BP.
n=0 k21
Let I be the kernel of tg : BP, — F,. Then, I, = (p,v1,v2,...,0k,...) and I is an invariant prime ideal.

It follows from the formula for pugp that we have
ppp(ta) =Y tv®t"_, modulo I..BP.BP.
k=0

Hence, the proof of theorem4b of [12] shows the following result.
Proposition 4.3.1 Let X range over all infinite matrices

* X1 o2
10 T11
Z20

of non-negative integers, almost all zero, with leading entry omitted. For each such matriz X, let us define

R(X) = (7’1,?"27...,7%,...); S(X) = (81,82,...,Sn,...), T(X) = (thtg,...,tn,...) and b(X) anollows.
-1
m:ijxij, sj:inj, by = Z Tij, b(X) = (H tn!> (H ﬂfij!>
320 i>0 i+j=n n>1 0320
Then, the following congruence holds for J € Seq.

pept(7) = Y b(X)HS(X)) @tR(X)) modulo I.BP.BP.
T(X)=J

Remark 4.3.2 By the definition of R(X), S(X) and T(X) above, ||S(X)| + ||R(X)|| = [|T(X)]| holds.
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We denote by H the Eilenberg-MacLane spectrum with coefficients in the prime field F', and by A,. the
dual Steenrod algebra with coproduct pg : Aps — Aps @p, Aps. Let ng : Fy = Api and eg @ Ay — F) the
unit and the counit of A,,. Then the Hopf algebroid (F,, Ap«, nm, Me, €1, r, La) associated with H is a Hopf
algebra which we denote by I'y. The structure of 'y is described by Milnor [12] as follows. We have

Ap*:E(To,Tl,...,Ti,...)®Fp[£1,£2,...,§i,...] (deg']—i:2pi7]_7 deg&:2(plfl))
if p is an odd prime and
AZ*:FQ[ClaC27"'7C’i7‘ ] (degCZ_Q _1)
(3

The counit e is given by ey (1) =0 (1 2 0), en(&) =0 (¢ 2 1) and ey () =0 (0 2 1). pm : Ape = Ap @ Aps
is given by the following formulas.

W)=Y 8 08 pa(m) =Y & 0mn+Ta®Ll ()= 6 ®G
k=0 k=0

k=0

vy @ Ape — Aps is determined by the following equalities. (See [12] for more explicit formula for ¢g(&,).)

ngika(&c) = 07 LH Tn = ZLH gn k Tk7 Z@QLIC—MH(Ck) =0
=0

k=0
Here we set £, = (p = 1.

Let T : BP — H be the Thom map. We denote by 1Ty : BP, — H, = F, and T} : BP,BP — H.H = A,
the maps induced by T"and T AT : BP AN BP — H A H, respectively. Then, T = (T, T1) : T'gp — Ty is a
morphism in Hopf algebroids.

BP,(CP>) is a free BP,-module generated by &Y, BEP ..., BPY ... (deg BT = 2i) and H.(CP>) is a
vector space over F,, spanned by 8, s, ... BH ... (deg BH = 2i) ([2]). T. : BP.(CP>®) — H.(CP>) maps
BEY to deg BH.

Let us denote by Fpp the formal group law associated with BP. We put « +r y = Fgp(z,y) and

' =14pti4ptotr-+ptitr---=> ", BP =P+ 8P  +.. 487 +... => BP".

i20 =0

For a spectrum X, BP,.(X) has a left BP.BP-comodule structure defined in [1]. The left BP,BP-comodule
structure on BP,(CP®) is given as follows.

Proposition 4.3.3 ([10]) The left BP,BP-comodule structure
Wlyp : BP.(CP®) — BP,BP ®pp. BP,(CP™)

on BP,(CP>) is given by s p(BPF) = g: tpp(tf) @ BEP.
i20

We denote by Aj the mod p Steenrod algebra and consider the Milnor basis [12] of A% below. We put
Ey = (i1,%2,. -+ ,in,...) € Seq where iy, =1 and i, = 0 if s # k.

Lemma 4.3.4 Let X be a topological space. For R € Seq and x € H?(X), the following equality holds.

" R=FE,

@(R)x:{ 0 R =2

Proof. We first remark that the following equality is obtained by theorem4b of [12].

k
o7 9(Ex) = p(Eps1) + p(0" By + Eg) -+ (%)
Since the excess of p(R) is 2| R| by [10], it follows p(R)z = 0if |R| = 2. In particular, we have p(p* E; +Ej) )z = 0,
hence ppkp(Ek)x = @(Exy1)r by (x). Since p(E;) = p*, p(Er)r = 27" follows from the induction on k. a

For R = (r1,72,...,Tk,...) € Seq and an integer n, we put
n!
R| <
(n>: (n_‘RD!Tl!’/‘Q!---rk!... ‘ |_77/.
R
0 |R| >n

The following result is a consequence of the above definition.
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Proposition 4.3.5 The following equality holds for R € Seq.
n n—1 n—1
(1) =Cn') 2l 5)
k20

Lemma 4.3.6 Let X be a topological space. For R € Seq and v € H?(X), we have p(R)z" = <;> v HIEL

Proof. We show the assertion by the induction on n. The assertion holds for n = 1 by (4.3.4). It follow from
(4.3.6), (4.3.5) and the inductive assumption that we have

p(R)2" = Y (p(S)a)(p(T)a" ") = z(p(R)2""") + Y _(p(Er)z)(p(R — Ex)a"")

S+T=R k>0
n—1 n—1 &
- n+||R|| n+||[R—Eg|+p°—1
("2 )2 (nn)r
k>0
("1 s n= LN\ nvirl _ () bR
R R—FEy R
k>0
Thus the assertion follows. O
We put
BT =B+ B+ B+
g Jltatéet o+t (p#2)
I+ G+G+ -+ G+ (p=2)
e P2
For R = (r1,72,...,7,...) € Seq, we put {(R) = ¢ 5, ore | om ~y Then, deg&(R) = 2||R||-
G 6o k p

Proposition 4.3.7 The left Ay.-comodule structure
Yy H(CP>®) —» Ay, @p, H,(CP%)

on H,(CP>) is given by ¥ (B7) = 3 ()" @ pH.

n=0

Proof. Since ¢} is the dual of the cohomology operation Af @, H*(CP*>) — H*(CP*), we have the following
equalities for R = (r1,72,...,7k,...) and non-negative integers m, n by (4.3.6).

(AR & " w3y (B0 = (ol 528) = () o0, 62

Thus ¢4 (BE) = > <n>§(R) ® BH and the assertion follows from (¢H)" = 37 < >§(R). |
nt[Ril=m \R [R[Zn \1T
The following fact is a folklore.
Proposition 4.3.8 T} : BP.BP — H,H = A, maps t; to g (&) if p is an odd prime and to vy ((;)* if p= 2.

Proof. Tt follows from (4.3.3) and the commutativity of the following diagram that we have Ty (1pp(tf)) = ¢.

BP.(CP>®) — 2", BP,.BP @pp. BP,(CP>)
lT* lﬁ@T*
H.(CP®) — " A, @p H,(CP)
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Since Ty Fpp(z,y) is the additive formal group law, Ty (x +r y) = T1(2) + T1 (y) holds for z,y € BP.BP. Thus
we have
¢ =T (pp(t")) =1+ Ti(tpp(tr)) + Tilepp(t2)) + -+ Ti(tpp(t) + - .

Therefore Ty (tpp(t;)) = & if p is an odd prime and Ty (tpp(t;)) = ¢? if p = 2. Since T = (Tp,T1) : Tpp — Ty
is a morphism in Hopf algebroids and tg¢y is the identity map of A, tg (&) = e (T1(tep(ti))) = T1(¢;) holds
if pis odd and 15 (()? = e (Ti(Lpp(t;))) = T1(t;) holds if p = 2. O

For a spectrum X consider the right B P, BP-comodule structure on BP,(X) as in [141] below. Similarly, we
consider the right A,.-comodule structure on H,(X). Then, (4.3.3) and (4.3.7) imply the following result.

Corollary 4.3.9 The right BP, BP-comodule structure
Ypp : BP,(CP*) - BP,(CP*)®pp, BP.BP
on BP,(CP>) is given by ¥pp(BPY) = 3 BEF @ (tF'). The right Ap.-comodule structure

i20
Y« Hy(CP®) = H,(CP™) ®p, Ay
on H.(CP>) is given by ¥ (B7) = 3 B @ vy (§M), in other words, vy (Bf) = Y (‘;)BJH ® e (E(D)).
i>0 JHIII=t

In particular, Y (BF) = Y (-1) (l a z(p a 1>>51Hi(p1) ® & ifl < p?.

0<4i< v

B~

For a positive integer n, H,(CP") is a right A,.-subcomodule of H,(CP>) spanned by S, pf,... BH.
We denote by ¥ : H,(CP") — H.(CP") ®F, Ap« (n is a positive integer or co) the comodule structure map.
Let ¢ : H,(CP") ®p, Ap. — H.(CP") ®p, Ap. be the right A,,-module homomorphism induced by #7,.
We put H(CP"™) = (Fp, H.(CP"), «) which is an object of MOd(Ang(m,MOdZ(p))Fp (recall (2.1.2)) and put
Wiy = (ida,., V%) : i (H(CP™)) — 03 (H(CP")) which is a morphism in Mod(Algg,  , Modz,)a,.. 1f we
regard 1’ as an morphism in the opposite category of Mod(Ang(p),Modz(p))Ap*, then (H(CP™),v) is a
representation of 'y on H(CP™).

We regard H,(CP™) as a right BP,-module by Ty : BP, — F'j,. Define a homomorphisms

01,0, : H.(CP") ®pp, BP,BP — H,(CP") ®, (A,. @3p, BP.BP)

of right BP,BP-modules to be the following compositions, respectively.

H,(CP") @pp, BP,BP LH2E0ME0Bl (0P @p A,,) @pp. BP.BP
— H*(Cpn) ®Fp (Ap* ®BP* BP*BP)

idy, (cPn)®BPLUBP

H,.(CP") ®@pp. BP,BP

H.(CP")®pp, (BP.BP ®pp, BP,BP)

idy, (cpny®BP, (T1®BP,.1dBP, BP)

H*(C-Pn) ®BP* (Ap* ®BP* BP*BP)
0y H,(CP™) ®p, (Ap. ®pp, BP.BP)
Here, ®7, is the quotient map induced by Ty : BP, — F,.
Tt follows from (4.3.8), (4.3.9) and (4.3.1) that ©; and ©y are described as follows.
k=1
oot wi) = 5 ("M st 0 ity 0100)
71k

(B @ t(J Z b(X)BE @ 1 (€(S(X))) ® t(R(X))

T(X)=

We note that {37 @t(J)|0 < k <n, J € Seq} is a bais of H,(CP")®pp, BP,BP over F,. Hence each element
w of H,(CP™) ®p, BP.BP of can be expressed as

w = Z ZJﬁlIiHJH(X)t(J): Z 51H®< Z ZJtU))

l—nZ||J|ISt 0<j<n l7l=l—j
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for z; € F) if degw = 2[. Then, we have the following equalities by (4.3.2).

O1(w) = Z ( Z (j _II”>5JH||1|| ® LH(fU))) ®< Z ZJt(J)>
0=j<n \|[I||<j l7]I=t—j
S (l —hn= ”J”>zmﬁ.m|m, ® un(€(D) ® 1)
l=nZ|| TS 1]l
O2(w) = Z b(X)zr () B iy @ e (E(S(X))) @ HR(X))
1=n S| T(X) S

Z ( Z b(X)ZT(X)>5lI£|I|—|J|| ®wa(§(1)) @ (J)
S(x)

I=nZ|I|+]IT]IS =I,R(X)=J

Let HTH(CP")M?{) : K(H(CP™),¢y; T). — H.(CP") ®pp, BP.BP be the kernel of ©; — ©3. The above
equalities imply the following.

Proposition 4.3.10 An element > zJﬁEHJH ®t(J) of H(CP™) ®pp, BP.BP of degree 21 belongs to
l-nZ||J)|<n
K(H(CP™),¢¥'y;T). if and only if z5’s satisfy the following equations.

(N i im0 |
Z b(X)zr(x) =

S(X)=I,R(X)=J 0 if |J<l—n< |+ ||J] £

Since it is not easy to solve the above linear equations of z;’s, we partially solve this for the case [ < p? and
describe K (H(CP™),};;T)y for | < p?.
Let w be a homogeneous element of H,(CP") ®pp, BP.BP and put degw = 2. If | < p?> — 1, then there

exist z; € F), for max{fg%’{,O} <k< plj such that

w= > 2B k(p-1) O 1
max{ ;:JIL ,0}§k§plj
If I = p? — 1, then there exist z, € F, for max{p+ 1-— #,0} < k £ p+ 2 such that
w = Z Zkﬁ(lg—n(pﬂ—k) Rt} + zpy2By ® ta.
max{p+1fﬁ,0}§k§p+l
Hence we have the following equalities if I < p? — 1.
(1= (i+k)(p—1) :
@1(11]) = Z (—1)1( ; Zkﬂﬁ(p—l)(i«kk) ®§i ®t]f
max{ﬁ70}§k§%
itttk i
On(w) = DR () PRV ASREY: EY:
max{ ;:7{ ,0}§i+k§plf1
We also have the following equalities if [ = p? — 1.
Ap=Dp+1—i—k ;
O1(w) = Z (-1 ((p ) ; ))zkﬁgl)(p+1ik) ®E O + 2prafy ®1@ 1t
max{p+1—fj70}§k§iﬂ+l—i
ift+k i
On(w) = ) Ol () P SN T LY

max{p+1- 27,0 } Sitk<p+1

+Zp+25(§{®(1®t2—€1®t11)+£f+1®1—£2®1)
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We assume that w € K(H(CP"),%;T)y for | < p?> — 1 below. It follows from the above equalities that
Zpro = 0if I = p? — 1 and that we have the following equations of zg, z1,.. ., 2Ly
=

p— 1)(i+k)>zk max{l

_2,0}§k§ l—pi

; i — -1
(ZJ;]‘;)zM - z Z; . l (4.3.1)
0 k < max n,0}0r2<i+k§
p—1 p—1 p—1
, il — 1 iy —1 i — iV — 1
Lemma 4.3.11 <]> (l ‘]<p >> = (l ](p )> (l Y . 2)@ >> holds modulo p if j —i < p.
i J i j—i

Proof. Put m =1 — j(p — 1) — 4, then we have the following equalities.

e D)
—ie-DY (-G - -1\ _ (itm m-J_rj-p
e (117) Sy () ety

we have (m—l—lp) = (m) modulo p if j —i < p. O
J—1 J—1

If 1 =1y +l1p for 0 < lg,l1 £ p— 1, we have the following equalities.

l o+l <p—-2
l l lo + Iy 1 taz=p
—| =1, — | = +lh|=qh+1 p—1Z1Ilp+1 <2p—-3
D p—1 p—1

ll+2 l():llzp*].

Lemma 4.3.12 The solution of (4.3.1) is given as follows if n 21 and [ < p? — 1.

I—ilp—1
1) The case log+11 Sp—2; z; = Z(p ) aforac€F,, i=01,...1;.
P
i

l—i(p—1
(2) Thecasep—1§l0+l1§2p—3;2¢:( Z(p ))aforaer,z':(),l,...,p—lo—l(mdzi:()for
7

izp—lo,p—lo—l—l,...,ll—‘rl.
(3) The case l=p* —1;z0=a, z,=">b fora,b€ Fp, z;=0 fori=1,2,...,p—1,p+ 1,p+2.

Proof. Put j =i+ k. Then, (4.3.1) is equivalent to the following equation ().

l—i(p—1
Zz( z(p )>Zo 1Sish
7
' I—jp—1 lop+1 lo+11—1
(%) (*’,>zj=< i ))zj_i 1<i< 2T i1 s Ty
) ) P p—1
' lo+11—1 lo+1
(‘7_>zj=0 1<i<y 0Eh Ty ety
) p—1 p—1
lop+1 lo+1 lo+11—1
(1) Suppose lg + 13 < p— 2. Since ot <1, 0+11<1andLlll>Oifi§l1, (*) is equivalent to
p p—= p—=

—iln—1
Zi:(l Z@ )>Zo 1<ish

VA
. R .
<‘7.>zj—( i ))zji 1<i<h—1,i+1<j<1

2 2

Hence the assertion follows from (4.3.11).
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(2) Suppose p—1=1lp+1;1 £2p—3. Then 1 = % < 2 and lo;1+llflglo+llfp+1 hold. In fact,
bo+1 +h—-1—-(lo+lL—-p+1)=p—-2-— w 2 0. Hence () is equivalent to the following equation.
zi:<l_i(§)_1)>z0 1<i<
(Z,)zj: (l_j(f_1)>zji 1Si<lg+l—p+1,i+1<j<h
2i41-i =0 1Sislh+h—p+1
(i)zj <lj(f1)>zj_i lo+li—p+1<i< l°;1 +h-1,i+1<55h
21,41 =0

This is also equivalent to

] l—jp—1 lo+1
(‘Dzj:( J(f )>zji 1<i<otl o ip1<i<y

By (4.3.11), the above equation to the following equation.

2 = <l_2(?_1)>zo 12ish

7

Ifp—1lp<i<l,thenwehave 0 S lg+i—p<iZ<1h Sp—-1,1Zl1—i+1<p—1andly+¢—p<i Hence
l—ip—1 l p— lh—1+1
l—i(p—l):lo+i—p+(ll—i+1)pimplies( Z(p )>E(O+,Z p><1 ot )EOmodulop.Thus
i

1 0
l—i(p—1)
)
(3) Suppose | =p?—1,thenly =1 =p—1. If 1 £i < p—1, it follows from p?> —1—i(p—1) =i—1+(p—1i)p
p?—1—i(p—1) i—1\/p—i
that ( ) = < ; ) < 0 ) = 0 modulo p. Hence (x) is equivalent to z; =0 for 1 £ i< p—1
i
or ¢ = p+ 1 and the assertion follows. O

ifweputzoza,zi:( )afor1§i§p—lo—1andzi:Oforp—l0§i§l1+1.

The above result implies the following.

Proposition 4.3.13 If n = [ and | < p?> — 1, K(H(CP"),4%;T)y is a 1-dimensional vector space over
b 1—k(p-1
F,. A basis of K(H(CP™),¢y;T)a is given by 21: ( (]f )>51Hk(p1) @th iflg+1; < p—2 and by
k=0
Pt (1 (p 1)
2 (

= k
k=0
is a 2-dimensional vector space over F'), spanned by 5151;71 ®1, £1 @ th.

>ﬂ£k(p_1) @th ifp—1=1ly+1i <2p—3. On the other hand, K(H(CP"),¥%;T)ap2_o
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5 Representations in fibered category of morphisms

In this section, we consider a category £ with finite limits and the category p : £?) — & given in (2.4.3). Tt
follows from (2.4.8) that p : £2) — £ is a bifibered category.

5.1 Restrictions and trivial representations

Let C = (Cy,C1;0,7,¢, 1) be an internal category in £ and E = (E N Cy) an object of Ego). We consider the
following cartesian squares.

Exg, Oy —Z B (Exg,C1)xk (Cixe,Ch) ~22 BExg Cr  ExZ(Cixa,C1) 2% B
[ 5 i [~ [ 5
1 —2— Cy C1x¢, Ch - Cy Cixc,C1 —2— Cy
Exp,C —= B (ExG,C1)xk (Cixe,Ch) =55 Exp, Cr Exi(Cixa,C1) ~2% B
|~ 5 [ IS [ 5
C, ——— C1x ¢, Cy - Cy Cix¢,C1 —E— C
(Bxg, C1) X2 (Crxe,Cr) — 2% Bxe ¢ ExIP(Crxe,Cr) — 2, |
l(mm lm lﬂ f
C1%x¢, Ch s Ch Cixe,Cy — 2 5 (¢
(Exg, C1)xg! (Cr1xg,Ch) SGLEIN Exg C Ex" (Cix¢,Ch) _ e g
Ji |- fo. i
Cy % ¢y Cy P C Cixe, 01—

We note that oy = opry, 70 = Tpry and 7pry = opr, hold. The following assertion follows from (2.4.6).

Proposition 5.1.1 For a morphism € : 0*(E) — 7*(FE) in Sgl), we put § = (£ : E x¢, C1 — E xg, C1,idc,).
& satisfies condition (A) of (3.1.2) if and only if the following diagram is commutative.

id ) Topr

ExZ(Crxc,C1) === ExZ" (Ci xc,C1) (i XoPry, Toprs) (Exg, C1) X2 (Cy xcy C1)
(idE Xcolt, Topu) Excyideyx g oy

(Ex‘éOC'l)x‘cﬂl(ClxcoCl) (EXTCOCl)xpCrll(CGCOCl)
£><Cl idclx COCI ((Tﬂ (prl)ﬂ'-r ) prz(ﬂ"r)pq )7 (ﬂﬂ')prl)

(Exg, Cr) g, (C1x¢,Ch) (Exg, C1)x¢2 (Crxe,Cr)
Tr X 01 1d0yx 0y C1 £Xcytdoyx o 0y

ExT(Cy e, Ct) e BT (Cy 5, C) e 0™ (o 0 P72 (O o, O
x ¢, (C1% ¢, C1) === Ex(, *(C1x¢,C1) (ExE,C1)xe) (Cixc,Ch)

Lemma 5.1.2 The following diagrams are cartesian

(tdp,em) (idg,em)

E Exg, Cy E Exg, Cy
Co ———— () Co ———— (1

Proof. Since oe = 1e = idc, and o, (idg,en) = 7, (idg, ew) = idg, the outer rectangles of the following diagrams
are cartesian. Since the right rectangles of the following diagrams are also cartesian, so are the left rectangles.
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(tdp,em)

B pye ¢y T B E Exp ¢y —=> E
Co c Oy —2— Cy Co c Oy —T— Cy

O

Proposition 5.1.3 For a morphism &€ : 0*(E) — 7*(E) in 8(021), we put § = (£ : E xg, C1 — E xg, C1,idc,).
& satisfies condition (U) of (3.1.2) if and only if the following diagram is commutative.

E
(idEy X@,sw)
Exg’ocl ;} E><6001

Proof. We consider the following commutative diagram whose upper and lower trapezoids are cartesian.

(Exg, C1)xc,Co e Exg Cy
(776)5 V
(EXTC()Cl)XCICO r ExgoCl

Then e*(€) : €* (0™ (E)) — " (7"(E) is given by (§ x¢,idc, : (Exg C1)xc,Co = (EXg,C1)x ¢, Co,idc,). Since
((idg,em),m) : B — (Exg, C1)xc,Co and ((idg,em),7) : E — (Exg, C1)x ¢, Cp are isomorphisms by (5.1.2),
there exists unique morphism (¢',id¢,) : E — E that makes the following diagram commute.

E (idg, e)
\((jd}g, em), m)
(Exg,C1)xc,Co Exg Cy
&G)Z V
5/ §><C1 idCO y CO L} Cl \
(ExZ,C1)xc, Co il ExZ, Cy
ﬂida em), m) (idg, er)

E

oe)*(E) = (re)*(E) = id}}o(E) is

* It follows that
O

Since the outer rectangles of the both diagrams in the proof of (5.1.2), (
identified with E. Hence (¢,id¢,) : E — E is identified with &, : (ce)*(E) — (r¢)*(E).
condition (U) of (3.1.2) is equivalent to &' = idg.

Let D = (Dy, D1;0’,7',¢', 1) be an internal category in € and f = (fo, f1) : D — C an internal functor.
For an object E = (E = Cy) of 5&?0 )7 we consider the following diagrams such that each rectangle is cartesian.

(E ¢, Do) x5 Dy —2% E x¢, Dy 225 (B x5, ) xoo Dy Y25 Bz ¢~ B

l(ﬂ'fo )ot l‘“’fo lﬂ l(m )1 lﬂr lw
D,

D, o' Do fo Co f1 o - Co
(E xg, C1) xcy D1 P g x&, C1 —— E (E x¢, Do) XB’O D, % E %y Do (fo)r, 1
J/(Tr”)fl lﬂ'a Jﬂ' l(ﬂ'fo)T/ lﬂ'fo lﬂ—
f1 o T, i
D, Cy Co D, Dy o
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(foo' ) x=(of1)x

E x¢, Dy E E x¢, Dy =0T
J{Trfoa’ =Tof1 J{ﬂ' J{ﬂ—"'fl Tfor’ lﬂ'
Dy foo'=acf1 Co Dy Tf1= foT Co

Proposition 5.1.4 For a representation (E,£) of C on E, we define a morphism
€¢ 1 (E x¢, Do) x%, D1 — (E x¢, Do) x5, D

in € to be the following composition.

, (fo)mor, s F1(710) 61 )s(T s ) o) id
(E x¢, Do) x5, D1 fo ’ ° (E xg, C1) x¢, Dy M)(E %, C1) Xoy Dy

((Tw(fl)ﬂ'T vT/(TrT)fl )7(7"7')f1)

(E x¢, Do) XDy, Di

Then, the restriction (f5(E),&z) of & along f is given by £ = (E¢,idp,) : o' (f5(E)) = 7" (f5 (E)). Moreover,
the following diagram is commutative.

Dy . Dy
(‘n'fo)gl
B
/ ¢ , T
(EXCODO)XUDUDl *f> (EXCODO)XTDO D1 i) EXC’ODO
l((fo)wg;foyfl(ﬂfo)g/) l(fo)w
ExZ, C -t Exf,C, ———— E

Hence €f = ((Tﬂ'f((fo)ﬂ'a';rfo ’ fl (ﬂ-fo)ﬁ')’ T/(ﬂ'fo)tf')v (ﬂ-fo)tf/) holds.

Proof. Recall that £ is the following composition.

o (fe(B) 2 (o0 (B) = (0 12) (B) <227 1107 () 295 fr(r(B))
Cripr (B) o (B)7H

—= (1)) (B) = (for')"(B) ——— 7" (f; (E))

The first assertion follows from (2.4.6) and the proof of (2.4.3). There are the following commutative diagrams.

(f1)ro o
(Exg, C1)xc, D1 - Exg, Cy

- ~_ Exclidpl /
\\\} (fl)T\'T
f

(E xg, C1) ¢, D1 —— E xg, C1

l(mfl l’”

To

D, L o
, (((fo)mor 1o 71T 50)0r)s (g )t )
(EXCODO)X%ODI EXC Cl XClDl
((Fo)nh, 1R 1)or)  (f1)mg (mo),
EXC 4 EXC Cl Xchl (7)1, Dy
5((fo)w<7;rf07f1(7ffo)g/) (f1)

J / |[CRURRENPANCETS f‘dm

ExE, Cy (Excy Do) X}, Dy —— 02" p,
I P I
E <—(fO)7r EXCO DO o DO

The second assertion follows from the commutativity of the above diagram. O

Since é = 7,:£€ and éf = T;fo &, the following result is a direct consequence of (5.1.4).
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Corollary 5.1.5 Under the situation of (5.1.4), we put
Pa,T(‘E)E(&-) = E = <$ : EX%’OCI — Ea Z.dC'o>
Por o/ (f3(B)) f2(m)(€5) = €5 = (€5 1 (Ex o Do) x5, D1 — Excy Do, idp,).

Then &g = (E((fo)n0r; s J1(7s)or)s T (75 )or) holds.

For an object X of &£, consider the following cartesian squares.

(XXCO)X%()Cl %XXCQ (XXCO)XEUCI %XXCO
l(PTcO)cr lprco l(Prco)r lprco
Ci z Co C1 - Co

The following result is a direct consequence of (2) of (2.4.5).

Proposition 5.1.6 For an object X of £, the trivial representation (sx(Co), (sx)c) associated with X is given

by 5x(Co) = (X x Co 2<% C) and (sx)e = (53)(5x)5" = (PP Opngy T(Prcy o) (PP )o)s idey,)-

\(idfxr,prcl) idxXT

Tpr

Tprcy

(XXCO)X%‘OCI XXCO XXCl

w Tprcy» (Prog)e) J/prx

XxCy — X, x (X xCo) x5, C1 ——>— X xCy
Pre
lprcl J/OX '

yprc(, ) lprco
oc

Cl —1> 15 Cl - C*0

(prC’O )U

5.2 Left induced representations in fibered category of morphisms

Let C = (Cy,Cy;0,7,¢, 1) be an internal category in £. For an object E = (E 5 Cp) of 5&), we consider the
following cartesian squares. Then, we have 0*(E) = (E xg, C1 X2y 1) and 7°(E) = (E x&, C1 0 0y).

Exg ¢ ——"—— E Exy C ———— E
C; ——T—— C, ————— €

For a morphism & : 0*(E) — 7*(E) in g<(721)’ we put & = (§,idc, ), where £ : Exg, Cy — E Xz, Cy is a morphism
in £ which makes the following diagram commute.

Exg ¢ ——— s Ex; G

Gy

Note that E, . = 7.0*(E) = (E x&, C1 7% Cp) holds by (2.4.10). We denote by & = (£,idc,) : E|y.;) = E
the image of & by the bijection P, (E)g : Egl)(a*(E),T*(E)) — Eg))(E[G,T], E). It follows from (2.4.10) that

£ is a composition E X&, C1 5E X¢, Ch = E.

T(T7s

We consider the following cartesian squares which give (E(; 7))(0,7] = ((E x&, C1) X, C1 —)0> Cp) and

TUT oy
E[oprl,‘rprZ] = E[op,,r,u] = (E Xy (Cl XCo Cl) e CO)

(E xg, C1) x&, C1 — " Ex7, O ExZ(Cyxq,Cy) — 2= g
J{(ng)g J{Tﬂ'a J{ﬂ'g,bzﬂaprl J{Tk’
Ch z Co & Xy o TrTIoPh Co
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We have morphisms fxcoidcl H(ExE, C1)xg, C1 — Exg, Crand idg X, i : Exg’; (C1x¢, C1) = ExZ, Cy.

(E xg, Cy) xg, Cy Trre E xg, Oy E xZ (Cy x¢, Ch) (T4)

- éxcoidcl R S~e. WdEXcgH
~ 3 e S~o

R
Exg C —— E |, Cy x¢, C1 ExZ C ——% E
= y ]
Co T Ch d Co Co T C, —2— Gy

It follows from (2.4.11) that é[mf] (Eo,)ior] = Bloyrp and By Ejgpy rpr,) = Elopru) — Elo7) are given by
(é X, 1oy, ide,) and (idg X, 1, ide, ), respectively.
By (2413), 007.,-7,77.,—(E) : E[Uprl,rpr2] = E[UM,TM] — (E[aﬁ])[a’ﬂ is given by <(’LdE Xy prl,prgw(,prl),idc[)}.

E XC (Cl Xy 01)

idE X ¢ Pry

lﬂ-aprl \\\\\\\\\(idEXCOprlvpr2ﬂ—0‘pr1)
s Ormg
Cy x¢, Ch E><C[J Ch) XCO G, ———— Exg, G
\ lprz, ToXcgide, )=(T7Ts)o l‘rﬂ{7
o

Suppose that the following left diagram is cartesian. There exists unique morphism idg x¢, € : E x¢, Co —
E xZ, €1 that makes the following right diagram commute.

FE X Co CO
Pr'e sl didexcge Pre
E X Co CO — F Prog S EXCo
A
J{PTCO J{W Co FE Xgo Cl L E
O'EZidc
C() —O> CO £ lﬂ—g J/TI’
Cl —7 C(]

The following is a direct consequence of (3.3.2).
Proposition 5.2.1 For an object E = (E = Cy) of 5(2) and a morphism & = (§,idc,) : 0*(E) — 7(E) in
5(2) let € = <£, idc,) : By = 70" (E) = E be the image of & by the bijection
2) * *
Py (E)p: ED (0% (E),7*(E)) = ES(Ejp 1), E).
Then & is a representation of C' if and only if the following diagrams are commutative.

idg X g€ idp X oo é

EXCO CO EXC Cl EXZ«'LOL (Cl X Co Cl) EX%O Ci, —— FE
\ J{g J/(idEXCopr17pr27TO‘pr1) /
é>< id
(E xg, C1) x&, C1 L Bxg, O

We also have the following result by (3.3.6).

Proposition 5.2.2 Let E = (E 5 Cy) and F = (F 2 Cy) be objects of Eé?o) and ¢ = (p,idc,) : E - F
a morphism in 5&). For representations € = (€,id¢c,) : 0*(E) — 7*(E) and ¢ = ((,id¢c,) : 0*(F) — 7(F)
of C on E ane F respectively, we put Py, (E)g(&) = &€ = (£,idc,) and Py (F)p(¢) = ¢ = ((,ide,). Let
P xXcyide, + EXG Cr — F xg Cy be unique morphism which makes the following left diagram commute, where

the outer trapezoid and the lower rectangle are cartesian. Then, @ is a morphism of representations if and only
if the following right diagram is commutative.
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I E

eXcytde ® o é
~ _
o / EXCO &) E

O'p .
F X%O Cl — F - J{gpxcozdcl ) J{@

lpg pJ Fxg ¢ — 5 F

01%00

For an object E = (F N Cy) of 5&), define a morphism fig : (E Xy Cy) x¢, C1 — E xg, Cp to be a

(idE X cyPr1,PraTopry ) " idE X ot
—

composition (E xg, C1) xg, C1 E x‘é‘o‘ (C1 x¢, C1) E xZ, Cyi. Then, we have
a morphism fig = (g, idc,) : (E(s,r))e,r] = Elo,-)- We have the following result by (3.3.10) and (3.3.13).

Proposition 5.2.3 Put pg = Py (Ep.)5-  (Bg) : 0*(Eyr) = 7(E|yr). Then, (Ej, ., pg) is a repre-

[o,7]
sentation of C. For a representation (F,¢) of C, a map ® : Rep(C;S(Q))((E[mT],uE), (F,¢)) — Eé?o)(E,F)
defined by ®({p,idc,)) = (p(idg, €), idc,) is bijective.

Let D = (Dg, Dy;0',7',€', 1) be an internal category in £ and f = (fo, f1) : D — C an internal functor.
We consider Diagram 3.5.1 and Diagram 3.5.2 of page 108 and 109, respectively. For an object E = (E = Dy)
of S(DQO), suppose that the rectangles of the following diagrams are cartesian.

Tr(f0)omo s, (050)n
(Expy(Doxc,C1)) %0y C1 ——————— Exp,(Doxc,Ch) E

[ i

9f

(r(fo)omoy o Dyxc,Ci —————— Dy
J{T(fﬂ)a
Cl g CO
EXDO (DO xCOCl Xcocl) (prlzof())” E
J{T"p‘rlzafo J/ﬂ'
Pri20 g
Dy x ¢, C1 %, Ci Dy
Then, we have the following.
T(fo)oTo g,

E[UfovT(fU)U] = (EXDO (DO XCO Cl) E— Co)

T(T(fo)aﬂ'afO )o

(E[UfovT(.fO)u])[U;T] = ((EXD() (DO XCO Ol)) XCO Cl C())

TPryProgMpry g 7 fo

E[UfoﬁrlszPTQI;rQs] = (EXDO (DO XCo Cl Xy Cl) C())

It follows from (2.4.15) and (2.4.16) that 05, +(s),.00r(E) t Eloy 5,y 7pr,0t05] = (Elog,, 7(f0)s])o,7] 18 an iso-
morphism whose inverse HJfO’T(fD)mU’T(E)_l H(Eloyy, 7(fo)oD)lovr] = Blogypryy,mprapis,] 18 given by

<((Uf0)7far(fo)g7rafovWUfDXCoidCJ : (EXDO (DOXCocl))Xcocl — EXDO (DOXCOC1><0001),idCO>.

Ir(f0)o oz,

(EXDO(DOXCOCI)>XCOCI EXDO(DOXCOCI)
7|'gf0 X cq idcy
\ J{w%
((fo)oTog, o Dy x¢c,C1x¢c,C1 —>pr12 Dy x¢c,Ch

Cl g C’O

157



UT(fo)afrafO

(EXDO(DOXCocl))XCQCl EXD()(DOXCOCl)

- - ((o-f(])ﬂ'o-r(fo)a‘lrafd 7"afOXC’O'L.dC‘l) . B (o'fo),r
Tty idE X DyPrio

EXDO<D0XC001><0001) E

(Ufo Prio)n
J{ﬂ'afo prig Tofo J{ﬂ'

Pris
Dy x¢c,C1xc,Ch

If
DO X Co Cl —O> DO

Thus we see the following fact by (2.4.11).

Proposition 5.2.4 Let fus(E): (E[of077(f0)a])[0ﬂ = El5,  7(f0),) be the morphism defined in subsection 3.5.
We put‘[L'f(E) = (af(E),idc,). Then, fif(E) : (Expy(Doxc,C1))Xc,C1 = Expy(Doxc,Ch) is the following
COmMposiiion. (010)mO7(s0)0 o 3 Tor g oy )

(EXDD(DOXCOCI))XCOCI EXDO(DOXCocGCDCI)

idEXDO (idDO XCO;,L)

EXDO (DO Xcocl)

For an object E = (E = Dg) of Ego), we consider the following diagrams whose rectangles are all cartesian.

idEXDUﬁrl

Exp,(D1x¢,Ch) Ex% Dy LN
Jm/m lﬂa, J{ﬂ' Exg, C1 SLLILENY )
D1 x¢,Ch i Dy —2— Dy l(wfo» lfofr
J/P}z JfoT/ ¢, —— ()
o) o Co
(Ex%, D1)%p, (Do xc,Ch) 4>(0f0)7/%/ Ex% Dy LN, Exp,(Doxc,Ch) _nk g
Jrorator b [ E
Dy %, Cy o Dy —7— Dy Doxc,Cy —— 5 Dy
f/ X oy ide, lT/ J/(fo)a Jfo
Dy x¢,C1 1o Dy Ch z Co

Thus E[U,ﬁrpT(fo)o(’l'/xcoidcl)]’ (E[U/’T,])[Jfoj(fo)g], E[afO,T(fo)a] and o*(fo)«(E) are given as follows.

T(fo)g(T/Xcoidcl)Tr 75

o/pry Co)
T(f())d("'/ﬂ'a’ X fo (fo)o)

Eor5e,, r(fo)o (v xcqide, )] = (B XDy (D1 X6, C1)

(Bl 7)[o1y7(fo)e] = (EXDy D1) X py (Do x ¢, C1) Co)

T(fo)ﬂﬂ-ﬂf
E[gfo,.,.(fo)d] = (EXDO (DO X Cy Cl) —0> Co)

0" (o). (B) = (Exg, C1 T Cp)

There exists unique isomorphism idg x ¢, (fo)e : EXpy(Doxc,C1) = E X, C1 that makes the following diagram
comimute.

(O'fo)ﬂ' E
Tafoﬂ
ide X 5 (fo)eo
Exp,(Doxc,C1) ~--- Xl Exg, Cy
(7fo)o
(fo)omo g, o

Thus we have an isomorphism (idg Xz, (fo)s, idc,) Eo, w(fo)s] = 7.0 (fo)«(E) in 6'((720 .
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Proposition 5.2.5 For a representation (E,€) of D, we put Py (E)g(&) = € = (£,idp,) : E, . —E.

Ot 7/ 0 50 7 (0o (B Elo sy m(f0)o

L. ]
(1) A composition Bl +(f0),(r'xcyide, )] Elo, 7(fo0)s]

! (Eior,71) (0447 (f0)o]
is given by <(€(’LdE XDoﬁrl)ﬂ (T/ Xcoidcl)ﬂd’ﬁh) : EXDO (Dl XC Cl) - EXDO (DO XCo Cl)ﬂ idC0>'
(2) A morphism
E(U’p'r1yu(f1><c idey )
Elorsr,,7(f0)o (7' x cpidey )] = Elo gy (o/pry. u(fi x oy ide, ). 7(fo)o (0/Bey, wl f1 X g idey )] = Elo,  +(fo)s]

in Sg)) is given by (idg X p, (0'Pry, p(f1xcyide,)) : EXpy(D1Xc,C1) = EXpy(DoXc, Ch),idey)-
Proof. (1) It follows from (2.4.11) that é[%’T(fO)g] : (E[O'lyT/])[O'fovT(fO)a] = El5; r(fo),) 1S given by

é[afo,-r(fo),,] = <éxDoidDo><cocl : (EXgODl) X Dg (DO XCocl) — EXp, (DO X0001)7idco>'
We also see by (2.4.13) that 00/77,70f077(f0)a(E) B lorpry r(fo)e (v x cgide, )] = (E[UIVT,])[WO’T(J:O)U] is given by

00’,7—/,af0,r(f0),,(E): <(ZdE XD0p~I‘1, (T/XCOidC1)7Ta’ﬁr1):EXDO (Dl Xy Cﬂ—)(EXUDIODl) X Dg (DO X Co Cl),idco>.

Thus the assertion follows.
(2) The assertion is a direct consequence of (2.4.11). O

Remark 5.2.6 (1) A composition
(id % g, (f0)os idcy)&(o,, v f0)01 00" 7050 w010 (B) & Blorpr, 2(fo)o (v x cyidey)] = 0™ (fo)(E)
is given by (({(idp X p,Pry), Pramerse,) : Exp, (D1x¢,C1) = Ex, Cy,ide,).
(2) A composition
(idE X £, (f0)osidcy) E(orpe,, p(frxcyide,)) * Blorpry, m(fo)e (' xcyide, )] — Tx0 " (fo) (E)

is given by (idg X p, p(f1 Xcyide,) : EXp, (D1 xc,C1) = Exg, Ci,idc,).
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